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Abstract: We study the combination of the following already known ideas for showing confluence of unconditional 
or conditional term rewriting systems into practically more useful confluence criteria for conditional systems: Our 
syntactic separation into constructor and non-constructor symbols, Huet's introduction and Toyama's generalization 
of parallel closedness for non-terminating unconditional systems, the use of shallow confluence for proving conflu- 
ence of terminating and non-terminating conditional systems, the idea that certain kinds of limited confluence can be 
assumed for checking the fulfilledness or infeasibility of the conditions of conditional critical pairs, and the idea that 
(when termination is given) only prime superpositions have to be considered and certain normalization restrictions 
can be applied for the substitutions fulfilling the conditions of conditional critical pairs. Besides combining and 
improving already known methods, we present the following new ideas and results: We strengthen the criterion for 
overlay joinable terminating systems, and, by using the expressiveness of our syntactic separation into constructor 
and non-constructor symbols, we are able to present criteria for level confluence that are not criteria for shallow 
confluence actually and also able to weaken the severe requirement of normality (stiffened with left-linearity) in the 
criteria for shallow confluence of terminating and non-terminating conditional systems to the easily satisfied require- 
ment of quasi-normality. Finally, the whole paper also gives a practically useful overview of the syntactic means for 
showing confluence of conditional term rewriting systems. 
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1 Introduction and Overview 

While ^ powerful confluence criteria for conditional term rewriting systems^ are in great demand 
and while there are interesting new results for unconditional systems^, hardly any new results 
on confluence of conditional term rewriting systems (besides some on modularity^ and on the 
treatment of extra- variables in conditions^) have been published since Dershowitz &al. (1988), 
Toyama (1988), and Bergstra & Klop (1986), and not even a common generalization (as given 
by our theorems 13.6 and 15.1) of the main confluence theorems of the latter two papers (i.e. 
something like confluence of parallel closed conditional systems) has to our knowledge been 
published. We guess that this is due to the following problems: 



1. A proper treatment is very tedious and technically most complicated, especially in the case 
of non-terminating reduction relations.^ 



2. There is a big gap between the known criteria and those criteria that are supposed to be 
true, even for unconditional systems.^ 

3. The usual framework for conditional term rewriting systems does not allow us to model 
some simple and straightforward applications naturally in such a way that the resulting 
reduction relation is known to be confluent, unless some sophisticated semantic or termi- 
nation knowledge is postulated a priori. 



Please do try not to read the footnotes for a first reading! 

^For an introduction to the subject cf. Avenhaus & Madlener (1989) or Klop (1992). 

^Cf. Oostrom (1994a) and Oostrom (1994b). Note that the lemmas 5.1 and 5.3 of Oostrom (1994b) do not apply 
for conditional systems because they are not subsumed by the notion of "patterm rewriting systems" of Oostrom 
(1994b). 

'♦Cf. Middeldorp (1993), Gramlich (1994). 

^Cf. Avenhaus & Loria-Saenz (1994) for the case of decreasing systems and Suzuki &al. (1995) for the case of 
orthogonal systems. 

^The technique we apply for proving our confluence criteria for non-terminating reduction relations is in essence 
to show strong confluence of relations whose reflexive & transitive closures are equal to that of the reduction relation. 

In Bergstra & Klop (1986) another technique is used. Instead of an actual presentation of the proof there is only a 
pointer to Klop (1980). It would be worthwhile to reformulate this proof in modern notions (including path orderings) 
and notations. While we did not do this, we just try to describe here the abstract global idea of this proof: 

The field of the reduction relation is changed from terms to terms with licenses in such a way that the projection to 
terms just yields the original reduction relation again. The transformed reduction relation becomes terminating since 
it consumes and inherits licenses in a wellfounded manner; thus its confluence is impUed by its local confluence that 
is to be shown. Finally, each diverging peak of the original reduction relation is a projection of a diverging peak in 
the transformed reduction relation when one only provides enough licenses. 

We did not apply this global proof idea since (while we were able to generaUze it for allowing parallel closed 
critical pairs as in the corollary on page 8 1 5 in Huet ( 1 980)) we were not able to generalize it for proving Corollary 3 .2 
of Toyama (1988) (which generalizes this corollary of Huet (1980)). 

■'Cf. e.g. Problem 13 of Dershowitz &al. (1991). 
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4. For conditional rule systems there is another big gap between the known criteria and those 
criteria that are required for practical purposes. This results from the difficulty to capture 
(with effective means) the infinite number of substitutions that must be tested for fulfilling 
the conditions of critical pairs. 



While we are not able to contribute too much regarding the first two problems, we are able to 
present some progress with the latter two. 

Our positive/negative-conditional rule systems including a syntactic separation between construc- 
tor and non-constructor symbols as presented in Wirth & Gramlich (1994a) offer more expressive 
power than the standard positive conditional rule systems and therefore allow us to model more 
applications naturally in such a way that their confluence is given by the new confluence criteria 
presented in this paper. Using the separation into constructor and non-constructor rules (generated 
by the syntactic separation into constructor and non-constructor function symbols) it is possible 
to divide the problem of showing confluence of the whole rule system into three smaller sub- 
problems, namely confluence of the constructor rules, confluence of the non-constructor rules, 
and their commutation. The important advantage of this modularization is not only the division 
into smaller problems, but is due to the possibility to tackle the sub-problems with different con- 
fluence criteria. E.g., when confluence of the constructor rules is not trivial then its confluence 
often can only be shown by sophisticated semantical considerations or by criteria that are applica- 
ble to terminating systems only. For the whole rule system, however, neither semantic confluence 
criteria nor confluence criteria requiring termination of the reduction relation are practically fea- 
sible in general. This is because, on the one hand, an effective application of semantic confluence 
criteria requires that the specification given by the whole rule system has actually been modeled 
before in some formalism. On the other hand, termination of the whole rule system may not be 
given or difficult to be shown without some confluence assumptions.^ Fortunately, without re- 
quiring termination of the whole rule system the syntactic confluence criteria^ presented in this 
paper guarantee confluence of the non-constructor rules of a class of rule systems that is sufficient 
for practical specification. This class of rule systems generalizes the function specification style 
used in the framework of classic inductive theorem proving by allowing of partial functions re- 
sulting from incomplete specification as well as from non-termination. Together with the notions 
of inductive validity presented in Wirth & Gramlich (1994b) this extends the area of semantically 
clearly understood inductive specification considerably. 

Regarding the last problem of the above problem list (occuring in case of conditional rule sys- 
tems), by carefully including the invariants of the proofs for the confluence criteria into the condi- 
tions of the joinability tests for the conditional critical pairs we allow of more reasoning on those 
substitutions that fulfill the condition of a critical pair. E.g. consider the following example: 



**When termination is assumed, there are approaches to prove confluence automatically, cf. Becker (1993) and 
Becker (1994). 

''Cf. our theorems 13.3, 13.4, and 15.3. 

'^Cf. Walther (1994). Note that we can even keep the notation style similar to this function specification style, cf. 
Wirth &Lunde (1994). 
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Example 1.1 LetR: f(s(s(;c))) = s(0) < — f(x)=0 

f(s(s(;c))) = < — fW=s(0) 

f(s(0)) = s(0) 

f(0) = 

Assume and s(0) to be irreducible. 



The experts may notice that the part of R we are given in this example is rather well-behaved: 
It is left-linear and normal; it may be decreasing; and the only critical pair is an overlay. Now, 
for showing the critical pair between the first two rules to be joinable, one has to show that it 
is impossible that both conditions hold simultaneously for a substitution {xt—^t}. One could 
argue the following way: If both conditions were fulfilled, then f (?) would reduce to as well 
as to s(0), which contradicts confluence below t{t). But, as our aim is to establish confluence, 
it is not all clear that we are allowed to assume confluence for the joinability test here. None 
of the theorems in Dershowitz &al. (1988) or Bergstra & Klop (1986) provides us with such a 
confluence assumption, even if their proofs could do so with little additional effort. For practical 
purposes, however, it is important that the joinability test allows us to assume a sufficient kind of 
confluence for the condition terms. Therefore, all our joinability notions provide us with sufficient 
assumptions that allow us to easily establish the infeasibility of the condition of a critical pair, 
without knowing the proofs for the confluence criteria by heart. This applies for example, when 
two rules with same left-hand side are meant to express a case distinction that is established by 
the condition of the one containing a condition literal "/?=true" or "m=v" and the condition of the 
other containing the condition literal "p=false" or "u^v"}^ 

For terminating reduction relations we carefully investigate whether the joinability test can 
be restricted by certain irreducibility requirements, e.g. whether the substitutions which must be 
tested for fulfilling the conditions of critical pairs can be required to be normalized, cf. § 14, esp. 
Example 14.3. The restrictions on the infinite number of substitutions for which the condition of 
a critical pair must be tested for fulfiUedness may be a great help in practice. However, they do 
not solve the principle problem that the number of substitutions is still infinite. 

Another important point is that we weaken the severe restriction imposed on terminating systems 
by Theorem 2 of Dershowitz &al. (1988) and on non-terminating systems by Theorem 3.5 of 
Bergstra & Klop (1986), namely normality, which in our framework can be considerably weak- 
ened to the so-called quasi-normality, cf. our theorems 13.6 and 14.5. 

Moreover, besides these two criteria for shallow confluence, we present to our knowledge the 
first criteria for level confluence that are not criteria for shallow confluence actually cf. our 
theorems 13.9 and 14.6. 

Finally, we considerably improve the notion of "quasi overlay joinability" of Wirth & Gram- 
lich (1994a), generalizing the notion of "overlay joinability" of Dershowitz &al. (1988). This 
results in a stronger criterion with a simpler proof, cf. § 9 and Theorem 14.7. 



"In Definition 4.4 of Avenhaus & Loria-Saenz (1994) the critical pair resulting from such two rules is called 
"infeasible" (in the case with "p=true" and "p=false"). We will call it "complementary" instead (in both cases), cf. 
Theorem 13.3. 

^^as is the case with Suzuki &al. (1995). 
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Since our main interest is in positive/negative-conditional rule systems with two kinds of vari- 
ables and two kinds of function symbols as presented in Wirth &al. (1993) and Wirth & Gramlich 

(1994a), the whole paper is based on this framework. We know that this is problematic because 
the paper may also be of interest for readers interested in positive conditional rule systems with 
one kind of variables and function symbols only: With the exception of our generalization of nor- 
mality to quasi-normality and our criteria for level confluence, our results also have interesting 
implications for this special case (which is subsumed by our approach). Nevertheless we prefer 
our more expressive framework for this presentation because it provides us with more power for 
most of our confluence criteria which is lost when restricting them to the standard framework. 
Therefore in the following section we are going to repeat those results of Wirth & Gramlich 
(1994a) which are essential for this paper. Those readers who are only interested in the implica- 
tions of this paper for standard positive conditional rule systems with one kind of variables and 
function symbols should try to read only the theorems presented or pointed at in § 15, which have 
been supplied with independent proofs for allowing a direct understanding. The contents of the 
other sections are explained by their titles. For a first reading sections 7 and 8 should only be 
skimmed and its definitions looked up by need. Due to their enormous length, most of the proofs 
have been put into D. 

We conclude this section with a list on where in this paper to find generalizations of known 
theorems: 

Parallel Closed + Left-Linear + Unconditional: 

The corollary on page 815 in Huet (1980) as well as Corollary 3.2 in Toyama (1988) are 
generalized by our theorems 13.6(1), 13.6(ni), 13.6(IV), 13.9(1), 13.9(in), 13.9(IV), and 
15.1(1). 

No Critical Pairs + Left-Linear + Normal: 

Theorem 3.5 in Bergstra & Klop (1986) as well as Theorem 1 in Dershowitz &al. (1988) 
are generalized by our theorems 13.3, 13.4, 13.6, 15.1, and 15.3. 

Strongly Joinable + Strong Variable Restriction: 

Lemma 3.2 of Huet (1980) as well as the translation of Theorem 5.2 in Avenhaus & Becker 
(1994) into our framework is generalized by our theorems 13.6(11) and 13.9(11). 

Shallow Joinable + Left-Linear + Normal + Terminating: 

Theorem 2 in Dershowitz &al. (1988) is generalized by our theorems 14.5 and 15.4. 

Overlay Joinable + Terminating: 

Theorem 4 in Dershowitz &al. (1988) as well as Theorem 6.3 in Wirth & Gramlich (1994a) 
are generalized by our theorem 14.7. 

Joinable + Variable Restriction + Terminating: 

Theorem 7.18 in Wirth & Gramlich (1994a) is generalized by our theorem 14.4. 

Joinable + Decreasing: 

Theorem 3.3 in Kaplan (1987), Theorem 4.2 in Kaplan (1988), Theorem 3 in Dershowitz 
&al. (1988), as well as Theorem 7.17 in Wirth & Gramlich (1994a) are generalized by our 
theorems 14.2 and 14.4. 
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2 Positive/Negative-Conditional Rule Systems 

We use 'l±)' for the union of disjoint classes and 'id' for the identity function. 'N' denotes the set 
of natural numbers and we define N+ := { neN | O^^n }. For classesA,5 we define: dom(A) := 
{a I 3b. {a,b)eA}; ran(A) := {b \ 3a. (a,b)eA}; B[A]:={b\ 3aeA. (a,b) eB}. This use 
of "[. . . ]" should not be confused with our habit of stating two definitions, lemmas, or theorems 
(and their proofs &c.) in one, where the parts between '[' and ']' are optional and are meant to be 
all included or all omitted. Furthermore, we use '0' to denote the empty set as well as the empty 
function or empty word. 



2.1 Terms and Substitutions 

Since our approach is based on the consequent syntactic distinction of constructors, we have to 
be quite explicit about terms and substitutions. 

We will consider terms of fixed arity over many-sorted signatures. A signature sig = (F, S, a) 
consists of an enumerable set of function symbols F, a finite set of sorts S (disjoint from F), and a 
computable arity-function a : F — > For / e F. a(/) is the list of argument sorts augmented 
by the sort of the result of /; to ease reading we will sometimes insert a between a nonempty 
list of argument sorts and the result sort. A constructor sub-signature of the signature (F,S,a) 
is a signature cons = (C , §, c 1 cx) such that the set C is a decidable subset of F. C is called 
the set of constructor symbols; the complement N = F \ C is called the set of non-constructor 
symbols. 



Example 2.1 (Signature with Constructor Sub-Signature) 



c = 


{0, s, false, true, nil, cons} 


a(false) 




bool 


N = 


{-,mbp} 


a(true) 




bool 


§ = 


{nat, bool, list} 


a(nil) 




list 






a(cons) 


= nat list 


list 


a(0) = 


nat 


a(-) 


= nat nat - 


^ nat 


a(s) = 


nat — > nat 


a(mbp) 


= nat list 


-> bool 



To reduce declaration effort, in all examples (unless stated otherwise) in this and the following 
sections we will have only one sort; 'a', 'b', 'c', 'd', 'e', and '0' will always be constants; 's', 'p', 
'f , 'g', and 'h' will always denote functions with one argument; '+' and '— ' take two arguments 
in infix notation; W, 'X', T' , 'Z' are variables from Vsig (cf. below). 

A variable-system for a signature (F, S, a) is an §-sorted family of decidable sets of variable 
symbols which are mutually disjoint and disjoint from F. By abuse of notation we will use the 
symbol 'X' for an §-sorted family to denote not only the family X = {Xs)s(^e, itself, but also the 
union of its ranges: U.ve§^i - As the basis for our terms throughout the whole paper we assume 
two fixed disjoint variable-systems Vsig of general variables and of constructor variables 
such that VsiG,i as well as Wc,s contain infinitely many elements for each 5 e S. 



6 



T (sig, VsigW V(; ) denotes the S-sorted family of all well-sorted (variable-mixed) terms over 
'sigA^SiG^V,^', while ^T(sig) denotes the S-sorted family of all well-sorted ground terms 
over 'sig'. Similarly, T (cons, VsigWV;^) denotes the S-sorted family of all fvanaWe-mzxeJj 
constructor terms, T (cons, V^) denotes the S-sorted family of all pure constructor terms, while 
g T (cons) denotes the S-sorted family of all constructor ground terms. To avoid problems with 
empty sorts, we assume g T (cons) to have nonempty ranges only. 

We define V :— {y<;,s) {q,s)e{siG,c}xS ^i^d call it a variable-system for a signature (F,S,a) with 
constructor sub-signature. We use 1^ (A) to denote the {SIG, C}xS-sorted family of variables 
occurring in a structure A (e.g. a term or a set or list of terms). Let X C V be a variable-system. We 
define T (X) = (T (X)^ J(^,,)e{siG,c}x§ by G S): T (X)sig,, T (sig,X), and TiX)^y.= 
'r(cons,Xc)^. To avoid confusion: Note that 'T {X)^ ^ C T (X)^j^q ^ for 5 e S, whereas Vc^n 
VsiG,i = 0- Furthermore we write gT for (0) as well as T for T (V). Our custom of reusing 
the symbol of a family for the union of its ranges now allows us to write CT as a shorthand for 
T(sig,VsiGWVc). 

For a term ? e T we denote by 'POS (t) the set of its positions (which are lists of positive natural 
numbers), hy t/p the sub term of t at position p, and hy t[p t'] the result of replacing t/p with 
t' at position p in t. We write p\\q to express that neither p is a prefix of q, nor q a prefix of 
p. For n C 'POS{t) with Vp,^Gn. {p = q\/ p\\q) we denote by t[p ^tp\ pell] the result of 
replacing, for each p G IT, the subterm at position p in the term t with the term t'p. t is linear if 
\/p,qeTOS{t). it/p = t/qe\ ^ p = q) . 

The set of substitutions from V to a {SIG, c}xS-sorted family of sets T = (7'^,i)((;,i)e{siG,(:}xS 
is defined to be 

5W!B(V,r) :={a:V^r I V((;,5) G {SIG, c}xS. VxG V^,,. o(jc) G T^,, }. 

Note that VaG5?i«(V,T). V((;,5) g{SIG, c}xS. V^GT^,,-. mGT^,.,. 

Let £■ be a finite set of equations and X a finite subset of V. A substitution a 
G 5'U!S(V, T) is called a unifier for E if Eo C id. Such a unifier is called most general 
on X if for each unifier p for E there is some T G 5 'U!B (V, T ) such that x1 (ox) = xljU- If E has 
a unifier, then it also has a most general unifier^^ on X, denoted by mgu(£', X). 



'For this most general unifier a we could, as usual, even require aa = a but not 1^{g[i^{E)]) C 1^{E). 
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2.2 Relations 



Let XC V. Let T C T . A relation on T is called: 

sort-invariant if \/{t,t')ER. 3seE). t,t' ETsig,s 

X-stable (w.r.t. substitution) if V(fo, • • • ,?n-i) ei?. Voej (V, T (X)). 

(roa,...,f„_io) eR 

T-monotonic if y{t'j")eR.yte'T .\/pe^OS{t). 

3seS.t/p,t',t"eTsiG,s \ [ {t[p^t'],t[p^t"])eR 
A t[p^t']eT J \^ t[p^t"]eT 



The subterm ordering on T is the V-stable and wellfounded ordering defined by: t<^jt' if 
3pe'P0S{t'). t = t' /p. A termination-pair over sigA^ is a pair ( > , > ) of V-stable, wellfounded 
ordering s on T such that > is T-monotonic, > C >, and C >. Cf. Wirth & Gram- 
lich (1994a) for further theoretical aspects of termination-pairs, and Geser (1994) for interesting 
practical examples. For further details on orderings cf. Dershowitz (1987). 

The reflexive, symmetric, transitive, and reflexive & transitive closure of a relation — ^ will be 
denoted by < — >, and — >, resp.. ^'^ Two terms v, w are called joinable w.r.t. — > if v[w, 
i.e. if v~^oi — w. They dXQ strongly joinable w.r.t. — > if vi|w, i.e. if v—^oi — w— >o< — v. 
— > is called terminating below u if there is no 5 : N ^ dom( — >) such that u = sq /\ VieN. 

Si >Si+x. 



Note that this is actually an abuse of notation since A+ now denotes the transitive closure of A as well as the 
set of nonempty words over A and since A* now denotes the reflexive & transitive closure of A as well as the set of 
words over A. In our former papers we prefered to denote different things different but now we have found back to 
this standard abuse of notion for the sake of convenient readabiUty, because the reader will easily find out what is 
meant with any application with the exception of those in the proof of Lemma B. 7. 
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2.3 The Reduction Relation 

In the definition below we restrict our constructor rules to contain no non-constructor function 
symbols, to be extra-variable free, and to contain no negative literals. This is important for our 
approach (cf. Lemma 2.10, Lemma 2.11, and Lemma 2.12) and should always be kept in mind 
when reading the following sections. 



A 



Definition 2.2 (Syntax of CRS) 

CO^i'DL IT (sig, V) is the set of condition literals over the following predicate symbols on terms 

from T (sig, VsigWV^;): '7^' (binary, symmetric, sort-invariant), and 'Def (singulary). The 
terms of a list C of condition literals are called condition terms and their set is denoted by 
I'E^RJMS (C). A (positive/negative-) conditional rule system (CRS) R over sig/cons/V is a finite 
subset of the set of rules over sig/consA^, which is defined by { ( (/, r) , C ) | 

/ 35eS./,reT(sig,VsiGWVc), \ 
A C e (009^0) LIT {sig.Y))* 

( ZG'r(cons,VsiGWVc) \ 
{r}UT'E1l9v(s{C) C T (cons, VsigWVc) 
A 'U{{r}UT'E']lMs{C)) C l/(/) 
V V VLinC. Vm,v. Ly^ (m^v) III 

A rule ((/,r),0) with an empty condition will be written l=r. Note that l=r differs from r=l 
whenever the equation is used as a reduction rule. A rule ((Z,r),C) with condition C will be 
written l—r< — C. We call / the left-hand side and r the right-hand side of the rule l=r< — C. A 
rule is said to be left-linear (or else right-linear) if its left-hand (or else right-hand) side is a linear 
term. A rule /=r< — C is said to be ex^ra-vanaMe /ree if {{r}\J'T<E^Ms{C)) C '^'(/). The 
whole CRS R is said to have one of these properties if each of its rules has it. A rule l=r< — C 
is called a constructor rule if its left-hand side is a constructor term, i.e. / e (cons, VsioWVc). 



In the following example we define the subtraction operation '— ' partially (due to a non-complete 
defining case distinction), whereas we define a member-predicate 'mbp' totally on the constructor 
ground terms. 



Example 2.3 ( continuing Example 2.1) 
Letx,y e Vc nat and / e list- 



R2.3: 



x-0 

s{x)-s{y) 



X 

x-y 



mbp(x, nil) 
mbp(x, cons(y,/)) 
mbp(x, cons(j,/)) 



false 
true 

mbp(x,/) 



x^y 
xy^y 



"To avoid misunderstanding: For a condition list, say " s=t, u^v, Defw ", we mean the top level terms 
s,t,u,v,w e T (sig, VsigWVc), but neither their proper subterms nor the Uterals "s=t", "u^v", "Defw" themselves. 
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Definition 2.4 (Fulfilledness) 

A listD e CO^i/DL /CT (sig,X)* of condition literals is said to he fulfilled w.r.t. some relation 
if 

/ ( ({u=v)mD) =^ uiv ) 

yu,veT.l A ( ((Defw) inD) =^ 3m G (cons), u^u) 

\ A (((mt^v) inD) =^ 3m, v G ^ T (cons) . m^m|v^v ) 

To avoid a non-monotonic behaviour of our negative conditions, we define our reduction relation 
— via a double closure: First we define — ^^xeo using the constructor rules only. Then we 
define — ^Rxeo+a ^ second closure including all rules. 

Definition 2.5 ( — 

Let R be a CRS over sig/consA^. Let XCV. Let -< denote the ordering on the ordinal numbers. For 

P ^ a)+(0 and p e the reduction relations — ^^^^ and — ^nxpp (sig)X) are inductively 

defined as follows: For s,t El (sig,X): 

*^R,x,p^ if 3pG2'05(5).5^^^p/. 

For peW^: — >j^_x,o,p '= ®- ^^"^ ie'N;s,teT (sig, X): 

/ /GT(cons,VsiGWVc) \ 



R,x,i+iy \ aG5'n!S(V,T(X)) 



A s/p = l<5 
A ? = ^ ra 
y A Co is fulfilled w.r.t. — / 



— ■= U,.gN — ^R,x,,> • For i e N; 5, ? G T (sig, X) : s — ^r,x,co+,+i,/ if 
^1 ((/,r),C)GR \ { , 'Ip-^"" 

\ a t J, a i5 1, V , i l,^; ; / y ^ . ^ fulfilled w.r.t. ^r,x,<o+, 

^R,X,(0+K),p • U,gis[ ^R,X,H)+!,p ' *'R,X • *'R,X,K)+(0 • 

We will drop "R,X" in — ^j^^ and — &c. when referring to some fixed R,X. 
Corollary 2.6 

— ^■rxo) minimum (w.r.t. set-inclusion) of all relations on 1 satisfying for all s,t G 



pe(Pos{s) 

T(sig,X).- s'-^t if 3( ((/,r),C)GR 



I /G'r(cons,VsiGWVc) \ 

A s/p = l<5 

A t = s[p^r<3] 

\ A C<3 is fulfilled w.r.t. ^ y 



Lemma 2.7 Let S^^ be the set of all relations on T satisfying 

1. (^ n ((^T (cons)x'r)) C — ^gj^^ as well as 

2. foralls,t G 'r(sig,X).- 

/ /?GfPC'5(5) \ / s/p^lG 

s-^t if 3/ ((/,r),C)GR )■ \ ^ t = s[p^rc] 

\ aG5'y«(V,T(X)) / \ A Co is fulfilled w.r.t. - 

A^ow — is the minimum (w.r.t. set-inclusion) in S^y^, and S^^ is closed under nonempty inter- 
section. 
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Corollary 2.8 (Monotonicity of — > w.r.t. Replacement) 

— ^Rxp (f*^^ P — — ^■rx (sigjX) -monotonic as well as — >^^[T]-monotonic for 
eachT C T(sig,X). 

Corollary 2.9 (Stability of — >) 

— ^Rxp (Z'^'" P — — ^■rx' and their respective fulfilledness-predicates are X-stable. 

Lemma 2.10 ForXCYCV. 

Vn e N. Vs e T (cons, X) . V? . s^^^t => {s^^ y j e T (cons, X) ) ) 

Lemma 2.11 i n ( T (cons, VsigWVc ) x T (cons, VsigWVc )) Q 

Lemma 2.12 (Monotonicity of — >^ and of FulfiUedness w.r.t. — >^ in (3) 

For (3 ^ 0)+(0; — >p C — >^ C — > ; and if C is fulfilled w.r.t. — >^ and 
to P V Va, V. ((mt^v) m C) , C is fulfilled w.r.t. — >^ and w.r.t. — >. 

Note that monotonicity of fulfilledness is not given in general for P ^ to and a negative literal 
which may become invalid during the growth of the reduction relation on constructor terms. 

For the proofs of. Wirth & Gramlich (1994a). 



2.4 The Parallel Reduction Relation 



The following relation is essential for sophisticated joinability notions as well as for most of our 
proofs: 

Definition 2.13 (Parallel Reduction) 

For P -< to+to we define the parallel reduction relation -H-iii,x,p on T (sig,X): 

■s'-H-*R,x,p^ if 3n C fPC'5(5). i'-H-^R^x.p.n^ where 

/ \Jp,qeYl. ( p = q V p\\q ) \ 
*^R,x,py ii \ ^ t^s[p^t/p\peYl] 

\ A ypell.s/p^^^^t/p ) 
Corollary 2.14 Vp < (0+(0. — ^^^^ p C ^r,x,p C -^r_x,p ■ 
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3 Confluence 

The following notions and lemmas have become folklore, cf. e.g. Klop (1980) or Huet (1980) for 
more information. 



Definition 3.1 (Commutation and Confluence) 

Two relations — >q and — >^ are commuting if 

— >Q and — >j are locally commuting if 

WsJoJi. to< 0* 

— >j Strongly commutes over — >q if 

V5,?0,?l- tQi — 0* — >^ti 



* * \ 
to — ^lO^ — oh )■ 

* * \ 

to \0i j. 




1 

commuting 




— >Q and — >j are 
locally commuting 




>j strongly com- 



mutes over 



A single relation — ^ is called [locally] confluent if — > and — > are [locally] commuting. It is 
called strongly confluent if — > strongly commutes over — >. It is called confluent below u if 
Vv, w. ( v<-^M— =^ vj,w). 



Lemma 3.2 (Generalized Newman Lemma) 

If — >Q and — >j are commuting, then they are locally commuting, too. 

Furthermore, if — U — >^ is terminating or if — or — ^, is transitive, then also the converse 
is true, i.e. — >q and — >^ are commuting iff they are locally commuting. 



Lemma 3.3 

The following three properties are logically equivalent: 

1. — >^ strongly commutes over — 

2. — >^ strongly commutes over —^q. 

3. — >^ strongly commutes over — 

Moreover, each of them implies that — >q and — >j are commuting. 



Lemma 3.4 (Church-Rosser) 

Assume that — > is confluent. Now: < — > C j. 
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Besides strong confluence there are two other important versions of strengthened confluence for 
conditional rule systems. They are based on the depth of the reduction steps, i.e. on the P of 



here are called 0-shallow confluence for the closure w.r.t. our constructor rules, as well as di- 
shallow confluence and (H-level confluence for our second closure. Shallow and level confluence 

are interesting: On the on hand, they provide us with stronger induction hypotheses for the proofs 
of our confluence criteria. On the other hand, the stronger confluence properties may be essential 
for certain kinds of reasoning with the specification of a rule system; for level joinability cf. 
Middeldorp & Hamoen (1994). 

Before we define our notions of shallow and level confluence we present some operations on 
ordinal numbers: 

Definition 3.5 (+(,, 

Let a e {0, co}. Let '+' be the addition of ordinal numbers. 
Define '+,,', '+^', and for/io,"! -< 



Note that the subscript of the operator '+^' is chosen to remind that it adds an extra (0 to the left 
if both arguments are different from 0. Moreover, note that nxn1+o = Nxn1+- is sometimes 
called monus. 



Since we want to use shallow and level confluence also for terminating reduction relations we 
have to parameterize them w.r.t. wellfounded orderings. Let V as before be the wellordering of 
the ordinal numbers. Let be some wellfounded ordering on T . We denote the lexicographic 
combination of >- and > by ' >-> ', its reverse by ' ^<l ', and the reflexive closure of the latter by 




0+„ni 

(no+l)+„(ni + l) 



no 

a + no+l+ni+l 



{no+ni)^ni 
no^{no+ni) 



no 
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Definition 3.6 ( 0-Sliallow Confluent / to-Sliallow Confluent ) 

Let a e {0, co}. Let P ^ co+to. Let s e T . 

R, X is said to be CL-shallow confluent up to |3 and s in < if 




R,X,a+ni j 
"R,X,a+no^ / 



R, X is said to be a-shallow confluent up to (3 if 

R, X is a-shallow confluent up to P and^^ s for all .v G T . 
R,X is said to be a-shallow confluent if R,X is a-shallow confluent up to (0-|-a. 

Definition 3.7 (to-Level Confluent) 

Let P :< to. Let s e T . R, X is said to be (H-level confluent up to P and s in < if 



R, X is said to be (O-level confluent up to P if 

R,X is (O-level confluent up to P and^^ s for all 5 e T. 
R, X is said to be (a-level confluent if R, X is to-level confluent up to to. 

Note that to- level and (O-shallow confluence specialize to the standard definitions of level and shal- 
low confluence, resp., for the case that all symbols are considered to be non-constructor symbols 
(where n becomes the standard depth of — >^RX(o+n)! that O-shallow confluence specializes to 
the standard definition of shallow confluence for the case that all symbols are considered to be 
constructor symbols. 

Corollary 3.8 ( to-Shallow Confluent ^ to-Level Confluent =^ Confluent ) 

IfR,X is (O-shallow confluent, then R,X is (O-level confluent. 
IfRjX is (O-level confluent, then — confluent. 

Corollary 3.9 

R, X is (O-shallow confluent up to iff 
R,X is (O-level confluent up to iff 
— ^Rxa confluent. 



^^Note that reference to a special < becomes irrelevant here 
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if (for/ ^2) A 



4 Critical Peaks 

Critical peaks describe those possible sources of non-confluence that directly arise from the syn- 
tax of the given rule system. While the so-called variable overlaps can hardly be approached via 
syntactic means, the critical peaks describe the non-variable overlaps resulting from an instan- 
tiated left-hand side being subterm of an instantiated left-hand side at a non-variable position. 
Our critical peaks capture more information than the standard critical pairs: Besides the pair, 
they contain the peak term and its overlap position. Furthermore, each element of the pair is 
augmented with the condition that must be fulfilled for enabling the reduction step down from the 
peak term, and with a bit indicating whether the rule applied was a non-constructor rule or not. 

Definition 4.1 (Critical Peak) 

If the left-hand side of a rule lo=ro< — Co and 

the subterm at non-variable (i.e. l\/p ^W) position p e 'POS {h) 

of the left-hand side of a rule l\=ri< — C\ 

(assuming 1/ {lo—ro< — Q) fl 1^ {h=ri< — Ci) = w.l.o.g.^^) are unifiable by 
a = mgu( {(/o,/i//?)}, l^ilo=ro< — Co,/i=ri< — Ci)), 

if/, G 'r(cons,VsiGWVc) 

1 otherwise 

and if the resulting critical pair is non-trivial (i.e. li[p <— ro]a 7^ rio), then 

( <- ro], Co, Ao), (ri, Ci, Ai), h, a, p) 

is a (non-trivial) critical peak (of the form (Aq, Ai)j consisting of the conditional critical pair, its 
peak term h, the most general unifier a, and the overlap position p. 

For convenience we usually identify this critical peak with its instantiated version 

( {h[p^ro]o, CqO, Ao), (no, CiO, Ai), ho, p ) 

which should not lead to confusion because the tuple is shorter. 

The set of all critical peaks of a CRS R is denoted by CP(R). 

Example 4.2 (continuing Example 2.3) 

CP(R2.3) contains two critical peaks, namely (in the instantiated version) 
( (true, (jc=)^), 1), (mbp(jc,/), (.JCT^y), 1), mbp(x, cons(y, /)), ) and 
( {mbp{x,l), {xy^y),l), (true, (x^y), 1), mhp{x,cons{y,l)), ) 
which we would (partially) display as 

mbp(x, cons(3^,/)) > mbp{x,l) mbp(x,cons(j,/)) > true 

...,0 ...,0 

true mbp(x,/) 

Note that we omit the position at the arrow to the right because it is always 0. Furthermore, 
note that the two critical peaks are different although they look similar. Namely, the one is the 
symmetric overlay (cf. below) of the other. 



"To achieve this, let ^ € 5 WS (V, V) be a bijection with ^['P' {k=ro< — Co)] n I' {h=n< — Ci) = and then 
replace lo=ro* — Co with (/o=?"o-* — Cq)^. 
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5 Basic Forms of Joinability of Critical Peaks 



A critical peak 



((?o,£>o,Ao), (/'i,Di,Ai), f, o, p) 



is joinable w. k f. R, X (for XC V) if V(p G 5 « (V, T (X) ) . 

( ((DoZ)i)a(p fulfilled w.r.t. — ^ tQOts^i^-^hOfS} ). 

It is an over/ay if p — %. It is a non-overlay if p^&. 

It is overlay joinable w.r.t. R,X if it is joinable w.r.t. R,X and is an overlay. 

In the following two definitions 'true' and 'false' denote two arbitrary irreducible ground terms. 
Their special names have only been chosen to make clear the intuition behind. 

The above critical peak is complementary w.r.t. R,X if 
/ -, ^ -, . ^ / (m=v) occurs in Di<5 \ 

y A (mt^v) occurs mDi-fO J 



\ 



(/?=true) occurs in DjO 
A (/?=false) occurs in Di-iO 
A true 7^ false 



v 



V 3peT . 3true, false e ^'r\dom( — ^j^^)- 3j-<2. 

V 

It is weakly complementary w.r.t. R,X if 
/ -1 ^ f (u=v) and 

\ [uy^v) occur m [DoDi)G 

({p—true) and 
(p=false) occur in (DoDi)o 
A true false 

It is strongly joinable w.r.t. R,X if V(p e 5 « (V, T (X) ) . 

( ((DoDi)a(p fulfilled w.r.t. — ^^^) toa(p\i^^tiO(? ). 

In the following definition 'A' is an arbitrary function from positions to sets of terms. 

The above critical peak is >-weakly joinable w.r.t. R, X [besides A] if ^(peS'U.'B (V, T (X)) 
/ / (DoZ)i)o(p fulfilled w.r.t. — \ \ 
A Vm. ( M<focp =^ — is confluent below M ) 
A VjcGV. x(p^dom( — 
A [ p^<d ^ Vxe '^'(f).xa(p^dom( — ) 
V[a to<p^A{p) ] 



V 



I 



I 



Note that >-weak joinability adds several useful features to the single condition of joinability, 
forming a conjunctive condition list. The first new feature allows to assume confluence below 
all terms that are strictly smaller than the peak term. The following features allow us to assume 
some irreducibilities for the joinability test, where the optional one is an interface that is to be 
specified by the confluence criteria using it, cf. our theorems 14.2 and 14.4. For a demonstration 
of the usefulness of these additional features cf. Example 14.3. 



Lemma 5.1 (Joinability of Critical Peaks is Necessary for Confluence) 

If — is confluent, then all critical peaks in CP(R) are joinable w.r.t. R,X. 
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6 Basic Forms of Shallow and Level Joinability 



Just like confluence and strong confluence, also level and shallow confluence have their corre- 
sponding joinability notion. Sorry to say, they are pretty complicated, however. 

Definition 6.1 ( 0-Shallow Joinable / co-Shallow Joinable ) 

Let a e {0,co}. Let [3 ^ co+a. Let* e T. A critical peak ((?o,£>0)Ao), (?i,Di,Ai), f, a, p) 
is CL-shallow joinable up to [3 and sw.r.t. R,X and < [besides A] if 

V(pe5'n!S(V,'r(x)). Vno,«i -< a>- 

/ / ( «o+„«i, mcp )^( (3, 5 ) \ \ 

((^ a = ^ A, = 0-<n, ) 
A ( a=to =^ A,-^n; ) 
A D,a(p fulfilled w.r.t. ^r,x.„+(„,m) 
, w/ o / \ / \ f R, X is a-shallow confluent 

^ ^ ^ " ^ y up to o and s in < 
A VxGV.x(p^dom(-^^^„^_^„^„^j) 

A ( ^ VxGa^(f).xo(p^dom(^j^_^„^^„^„^ 
V[A fo(p^A(;?,min{no,«i}) ] 



.>) ) 



v 



flO(p 



R,X,a+ni R,X,a+no 

It is called CL-shallow joinable up to ^ w.r.t. R,X and < [besides A] if 

it is a-shallow joinable up to (3 and s w.r.t. R, X and < [besides A] for all 5 e T . 
It is called a-shallow joinable w.r.t. R,X and < [besides A] if 

it is a-shallow joinable up to to+a w.r.t. R,X and <l [besides A]. 
When <| is not specified, we tacitly assume it to be <lg.p. 

Definition 6.2 (co-Level Joinable) 

Let P ^ CO. Let 5 e T . A critical peak {{to,Do,Ao), {ti,Di,Ai), t, o, p) 
is (Si-level joinable up to |3 and sw.r.t. R,X and <\ [besides A] if 
V(pe5'n!S(V,'r (X)). Vno,«l -< «• 

/ / ( max{no,«i}, mcp ) ^ ( (3, s ) n 

A/ ^ 

A £),0(p fulfilled w.r.t. — ^ , , 

R, X is co-level confluent 
up to 5 and s' in < 



A 



A V( 6, s' )-<<l( max{no,«i}, ^(^9 )• 

A VxeV.x(p^dom(^^_^_^^^^^„^„^^) 
A ^ Vxe'J^(f).xa(p^dom(^^^„^^^^^„^„^j) 

V[a fa(p^A(/7,max{no,«i}) ] 

It is called (a-level joinable up to ^ w.r.t. R,X and < [besides A] if 

it is co-level joinable up to (3 and 5 w.r.t. R,X and < [besides A] for all 5 e T 
It is called (O-level joinable w.r.t. R, X and < [besides A] if 

it is co-level joinable up to (O w.r.t. R,X and < [besides A]. 
When <| is not specified, we tacitly assume it to be O^^. 
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Please notice the generic structure of these and the following definitions that makes them ac- 
tually less complicated than they look like. While the conclusions of their implications should 

be clear, the elements of their conjunctive condition lists have the following purposes: The first 
just parameterizes the notion in |3 and s. The second requires the appropriate fulfiUedness of 
the conditions of the critical peak, where A, ^ n,- allows us to assume 1 ^ n,- when the term 
ti is generated by a non-constructor rule which is important since otherwise the conclusion is 
very unlikely to be fulfilled, cf. also below. The third allows us to assume a certain confluence 
property which can be applied when checking the fulfiUedness of the conditions. E.g., this con- 
dition sometimes implies that the fulfiUedness assumptions of the second element for "? = 0" and 
"i= 1" are contradictory. An example for this are the critical peaks of Example 4.2 which are 
both to-level and to-shallow confluent since the condition list can never be fulfilled. But how 
do we know that? Suppose that {x=y)(p is fulfilled w.r.t. — ^-j^^^^^^^^^j^ and that {x^y)<p is 
fulfilled w.r.t. — ... Then there are w, v e G T (cons) such that x(pL„ ,-y(p and 

R,X,to+(nj — 1) ' V / t ^R,X,0)+(n()—l)-^ ^ 

^^^R,x,co+(„iM)"iR,x,a,+(„i^i)^^R.x.a,+(„i^i)3'9- By x,yeYc we get x(p,3;(peT(cons,Vc) and 

thus by Lemma 2.10 we get x(pl^^^y(p and x(p—^j^^^^u\.^^^v^^j^^^y(p. This contradicts 
confluence of — ^^.^^ and then by Corollary 3.9 it also contradicts to-level and to-shallow con- 
fluence up to 0. However, we are allowed to assume this since we know -< max{no,ni} and 
-< no+co"i due to Ao = Ai = 1 (and A,- ^ n,). A more general argumentation of this kind proves 
theorems 13.3, 13.4, and 15.3, which are confluence criteria for rule systems with complementary 
critical peaks. Finally, the following items in the conjunctive condition lists allow us to assume 
some irreducibilities similar to those for >-weak joinability but less powerful. 

Lemma 6.3 (a-Shallow Joinability is Necessary for a-Shallow Confluence) 

Let a G {0, CO}. If R,X is U-shallow confluent [up to |3 [and s in <]]], then 

all critical peaks in CP(R) are a-shallow joinable [up to ^ [and s]] w.r.t. R,X [[and <]]. 

Lemma 6.4 (to-Level Joinability is Necessary for to-Level Confluence) 

IfRjX is (Si-level confluent [upto^[ and s in <] ], then 

all critical peaks in CP(R) are (O-level joinable [up to^ [and s]] w.r.t. R,X [[and <]]. 
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7 Sophisticated Forms of Shallow Joinability 



For a first reading this section should only be skimmed and its definitions looked up by need. At 
least § 12 should be read before. 

The (D-shallow joinability notions of this section are only necessary for understanding the 
sophisticated Theorem 13.6 and its interrelation with the examples in the following sections, but 
not for the important practical consequence of this theorem, namely Theorem 13.3, which is easy 
to understand and sufficient for many practical applications. The 0-shallow joinability notions are 
needed for Theorem 15.1 only. 

The following notion will be applied for non-overlays of the forms (1,0) and (1,1) for "a = a)" 
and of the form (0, 0) for "a= 0": 

Definition 7.1 ( 0-Shallow Parallel Closed / (o-Shallow Parallel Closed ) 

LetaG{0,(o}. Let |3 ^ co+a. A critical peak ((?o,£>o,Ao), (?i,Di,Ai), f, p) is a-shallow 
parallel closed up to P w.r.t. R,X if V(pe5 'W® (V, T (X)). Vno,«l -< W. 



/ 



A no+a«i ^ P 

(( a = => Ai = 0-<ni ) 
A ( a = a) ^ Ai^Hi ) 
A A(pMfilledw.r.t.^,,„^(„.^, 
\ A V5 ^ «o+a"i • R, X is a-shallow confluent up to 5 / 

( «1=0 =^ ?09-H-%.X,a?l9 ) 



v 



A 



?09-H-%,X,a+niO- 



R,X 



R,X,a+(ni^l) 

It is called a-shallow parallel closed w.r.t. R,X if 

it is a-shallow parallel closed up to to+a w.r.t. R, X. 



The following notion will be applied for critical peaks of the forms (0, 1) and (1, 1) for "a= to" 
and of the form (0, 0) for "a= 0": 

Definition 7.2 ( 0-Shallow / co-Shallow [Noisy] Parallel Joinable) 

LetaG{0,oo}. Let (3 ^ (O+a. A critical peak ((?o,£>o,Ao), (?i,Z)i,Ai), f, p) is a-shallow 
[noisy] parallel joinable up to |3 w.r.t. R,X if Vcpe J tz® (V, 1 (X)). Vno,ni -< 03. 

A no+a«i di P 

/ ( a=0 =^ Ai = 0^n^ ) 
A V/-<2. A [a = ()) ^ Ai^Ui) 

\ A D,(p fulfilled w.r.t. ^^,x.a+(„,^,) 
\ A V5 -< no+a"i • Ri X is a-shallow confluent up to 5 / 



R.X.a[+(n^^\)] R.X.a+MQ- 

It is called a-shallow [noisy] parallel joinable w.r.t. R, X if 

it is a-shallow [noisy] parallel joinable up to co-l-a w.r.t. R,X. 



^^We put this section here because we do not want to scatter our later discussion with a big definition section and 
because we do not want to use the (for a first reading not essential) joinability labels in the boxes of the examples in 
the following sections before defining them. 
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Note that a-shallow parallel closedness specializes to the standard definition of parallel closed- 
ness of Huet (1980) for the case that all symbols are considered to be non-constructor symbols in 

case of a = tt) (or else constructor symbols in case of a = 0) and the rule system is unconditional 



(since then 



:0 and 



R.X.a+l 



,). Similarly, a-shallow parallel joinability special- 



izes for these cases to the joinability required for overlays in Toyama (1988). Moreover, note 
that the notions whose names end with "closed" are always restricted to "O^no^ni", whereas 
those whose names end with "joinable" are always restricted to "no ;^0". Finally, note that 
some notions have "noisy" variants which are weaker since they allow some "noise", i.e. some 
reduction on a smaller depth than the preceding reduction step.^^ 

The following notion will be applied for non-overlays of the forms (1,0) and (1,1) for "a=a)" 
and of the form (0,0) for "a=0": 

Definition 7.3 ( 0-Sliallow / to-Sliallow [Noisy] Anti-Closed ) 

Let a e {0,(0}. Let |3 ^ Od+a. A critical peak ((?o,£>o,Ao), (?i,Di,Ai), i, p) is a-shallow 
[noisy] anti-closed up to |3 w. r. R, X if Mf^^SWBiN ,1 (X) ) . MnQ ,ni ^ to. 

/ / O^nohm \ \ 

A no+^ni ^ P 

(( a = =^ Ai = 0^ni ) 
A ( a = (0 Ai<ni ) 
A A(p fulfilled w.r.t. 
\ A V5 -< no+„ni . R, X is a-shallow confluent up to 5 / 



R,X,a+(n,-^l) 



( «1 = 







R,X,a 



R,X,al+(no-l)] 



R,X,a+no 



V 



A ?09 ^R,x,a+«i 



R,X 



,a+no 



°' R,X,a^l9 



R,X,a[+(no-l)] 

It is called CL-shallow [noisy] anti-closed w.r.t. R,X if 

it is a-shallow [noisy] anti-closed up to (H+a w.r.t. R,X. 



The following notion will be applied for critical peaks of the form (0, 1) and (1,1) for "a = (0" 
and of the form (0,0) for "a=0": 

Definition 7.4 ( 0-Shallow / to-Sliallow [Noisy] Strongly Joinable ) 

LetaG{0,(o}. Let |3 ^ (O-l-a. A critical peak ((?o,£)o,Ao), (?i,Di,Ai), f, p) is a-shallow 
[noisy] strongly joinable up to (3 w.rt. R, X if V(p e J 'ZiiS (V, T (X)). Vno, ni -< CO. 

/ / no^ni^O \ \ 

A no+„ni ^ P 

/ ( a = Ai = 0^n, ) 
A A ( a = {0 ^ Ai^m ) 

\ A D,cp fulfilled w.r.t. 
\ A V5 ^ no+„«i ■ R, X is a-shallow confluent up to 5 / 



( no = 



R,X,a+nj 



R,X,a[+(ni-l)] 



R,X, 



V 



A ?o(p- 



R,X,a R,X,a+ni R,X,a[+(ni^l)] 

It is called a-shallow [noisy] strongly joinable w.r.t. R,X if 



R,X. 



a+KQ 



it is a-shallow [noisy] strongly joinable up to (0-|-a w.r.t. R,X. 



i^The name for the notion was inspired by Oostrom (1994a). 
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The following notion will be applied for non-overlays of the forms (1,0) and (1,1): 



Definition 7.5 (to-Sliallow Closed) 

Let P ^ (O+oo. A critical peak ((?o,Oo, Aq), (?i,Di, Ai), i, p) is (s)-shallow closed up to [3 w.r.t. 
R,X if V(pe5'lZ!B(V,T(X)).Vno,ni ^CO. 

/ / O^no^^i \ \ 

A; ^ m 

A D,(p fulfilled w.r.t.-^^^ ^^(„.^^) 
\ A V6 -< no+to"i • R, X is to-shallow confluent up to 5 / 



A Vz^2. 



( "1 = 







?o(p- 



R,X,m 



V 



A ?o9- 



R,X,to 
* 



R,X,to 



;i9 



R,X,to+ni R,X,to+(ni^l) 

It is called (Q-shallow closed w.r.t. R,X if 

it is to-shallow closed up to to+to w.r.t. R,X. 



The following notion will be applied for critical peaks of the forms (0, 1) and (1,1): 



Definition 7.6 (to-SJiallow [Noisy] Weak Parallel Joinable) 

Let p ^ (0+(0. A critical peak ((?o,£)o, Aq), (?i,Di,Ai), f, p) is (a-shallow [noisy] weak parallel 
joinable up to ^ w.r.t. R,X if V(pG5'Zi«(V,T(X)). Vno,«i -< W- 



Aj ^ ni 

A D,(p fulfilled w.r.t. ^r,x,co+(„,^i) 
\ A V5 ^ «o+to"i • R, X is to-shallow confluent up to 6 / 



A 
A 



Vi ~< 2. 



\ ^9 ^R,X,co ° ^R,X,co+ni O 
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R,X,0)[+(ni-l)] R,X,0)+no 

It is called (H-shallow \noisy] weak parallel joinable w.r.t. R,X if 

it is to-shallow [noisy] weak parallel joinable up to to+to w.r.t. R, X 



The following are corollaries of Corollary 2.14: 

Corollary 7.7 Letae {0, to}. Now w.r.t. R,X the following holds: 

If a critical peak is (Si-shallow {noisy] parallel joinable up to^ z< tO+tO, 

then it is (O-shallow [noisy] weak parallel joinable up to p. 

If a critical peak is (O-shallow [noisy] strongly joinable up to ^ :< tO+tO, 

then it is Qd-shallow [noisy] weak parallel joinable up to p. 

If a critical peak is CL-shallow [noisy] strongly joinable up to ^ :< to, 

then it is CL-shallow [noisy] parallel joinable up to p. 

Corollary 7.8 Let a e {0, to}. Let P ^ to+a. Now w.r.t. R, X the following holds: 

If a critical peak is d-shallow parallel closed or (for a = toj a-shallow closed up to P, then it is 

a-shallow [noisy] anti-closed up to p. 



Overview over sophisticated forms of co-Shallow... of ((^o,£>o, Aq), (fi,Z)i,Ai), f, p) 

I "Property 1" A no+„ni ^ P \ 
Generally assumed condition for (pe 5 'y!B(V,T(X)); no, «i -<(0: A Mi -<2. K^ni A Acp fulfilled w.r.t. — \,x.m+(ni^\) ) 

y A V5 ^ no+„"i • R, X is (O-shallow confluent up to 5 j 
Required conclusion (P := Parallel; C := Closed; N := Noisy; J := Joinable; W := Weak; A := Anti-; S := Strongly): 



Property 1 := . . 
In case of . . . 



-< no b «i 



ni =0 



ni >- 



PC 



?o(p 



o 



PC 

o - 



* 



CO 



CO 



co+ni 



co+(ni^l) 



V 
> o 



?0(p 



[N]PJ 

o 



co+ni 



co[+(ni-l)] 



* 
> o 



co+no 



V 



* 



CO 



CO 



V 
o 



co+ni 



c 

o ■ 



* 



(0 



co+(ni^l) 



V 
> o 



ro(p 



CO 



[N]WPJ 

o H > o 



co+no 



co+ni 



co[+(ni^l 



V 



co+no 



* 



CO 



V 

[N]AC o 



[N]AC 



co+no 



[N]SJ 



co+no 



co[+(no-l)] 



V 



focp 



CO 



V 

-> o 



(no 7^0) CO 



> O 



co+ni 



o 



CO[+(ni-l)]- 



V 



co[+(mo^1) 



co+ni 



o 



to 
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8 Sophisticated Forms of Level Joinability 

For a first reading this section should only be skimmed and its definitions looked up by need. At 
least § 7 should be read before. 



This section is only necessary for understanding the sophisticated Theorem 13.9 and its interrela- 
tion with the examples in the following sections, but not for the easy to understand consequence 
of this theorem, namely Theorem 13.4. 

Having completed our special notions for shallow confluence, we now present some for level 
confluence. 



The following notion will be applied for non-overlays of the form (1,1): 



Definition 8.1 ((O-Level Parallel Closed) 

Let P ^ CO. A critical peak {{to^Do^Ao), (?i,Di,Ai), f, p) is 
QO-level parallel closed up to ^w.r.t. R,X if 
V(p e 5 s (V, T (X) ) . V« ^ to. 



A 

A V/^2. 



A 



A, < n 

D,(p fulfilled w.r.t. -^R,x,a,+(„^i) 
A V5 -< n. R, X is CO- level confluent up to 5 
\ A R,X is to-shallow confluent up to to 



V 



?0(P-H-%,X,0)+«0- 
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R,X,to R.X.m"^ 

It is called (Si-level parallel closed w.r.t. R, X if 

it is to-level parallel closed up to to w.r.t. R, X. 



The following notion will be applied for critical peaks of the form (1,1): 



Definition 8.2 (to-Level Parallel Joinable) 

Let P ^ CO. A critical peak {{tQ^DQ^Ao), (?i,Di,Ai), f, p) is 
G)-level parallel joinable up to P w.r.t. R,X if 
V(p e J -ZiS (V, T (X)). Vn -< CO. 



/ 

A 

A 

A 
V A 



«^P 



V/ ^ 2. 



A 



Ai ^ n 

DiiD fulfilled w.r.t. — k „ , , 
V5 ^ n. R, X is CO- level confluent up to 5 
R, X is co-shallow confluent up to CO 



v 



?0(p-++^.X.(O+n O 



R.X.to 



R,X,(0+n 



It is called (H-level parallel joinable w.r.t. R,X if 

it is to-level parallel joinable up to to w.r.t. R,X. 



The following notion will be applied for non-overlays of the form (1,1): 



Definition 8.3 (co-Level Anti-Closed) 

Let P ^ (0. A critical peak {{tQ,Do,Ao), {ti,Di,Ai), i, p) 
is (O-level anti-closed up to (3 w.r.t. R,X if 
V(pej'U!S(V,T(X)). Vr -< 0). 



A 
A 



V/ ~< 2. 



A A-cp fulfilled w.r.t.—.^^^^(„^^^ 
V5 -< n. R, X is CO- level confluent up to 5 
R, X is co-shallow confluent up to CO 



A 

\\ 

It is called (H-level anti-closed w.r.t. R,X if 

it is co-level anti-closed up to CO w.r.t. R, X 



R,X,a)+n 



R,X,(0 



The following notion will be applied for critical peaks of the form (1,1): 



Definition 8.4 (co-Level Strongly Joinable) 

Let P :< CO. A critical peak {{to,Do,AQ), (?i,Di,Ai), f, p) 
is co-level strongly joinable up to P w.?:?. R,X if 

V(pe5'Zi!B(V,'r(x)). Vn -< (0. 

/ / nyO 

n^p 



A 



A \/i-<2. 



\ 



A 



Ai :<n 

A D,cp fulfilled w.r.t. ^r,x,«,+(„^i) 
V5 -< n. R, X is (O-level confluent up to 5 
R,X is (O-shallow confluent up to CO 



R,X,to+« 



R,X,(0+n 



ri(p 



It is called co-level strongly joinable w.r.t. R, X if 

it is co-level strongly joinable up to CO w.r.t. R,X. 
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The following notion will be applied for non-overlays of the form (1,1): 



Definition 8.5 (to-Level Closed) 

Let P ^ CO. A critical peak {{to,Do,Ao), (?i,Di,Ai), t, p) 
is (a-level closed up to ^ w.r.t. R,X if 
V(p e J ii ;s (V, T (X) ) . Vr -< 0). 

/ / 0-<n 



A 

A V/-<2. 



v 



A, ^ n 

A A-cp fulfilled w.r.t.^^ ^ ^^(„^,) 
A V5 -< n. R, X is CO- level confluent up to 5 
\ A R, X is co-shallow confluent up to CO 

^09— ^R,X,a,+«°^R,X,(0 ° ^R,X,a,^l^ 



It is called (H-level closed w.r.t. R,X if 

it is co-level closed up to CO w.r.t. R, X. 



The following notion will be applied for critical peaks of the form (1,1): 



Definition 8.6 (co-Level Weak Parallel Joinable) 

Let P ^ CO. A critical peak ({tQ,DQ,AQ), (?i,Di,Ai), t, p) 
is (£>-level weak parallel joinable up to ^ w.r.t. R,X if 
V(p e 5 'IZ« (V, T (X)). Vn -< CO. 

/ / nyO 

A R^p 



A \/i-<2. 



V 



A Acp fulfilled w.r.t.-^^ ^ „^(„^ J) 
A V5 -< n. R, X is (0- level confluent up to 5 
\ A R,X is (O-shallow confluent up to (O 



It is called co-level weak parallel joinable w.r.t. R, X if 

it is co-level weak parallel joinable up to CO w.r.t. R,X. 



Overview over sophisticated forms of co-Level... of ((^0,^0,^0), (^i,Z)i,Ai), t, p) 



Generally assumed condition for 9 e J « ( V, T (X) ) ; n -< CO: 



A V/ ^ 2. ( A; ^ n A D;(p fulfilled w.r.t. - 
A V5 ^ n. R, X is to-level confluent up to 5 
\ A R, X is to-shallow confluent up to to 



Required conclusion (P := Parallel; C := Closed; J := Joinable; W := Weak; A := Anti-; S := Strongly): 




(0 



AC 



(O+n 



CO 



(O+n 



V 
o 



PJ 

-> o - 



ri(p 



v 



(O+n 



0) 



-> o 



?ocp 



0) 



-> o 



WPJ 



(O+n 



-> o 



CO 



CO 



o 



SJ 



0)+« 



o 



CO 



co+n 



V 

-> o 



ri(p 



co+n 



V 

o 
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9 Quasi Overlay Joinability 

According to Theorem 4 of Dershowitz &al. (1988), a terminating positive conditional rule sys- 
tem is confluent if it is overlay joinable. The remainder of this section is only relevant for Theo- 
rem 14.7 and even this can be applied without knowing about [>-quasi overlay joinability when 
one just knows: 

Lemma 9.1 ( Overlay Joinable ^ >- Quasi Overlay Joinable ) 

W.r.t. the following holds for each critical peak: 

If it is overlay joinable, then it is > -quasi overlay joinable. 



In Wirth & Gramlich (1994a) we introduced the following definition: 
A critical peak ((?o,£)o5 -^0)5 (^i 7^1 7-^1)1 ^5 p) is quasi overlay joinable w.r.t. K^X. if 

/ ( (Do^i) 09 fulfilled w.r.t. — 

\/il?eSU'B(y,T{X)). f t\<5(Sf = tQ(5(Sf[p^tiO(Sf/p\ 

This notion of quasi overlay joinability, however, has turned out to produce a wondrous effect in 
case that for some critical peak, w.l.o.g. say 

{{h[p ^ ro],Co,Ao), (ri,Ci,Ai), Zi, a, p ) 
generated by two rules ((/o,'"o),Co). (with w.l.o.g. no variables in common) due to 

a = mgu({(/o,/i/p)},Y) for Y:= 'l^(((/o,ro),Co), ((/i,ri),Ci)), andforsome(pe5'U!S(V,T(X)) 
with (CoCi)o(p fulfilled w.r.t. — there is some p' e ^ OS {li)\{p} with h/p'^Y and 
loO(p= {li/ p')<3(p; i.e. the left-hand side of the rule ((/q, '"0)5^0) occurs a second time in the 
instantiated peak term (or superposition term) at a non- variable position p'. In this case due to 
/oO(p=(/i/y)o(p there are o' ^mgu{{{lo,h/p')},Y) and(p'e5'y!S(V,T(X)) with y1(oV) = 
y1 (09) and then (unless li[p' <— ro]a' = ria') we get another critical peak 

iih[p' ^ ro],Co,Ao), (ri,Ci,Ai), h, o', p' ). 
Now (since (CoCi)o'(p' = (CoCi)a(p is fulfilled w.r.t. — if both critical peaks are quasi 
overlay joinable, then we get by the first conclusion in the above definition: 

riocp = li[p^ro]<5(p [p^riO(p/p] ; 
rioY = /i[/7'^ro]aV[/7'^riaV/y] 
(unless h[p' ro]a'(p' = ria'(p')- Simplified, this means: 

riocp = ZiO(p[p^riO(p/p] ; 
riocp = ha(p[p' ^ riO(^/p'] 
(unless riO^> — ho^>[p' ^ roocp]). Thus, in any case, we get 

/ia(p[p^ ...] = ria(p=/ia(p[/7'^ ...]. 
Since (due to p^p' and (/i//7')a(p=/oO(p= (/i//7)a(p) we have p'\\p, this has the wondrous 
result 

/iO(p=ria(p. (!) 

Using the second conclusion of the quasi overlay joinability we get 
h<3(^/ p — r\<3(^/ p (< — U<st)^ (/i//?)a(p which implies 

/oacp(< — U<st)+/o<7CP. (!!) 
Since both results (!) and (!!) are absurd for a property which is only to be used for a noethe- 
rian reduction relation — ^j^^, we now generalize our notion of quasi overlay joinability. 
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Definition 9.2 (> -Quasi Overlay Joinability) 

A critical peak {{to,Do,Ao), (?i,Z)i,Ai), t, a, p) is >-quasi overlay joinable w.r.t. R,X if 

V(pe5'u«(v,'r(x)). VA. 

/ / (Z)oDi)a(p fulfilled w.r.t. — \ 
A A={ p' e'POS(t)\{p} I t/p'^N A (f/p')o(p = (f/p)o(p } 
A Vw ( < — ^ x^^)^ it/p)^^- — X is confluent below w 
V A \fp" e fP05 ((f//7)a(p)\{0}. {t/p)<5(!?/p" ^dom(^^,,) y 

/ p:{0,...,n-l}^N* \ 
A M : {0, ^ T 

A ro[/ ^ ^o/p I p'g A]a(p^Rx"n 



3neN. 3p. 3m. 



A V/ ^ n. 



Ui+l=Ui[pi ^ Ui^i/pi] 

A Ui+i/pi^ Ui/pi {i — U <y {t/p)o^) 



y A uo=tia(p 



For (p e 5 (V, T (X)) and A C fPOS (F)\{0} with (DoDi)a(p fulfilled w.r.t. — and Vp' e A. 
{i/p'^Y A {t / p')<3(^ = {t / p)<3(^) the critical peak, the further reduction of its left part, and the 
required joinability after this reduction can be depicted as foUows:^*^ 



co+ro,p 



V 



Mo 



V 



Mo[po^wi/po] 



m/po 

* 

V 

Ml/po 



(^U<)+ (f/p)0(p 



to[p' ^ t/p \ p' eA]G^) Ml 



(0+0),A 



Mn-1 



V 



"l/Pl U<)+ (f/p)0(p 



Un-\/pn-\ U<)+ (F/p)a(p 



Un-\[pn-\'^ Un/pn-\] m/pn-l 



V 



?o[y ^ ?o/;? I y GAjocp > un 



^"it should be noted that the fact that the parallel reduction can be restricted not only to non-variable positions 
of t but also to the same identical redex {f/p)a(^ (and the necessity of the analogous restriction in the proof) was 
especially brought to our attention by Bernhard Gramhch (cf. Gramlich (1995b)) who already had similar but less 
general ideas on the weakening of overlay joinability. 
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It is rather easy to see that > 5^ -quasi overlay joinability of a critical peak generalizes the old 
notion of quasi overlay joinability: 

In case that A=0: For quasi overlay joinability of ((?o,£)0)-'^o)) {h,Di,Ai), t, a, p), i.e. for 
tiO(p=toO<p[p ^ tiO<p/p]; (?o/p)a(p-^Rx^^R.x^i^9/p — r,x U ^st)"^ {Up)<^^'^ we simply 
choose n:=l; uo:=tiG(p; ui:=uo[p^w]; and get 

and ui/p= w^^ jiOip/p = uq/p^ ha(p/p {< — ^ ^ U <st )^ {t/p)<^^>- 

In case that A^&: Og^-quasioverlayjoinability of some critical peak, w.l. e.g. say ((/Jp ro],Co,Ao), (ri,Ci,Ai 
generated by two rules ((Zo,ro),Co), ((/i,ri),Ci) (with w.l.o.g. no variables in common) due to 
o = mgu({(/o,/i/i?)},Y) for Y:== ']/(((/o,ro),Co), ((/i,ri),Ci)), generalizes quasi overlay join- 
ability of the critical peaks resulting from overlapping ((/o)''o))Cb) into ((/i,ri),Ci). While we 
are not going to discuss the (then obvious) general case in detail here, the case of A — {p'} 
was just discussed before the definition above and we complete this discussion now as follows: 
Defining t := h; to := h[p ^ rg]; ti :— ri; n := 2; uq := tiG(p; ui := uo[p ^ rQG(p]; 
U2 :— ill [p' ^ '"o*'^]; due to (!) we have 

to[p' <- to/p I p' eA]<3(p=h[p <- ro][p' ^ ro]G(p = riC!(p[p ^ roC(p][p' ^ roacp] =U2 
and due to (!!) we have U2/p' = ui/p — roa(p< — j^.^loO<p{< — LX^j.)'^ loO<p={i/p)o(p where 
by (!) /oocp = (/i /p)o(p = /iO(p/p = tiO(p/p = m/p 

and lQa(p={li/p)o(p = {li/p')o(p = ho(p/p' = tiO(p/p' = uo/p' = Ui/p'. 

In the case of an arbitrary A 7^ 0, quasi overlay joinability of any two of the critical peaks involved 
implies that the diagram from above then looks the following way (where n := | {/7}UA| ): 



(O+co, {p}UA 

to[p' ^ to/p I / e A]a(p = Ufi 



V 



(a+(S), {p}UA 
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That the wondrous results of quasi overlay joinability in the above reported case can be overcome 
with the new notion of > -quasi overlay joinability can be seen from the following example: 



Example 9.3 C := {f,g,a,c} 
N := {+} 

R9.3 : f(^)=g(^) 

a = c 

f(Z)+f(Z) = a 

g(X)+g(X) = c ^f(X)+f(X) = c 

Now the unconditional version of R9.3 is compatible with the lexicographic path ordering t> 
resulting from the following precedence on function symbols (in decreasing order): f , g, a, c. The 
critical peak {{g{X) + ^{X),Q,0), (a, 0,1), f(X) + f(X), 0, 1) cannot be quasi overlay joinable 
because a/1 is undefined. It is, however, > -quasi overlay joinable: 



f(X)+f(X) 
1,1 

V 



1,2 



g(^)+g(^) 



(0+1,0 



co+2,0 



-> a 



1,0 



V 



(^u<)- 



V 



That the A in the notion of -quasi overlay joinability cannot be restricted to be empty can be 
seen from Example 12.2. 
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10 Some Unconditional Examples 



Our main goal in this and the following sections is to find confluence criteria that do not depend 

on termination arguments but on the structure of the joinability of critical peaks only. Finally 
in § 14 we will investigate how termination can strengthen our criteria. Up to then, however, 
we are not going to use termination arguments. Instead, we are looking for confluence criteria 
of the form "If all critical peaks of a . . . (e.g. normal, left-linear, &c.) rule system are joinable 
according to the pattern . . . (e.g. shallow joinable, parallel closed, &c.) then the reduction relation 
is confluent." 

First we want to make clear that this approach has its limits. We do this by giving some exam- 
ples. To distinguish confluent from non-confluent examples the rule systems of the latter ones are 
displayed in a box at the right margin while in a connected box to the left we list the example's 
crucial properties, concerning joinability structure of their critical peaks, variable occurrence, 
condition properties, &c.. The reader should not try to understand the sophisticated joinability 
labels in the boxes at a first reading. This is not necessary for understanding the examples. The 
sophisticated joinability labels are only needed for § 13. 

In this section we start with some unconditional examples. The first one shows that left- 
linearity is essential^ ^ : 



Example 10.1 (Huet (1980)) 



No Critical Peaks 



Not Left-Linear 



Unconditional 



Not Terminating 



C {0,s,c,d} 


Rio.i : 


= s(0) 


N := {+} 




X+X = c 






X + s{X) = 6 



There are no critical peaks. Nevertheless, 
c < 



(0+1 



C <r 



ro+1 



— + 
1 

V 

+ s(0) - 
1 

V 

s(0) + s(0) 
1 



is not confluent: 



ro+l 



d 



■^'^ Since this counterexample for confluence is unconditional it must be non-terminating of course. For conditional 
systems, however, left- linearity is essential also for terminating systems for joinability of critical peaks to imply 
confluence, cf. the transformation described in § 1 1 appUed to Example 1 1.3 as described in § 1 1. 
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Example 10.2 



co+l 



co+1 



V 



V 



co-Level [[Weak] Parallel] Joinable 
co-Level Strongly Joinable 

Not (ihShallow [[Noisy] Parallel] Joinable up to co 



Ground 



Unconditional 



Not Terminating 



V 



co+l 



The critical peaks are all of the form (0, 1) and can be closed as follows 

f (a) > f (b) f (b) 

co+1,0 

V 

1,1 f(a) 
f (c) = f (c) 



1,1 



V 

f(d) 



However, 

f(c)^ 



Rio.2.0 



1,1 



is not confluent: 

f(a) 



(0+1,0 
(0+1,0 



f(b) 



c 


:= {a,b,c,d} 


N 


:= {f} 


RlO.2 


: a — c 




b = d 




f(a) = f(b) 




f(b) = f(a) 



-»f(a) 

(0+1,0 

V 
f(b) 

1,1 

V 



f(d) 



1,1 



f(d) 
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Example 10.3 C := {0,s,p} R10.3 : s{p{X))=X 
N := {+} p{s{X))=X 

+ Y = Y 
s{X)+Y = s{X + Y) 
p{X)+Y = p{X + Y) 

The critical peaks are all of the form (0, 1) and can be closed as follows: 



s(p(X)) + F 



(0+1 



1,1 



X + Y 



->s(p(Z) + F) 
ro+1,1 

s(p(x+y)) 
1,0 

/ 

■X + Y 



p(s(X)) + F 



(0+1 



1,1 



X + Y 



->p(s(Z) + F) 

(0+1,1 

V 

p(s(z+y)) 
1,0 

■ X + Y 



Since the reduction relation is terminating, we have confluence here. However, note that the 
structure of the joinability of the critical peaks is identical to that of Example 10.2 (with the 
exception of the positions). Thus, argumentation on the joinability structure of critical peaks 
must fail to infer confluence for this example (at least if we do not take positions into account). 
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The following example results from Example 10.2 just by changing 'a' and 'b' into non-constructors 
While Example 10.2 was able to discourage generalizations of Theorem 13.9, by the slight 

change the following example is able to discourage generalizations of Theorem 13.6 regarding 
the required co-shallow parallel closedness (for part (I) of Theorem 13.6), co-shallow noisy anti- 
closedness (for part (II)), or co-shallow closedness (for parts (III) and (IV)) of the non-overlays of 
the form (1,1). 



Example 10.4 



o > o 

co+1 

t 

(0+1,1 o 



co+1 



(0+1 



V 



(O-Shallow [[Noisy] [Weak] Parallel] Joinable 
(O-Shallow [Noisy] Strongly Joinable 
Non-Overlay is Not (O-Shallow [Parallel] Closed 
Non-Overlay is Not vyShallow [Noisy] Anti-Closed 



Ground 



Unconditional 



Not Terminating 



c 


:= {c,d} 


N 


:= {a,b,f} 


RlO.4 


: a = c 




b = d 




f(a)=f(b) 




f(b)=f(a) 



The critical peaks are all of the form (1,1) now and can be closed as follows: 



f(a) 



(0+1,1 



f(c) 



co+1 



->f(b) 

co+1,0 

V 
f(a) 

co+1,1 

V 

= f(c) 



f(b) 



co+1 



co+1,1 



V 
f(d) 



->f(a) 

co+1,0 

V 
f(b) 

co+1,1 

V 

= f(d) 



However, — „ is not confluent: 



f(c) < f (a) to+1,0 f(b) > f (d) 

^ ' co+1,1 ^ ' < ^ ' co+1,1 ^ ' 

co+1,0 
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Example 10.5 



1,1 



(0+1 



-> o > o 

1 co+1 



[>g^ -Quasi Overlay Joinable 

(o-Shallow [[Noisy] Weak Parallel] Joinable 

Not (D-Shallow [Noisy] Parallel Joinable up to co 
Not (O-Shallow [Noisy] Strongly Joinable up to co 



Ground 



Unconditional 



Not Terminating 



c 


:= {a,b,c,d} 


N 




RlO.5 


: a = b 




b = a 




f(a) = c 




f(b) = d 



The critical peaks are all of the form (0, 1) and can be closed as follows 

f(a) > c f(b) 



ro+l 



1,1 



V 



f (b) f (a) 



co+l 



1,1 



However, 
c < — 



'10.5-' 



co+1,0 
is not confluent: 



^ c 



f (a) -^Y^ f (b) 



to+1,0 



f(a) 



1,1 



f(b) 



1,1 



d 



co+1,0 



d 



co+1,0 



->d 



Example 10.6 C := {0,s,p} 

N := {+} 



R 



10.6 



Rio.3 + X = s(p(X)) 

X = p(s(X)) 

Note that we have added two rules to the system from Example 10.3: The critical peaks of the 
form (0, 1) of Example 10.3 still exist but can now be closed in different way; e.g., the first one 
can be closed as follows: 



s(p(X))+F 



co+l 



s(p(x)+y) 



1,1 



V 



1,1 



-^s(p(x))+y 



co+1,0 



-^s(p(x)+y) 



Since 



^10.3'* 



is confluent and 



'10.3'* 



C 



40.6.' 



c 



40.3.' 



40.6.' 



is confluent, too (cf . 



Lemma 3.4). However, note that the structure of the joinability of the critical peaks is identical to 
that of Example 10.5. Thus, argumentation on the joinability structure of critical peaks must fail 
to infer confluence for this example. 



35 



According to Lemma 3.2 of Huet (1980), unconditional left- and right-linear rule systems with 
strongly joinable critical peaks are [strongly] confluent. That the severe restriction of right- 
linearity is essential here can be seen from the following example: 

Example 10.7 (Jean- Jacques Levy as cited in Huet (1980)) 



(0+1 



to+1 



co+1 



V 

-> o 



to-Level [Parallel] Joinable 
[co-Level] [Strongly] Joinable 

Not (Si-Shallow [Noisy] Parallel Joinable up to (O 
Not (ShShallow [Noisy] Strongly Joinable up to CO 



Left-Linear 

Right-Linear Constructor Rules 

Not Right-Linear 



Unconditional 



Not Terminating 



c 


:= {a,b,c,d} 


N 


:= {+,-} 


RlO.7 


: a — c 




b = d 




a+a=b— b 




c+X=X+X 




X + c=X+X 




b— b=a+a 




d-X=X-X 




X-d^X-X 




co+1,0' 



co+1,0 



[co-Shallow] Joinable 

Not (syShallow [Noisy] Parallel Joinable up to CO 
Not (H-Shallow [Noisy] Strongly Joinable up to CO 



Left-Linear 

Right-Linear Constructor Rules 
Not Right-Linear 



Unconditional 



Not Terminating 



There are only four critical peaks and they are all of the form (0, 1). Using the symmetry of + in 
its arguments as well the symmetry of a, c, + with b, d, — , all other critical peaks are symmetric 
to the following one, which can be closed in the following two different ways: 

> b-b 



a + a - 

1,1 

\/ 

c + a - 
a + a - 



co+1 



co+1,0 



co+1 



(0+1,0 

a + a 



1,1 



v 
c + a 



(0+1,0 



-> a + a 



co+1,0 



b-b 



-> b-b 
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Nevertheless, 



R 10.7,0 



is not confluent: 



c+c ^ 



1,2 



a + a 

1,1 

c+a 



to+1,0 



<- 



co+1,0 



to+1,0 



b-b 

1,1 
d-b 



co+1,0 



1,2 



-»d-d 



We now use the same R10.7 to show that even another structure of joinability is insufficient for 
confluence. We do this by changing the separation into constructors and non-constructors: 




co+l 



to-Shallow [[Noisy] [Weak] Parallel] Joinable 

Non-Overlay is Not (H-Shallow [Parallel] Closed 
[(0- Shallow] Strongly Joinable 
co-Shallow Anti-Closed 



Left-Linear 

[Constructor Rules] Not Right-Linear 



Unconditional 



Not Terminating 



c 


:= {c,d,+,-} 


N 


:= {a,b} 


R10.7 


: c+X=X+X 




X + c=X+X 




d-X^X-X 




X-d=X-X 




a = c 




b = d 




a + a^b — b 




b — b = a-|-a 



o 



co+1,1 



(0+1 



1,0 



-> o 



co+1,0 



(0-Shallow [[Noisy] Weak Parallel] Joinable 
Non-Overlay is Not (O-Shallow ]Parallel] Closed 
to-Shallow Strongly Joinable 
(O-Shallow Anti-Closed 
Left-Linear 

] Constructor Rules] Not Right-Linear 

Unconditional 

Not Terminating 
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Note that the rule system is not changed, but only reordered to have the constructor rules precede 
the non-constructor rules. The rewrite relation — ^r^q-jO changed by this constructor re- 

declaration. (Note X G VsiG-) The critical peaks only have changed their form from (0, 1) to (1, 1) 
and are still all symmetric to the following one that closes in the two following ways: 



a + a 



to+l 



CO+1,1 

c + a — 



1,0 



b-b 

(0+1,0 

\/ 
a + a 



a + a 



CO+1,1 

V 

c+a — 



1,0 



to+1 



-> a + a 



b-b 



ro+1,0 



b-b 



Finally, the divergence looks the following way now (Please note that now 
are commuting, which was not the case before.): 

— > 



a + a 

4\ 



co+1,0 



c+c ^ 



co+1,2 



1,0 
C+a 



< 

CO+1,1 



co+1,0 



b-b 

1,0 



V 



CO+1,1 



V 

d-b- 



RjQ7 ,0,co 



and 



-10.7'" 



CO+1,2 



->d-d 
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The following example is a slight variation of Example 10.7 which is interesting w.r.t. Exam- 
ple 10.9. 



Example 10.8 




(a+1,0 



to-Shallow [[Noisy] Parallel] Joinable 

Non-Overlay is Not (O-Shallow [Parallel] Closed 
(O-Shallow Strongly Joinable 
co-Shallow Anti- Closed 



Left-Linear 

[Constructor Rules] Not Right-Linear 



Unconditional 



Not Terminating 



o 



co+1,1 



(0+1 



-> o 



v 

o — >■ o — > o > o 

1,0 1,2 co+1,0 

co-Shallow [[Noisy] Weak Parallel] Joinable 
Non-Overlay is Not (syShallow [Parallel] Closed 
to-Shallow Strongly Joinable 
co-Shallow Anti-Closed 



Left-Linear 

[ Constructor Rules] Not Right-Linear 



Unconditional 



Not Terminating 



c 


:= {c,d,+,-,f,g} 


N 


:= {a,b} 


RlO.8 


: c+Z=X + f(X) 




Z + c=X + f(X) 








6-X=X-g{X) 




X-d=X-g{X) 




g{X)=X 




a = c 




b = d 




a+a=b— b 




b — b = a + a 



There are only four critical peaks and they are all of the form (1,1). Using the symmetry of + in 
its relevant arguments as well the symmetry of a, c, +, f with b, d, — , g, all other critical peaks 
are symmetric to the following one, which can be closed in the following two different ways: 



a + a 



(0+1 



(0+1,1 

Y 

c+a — 



1,0 



a + f(a) 



1,2 



b-b 

(0+1,0 

V 
a + a 



a + a 



(0+1,1 



V 



(0+1 



b-b 



c + a , a + f(a) — — > a + a — > b- 

1,0 ^ ' 1,2 (0+1,0 
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Finally, the divergence looks the following way now: 
a + a ^=^= a + a 



co+1,0 



(0+1,1 



V 



1,2 



co+1,0 



b-b = 

1,2 



b-b 
to+1,1 

V 



c+c < — — — c+a — — > a + f(a) 

CO+1,2 1,0 ^ ^ 



b-g(b)«— d-b— >d-d 



Example 10.9 



C 
N 

RlO.9 



= {0} 

= {+} 

{X + Y)+Z=X + {Y+Z) 



There is only one critical peak. It is of the form (1,1) and can be closed as follows: 

{{W +X) + Y) +Z — > {W +X) + {Y +Z) 

(B+1,1 CO+1,0 

V V 
(W+{X + Y))+Z ^w + {{X + Y)+Z) ^w+iX+iY + Z)) 



(D+1,2 



However, note that the structure of the joinability of the critical peak is weaker than the first 
alternative of Example 10.8. Thus, argumentation on the joinability structure of critical peaks 
must fail to infer confluence for this example. 
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11 Normality 

When we now start to consider conditional besides unconditional rule systems, the first to notice 
is that we have to impose some normality restriction, as can be seen from Example 11. 2 below. 

A rule system is called normal if for all equations "mo=wi" in the condition lists of the rules, 
at least one of mq, mi is an irreducible ground term. 

Normality is no serious restriction unless left-linearity is required, too. This is because each 
non-normal system can be transformed into a normal but then not left-linear system without 
changing the reduction relation on the old sorts: 

One just adds for each old sort s a new constructor function symbol eq^ with arity 
5s — > 5new (where 5new is a new sort) and a new constructor constant symbol ± of the sort 
5new Then in each condition of each rule one transforms each equation of the form "m=v" with 
M,vGT (sig, VsigWV^)^, into "eq^.(M, v)=±" and adds for each old sort s the rule eqj(X^,X^) = 
± (where Xs E Vsics)- Furthermore one adds the condition "eq^(a, a)=_L" to each unconditional 
rule for some arbitrary constant a of an arbitrary old sort s. 

The only change this transformation brings for the old sorts is that exactly those reductions 
which were possible with — ^^^^ (for n ^ to) become exactly those reductions which are possible 
with — >^ ^ J after the transformation. — ^ , however, is not changed by the transformation. 
E.g. for the rule system of Example 11.3 the transformation yields a to-shallow [parallel] joinable, 
terminating system that is normal now but not left-linear anymore. 

Now we return to the question whether joinability implies confluence. While Lemma 5.1 states 
the converse, actually little is known about the other direction unless the rule system is decreasing. 
Theorems 1 (which is taken from Bergstra & Klop (1986)) and 2 of Dershowitz &al. (1988) state 
that left-linear and normal rule systems are confluent if they have no critical pairs or are both 
shallow joinable and terminating. That normality is essential to imply confluence of systems 
with no critical pairs can be seen from Example 11.2. That normality is also essential to imply 
confluence of shallow joinable and terminating systems can be seen from Example 11.3. That 
left-linearity too is essential in both cases follows from the transformation described above. 



41 



In our framework, normality can be generalized and weakened to quasi-normality, which is a 
major result of this paper. 



Definition 11.1 (Quasi-Normal) 

Leta e {0,co}. 

A rule l=r< — C is said to be a- quasi-normal w.r.t. R,X if 

( (Cx fulfilled w.r.t.-^,,„,„ ) 

/ / a = a) 

\ A 1^(mo,wi) ^ Vc 

\/{uq—ui) in C. 



V 



M,x^dom(- 



V 



V 



V 



\ 



R,X,o)+a ) 

a=(o 

A (Def M,x) occurs in Cx 

R, X is said to be (H-quasi-normal if 

all rules in R are to-quasi-normal w.r.t. R, X. 
R, X is said to be 0-quasi-normal if 

all constructor rules in R are 0-quasi-normal w.r.t. R, X. 

Since the case of "a = co" is more important than the case of "a=0", we use "quasi-normar as 
an abbreviation for "co-quasi-normal". 



First note that we have added a condition that may reduce the instantiations of a rule we have to 
consider. While this may be useless in practice most of the time, it may allow of further theoretical 
treatment. 

Also the fact that we have given up the requirement that the irreducible term has to be ground 
may be of minor importance: In practice this usually allows only for constructor variables or 
variables of sorts having only irreducible terms. 

Important, however, is the fact that equations containing only constructor variables are not 
restricted by quasi-normality anymore. E.g., the rule system of Example 2.3 is quasi-normal but 
not normal. 

Besides this, it is important that quasi-normality also allows to make any system quasi-normal 
simply by replacing any equation "m=v" in a condition with "m=v, Def v". 

Furthermore, note that no restrictions are imposed on Def- and T^-literals. 
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Example 11.2 (Bergstra & Klop (1986)) 



No Critical Peaks 



Left- & Right-Linear 



Not [Quasi-] Normal 



Not Terminating 



There are no critical peaks. Nevertheless, 



co+2,1 



c 


:= {d} 




:= {b,g} 


Rll.2 


: b = g(b) 




g(X) = d ^g(X)=X 



b 

(0+1,0 

V 

g(b) — 



is not confluent: 



(0+1,1 



g(g(b)) 



(0+1,11 



(0+2,0 



(0+2,0 



d 



-»d 



V 



The following example shows that normality is also required for terminating systems. Note that 
this was already shown by Example C of Dershowitz (feal. (1988) which, however, is more com- 
plicated because it has there additional critical peaks. 



Example 11.3 




(0+1 



(0+1 




(0+2 



Left- & Right-Linear 



Not [Quasi-] Normal 
Terminating 



(0- Shallow [[Noisy] Parallel] Joinable 
(0- Shallow [Noisy] Strongly Joinable 

Non-Overlay is 

Neither dhShallow [Parallel] Closed 
Nor (D-Shallow [Noisy] Anti-Closed 

Not [ >^^-Quasi] Overlay Joinable 



c 


:= {c,d,e} 


N 


:= {a,b,f,g,h} 


Rll.3 


: a = c 




b=d 




f(a) = g(b) 




f(c) = h(c) 




g(d) = h(a) 








h{X) = e 



X-b 
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There are three critical peaks and they are all of the form (1,1). Since the third is the symmetric 
overlay of the second, we do not depict it. The first and the second are joinable as follows: 



f(a) 



(0+1 



00+1,1 



V 
f(c) 



co+1,0 



-»g(b) 

co+1,1 

V 
g(d) 

co+1,0 

V 
h(a) 

co+1,1 

V 

^h(c) 



g(d) 



co+2 



co+1,0 
V 

h(a) — 



CO+2,0 



Nevertheless, — k » is not confluent: 



f(a) 



co+1,0 



co+1,0 



e 



co+1,1 

V 

g(d) — 



co+1,1 



00+2,0 



-> e 



co+1,0 
h(a) — 



V 

f(c) 



CO+2,0 



e 



00+1,0 



co+1,1 

V 

-»h(c) 



Note that the overlay would lose its shallow joinability if we made the system normal (or else 
quasi-normal) by writing the condition of the one but last rule in the form "X=d" (or else in the 
form "X=b, Def b" and declaring b to be a constructor), since then we would have g(d) — ^a+i^- 
Similarly, the overlay would lose its shallow joinability if we made the system quasi-normal by 
writing the condition of the one but last rule in the form "X=b, Def b" or by substituting Z with 
a variable from V,;, since then we would have h(a) — >^_^_^e only (since g(b) -/-^^^e). 
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12 Counterexamples for Closed Systems 



From the examples of the previous sections we can draw the following conclusions: 

1. For being able to apply syntactic confluence criteria to non-terminating conditional rule 
systems, some kind of [quasi-] normality must be required. 

2. Syntactic confluence criteria based solely on the joinability structure of the critical peaks 
must fail on some rather simple and common joinability structures. 



Therefore, it is now the time to have a look at the two most simple non-trivial joinability structures 
under the requirement of normality. 



These two most simple joinability structures of critical peaks are closedness and anti-closedness, 
cf. below. Regarding the names of notions below, "parallel closed" is taken from Huet (1980), 
"closed" and "anti-closed" have been derived from "parallel closed" in an obvious manner, and 
"parallel joinable" was the simplest name^^ we found for the last important variant. 



Closed: 




Anti-Closed: 




Parallel Closed: o 




Parallel Joinable: 




It may seem to be surprising that the question whether anti-closedness of critical peaks implies 
confluence for left-linear, non-right- linear, unconditional systems was listed as Problem 13 in the 
list of open problems of Dershowitz &al. (1991) and still seems to be open. 

For the question whether closedness of critical peaks, a positive answer follows from the 
corollary on page 815 in Huet (1980) which says that a left-linear and unconditional system is 
confluent if all its critical pairs are parallel closed. The condition of parallel closedness was 
weakened in Corollary 3.2 of Toyama (1988) for the overlays which are required to be only 
parallel joinable instead of parallel closed. 



For conditional systems, however, neither closedness nor anti-closedness implies confluence. 
And this situation does not change when we additionally require the rule systems to be termi- 
nating and normal, as can be seen from the following examples: 

^^The only obvious wrong intuitions it could rise are either meaningless (since the transitive closures of reduction 
and parallel reduction are always identical) or an unnecessary sharpening of our notion. 
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Example 12.1 (Aart Middeldorp, modified by Bemhard Gramlich) 



1,1 



co+l 



(0+2 



V 



Anti-Closed 
Strongly Joinable 
Not ca-LevelJoinable 

Not (ihShallow Joinable 

Not [ [>^^-Quasi] Overlay Joinable 



Left-Linear & Right-Linear 



[Quasi-] Normal 



Terminating 
Not Decreasing 



c 


:= {a,c} 




N 


:= {f,g} 




R12.1 


: a = c 






na)=g(a) 






gW=f(c)- 


-fW=g(c) 



There is only the following critical peak and is of the form (0, 1): 



f(a) 



1,1 

\|/ 
f(c) = 



to+l 



g(a) 
co+2,0 

V 

:f(c) 



Nevertheless, 



R 12.1,0 



is not confluent: 



g(c) <r- 



1,1 



f(a) — 
co+1,0 

V 

g(a) — 



1,1 



(0+2,0 



-»f(c) 



->f(c) 



Since all critical peaks are joinable, R12.1 is necessarily non-decreasing and not compatible with a 
termination-pair.^-^ Nevertheless, it is obviously terminating, since {X ^ a} is the only solution 
for the condition of the last equation. Furthermore, R12.1 is left-linear, right-linear, and normal^^. 
Thus (since it is not confluent), it can be neither overlay joinable nor to-shallow joinable.^^ It is, 
however, not to-level joinable and we did not find a to-level anti-closed but non-confluent system, 
though we spent some time searching for such an example. 



2^Cf. Definition 14.1 and Theorem 14.2 

^^even if some authors would not call it "normal" since the left-hand side of the last rule matches the right-hand 
side of the equation of its condition 
25cf. theorems 14.7 and 14.5 
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Example 12.2 



o > o o > o 




C := {c,d} 
N := {a,b,+} 
R12.2 : a = C'S — b = d 
b = d 
a + a = d 

c+X = d< — X+X = d 
X + c=d< — X+X = d 


V V 

o > o o > o 

(n+2 co+2 

Trrt-T pvpl rPnrnllplll Cln«prt 
fii-T,pvpl Anti-(^ln*!pH 
[ro-Level] [Strongly] Joinable 
CO- Level [Weak] Parallel Joinable 
Not vyShallow Joinable 
Not [[>^^-Quasi] Overlay Joinable 








Left-Linear & Right-Linear 
Conditions contain General variables 




[Quasi-] Normal 


Terminating 
Not Decreasing 



There are only two critical peaks and they are of the form (1,1). Using the symmetry of + in its 
arguments, the other critical peak is symmetric to the following one. 



a + a 



co+l 



d 



co+2,1 

V 

c+a — 



Nevertheless, 



R12.2.' 
c+c = 



is not confluent: 



co+2,0 

: C+C 

A 

(0+2,1 

a + c 

A 

(0+2,2 

a + a 



-> d 



(0+2,0 



d 



(0+1,0 



-> d 



(0+2,1 

V 

C + a — 



(0+2,0 



d 



C+C: 



(0+2,2 
V 

: C+C 



Since all critical peaks are joinable, our system is necessarily non-decreasing, cf. Theorem 14.2. 
Nevertheless, it is obviously terminating, left-linear, right-linear, and normal. Thus (since it is not 
confluent), it can be neither overlay joinable nor to-shallow joinable, cf. theorems 14.7 and 14.5. 
Due to the given forms of (O-level joinability, the occurrence of general variables in the conditions 
is essential for this example, cf. theorems 13.9 and 14.6. 



13 Criteria for Confluence 
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Most of the theorems we present in this and the following section assume the constructor sub- 
system — ^Rxm confluent and then suggest how to find out that the whole system — ^j^^^^ is 
confluent, too. How to find out that — k „ is confluent will be discussed in § 15. 



In this section we present confluence criteria that do not rely on termination. They are, of course, 
also applicable to terminating systems, which might be very attractive if one does not know 
how to show termination or if the correctness of the technique for proving termination requires 
confluence. 



Before we state our main theorems it is convenient to introduce some further syntactic restriction. 
By disallowing non-constructor variables in conditions of constructor equations we disentangle 
the fulfiUedness of conditions of constructor equations from the influence of non-constructor 
rules. 



Definition 13.1 (Conservative Constructors) 

R is said to have conservative constructors if 

V((/,r),C)eR. ( /eT(cons,VsiGWVc) ^ l^iQCY^ ). 



Let us consider a rule system with conservative constructors. Together with our global restrictions 
on constructor rules (cf. Definition 2.2) this means that the condition terms of constructor rules 
are pure constructor terms. This has the advantage that (contrary to the general case) the condition 
terms of constructor rules still are constructor terms after they have been instantiated with some 
substitution. By Lemma 2.10 this means that the reducibility with constructor rules does not 
depend on the new possibilities which could be added by the non-constructor rules later on, i.e. 
that the constructor rules are conservative w.r.t. their decision not to reduce a given term because 
non-constructor rules cannot generate additional solutions for their conditions. 

The condition of conservative constructors is very natural and not very restrictive. (Note that 
even now constructor rules may have general variables in their left- and right-hand sides.) That 
conservative constructors make the construction of confluence criteria much easier can be seen 
from the following lemma which can treat a special case of possible divergence, namely a sub- 
case of the "variable overlap case". In this case it is important that a reduction with a certain rule 
can still be done after the instantiating substitution has been reduced. 



"Since "conservative constructors" is actually a property not of the constructors (i.e. constructor function sym- 
bols) but of the constructor rules, the notion should actually be called "conservative constructor rules". But the 
commonplace notion of "free constructors" is just the same. 
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Lemma 13.2 

Let /i,V e SWBiy, T (X)). Let ((/, r),C) G R with I e T (cons, VsigWVc). 

(R has conservative constructors \ 
V T£5?.fM"^(CA/)CT(cons,VsiGtt)Vc) / 
A55Mme — ^^to be confluent. 

Now, if C/u is fulfilled w.r.t. — and ^x&Y. x/u—^^^xv, 
thenCv is fulfilled w.r.t. — ^y^g, and Iv — ^rxg,^^- 



While the conditions of our main theorems of this section, Theorem 13.6 and Theorem 13.9, 
are rather complicated and difficult to check, they are always satisfied for a certain class of rule 
systems captured by Theorem 13.3 (being a consequence of Theorem 13.6) and Theorem 13.4 
(being a consequence of Theorem 13.9) below. 

This class consists of left-linear rule systems with conservative constructors that achieve 
quasi-normality just by requiring the presence of a Def-literal for each equation not containing 
an irreducible ground term in a condition of a rule, and satisfy the joinability requirements due 
to the critical peaks being complementary, i.e. having complementary literals in their condition 
lists, cf. § 5. Furthermore, rule systems of this class are quite useful in practice. It generalizes the 
function specification style that is usually required in the framework of classic inductive theorem 
proving (cf. e.g. Walther (1994)) by allowing for partial functions resulting from non-complete 
defining case distinctions as well as resulting from non-termination. 



Theorem 13.3 (Syntactic Confluence Criterion) 

Let Rbe a left-linear CRS over sig/cons/V with conservative constructors. 

A \ ^\ \ ■ ^ ^- f (Dei Ui) occurs in C \ 

Assurnev((Lr),C)EK.v(UQ=ui)mC.di^2.\ ^, L\ j / \ \- 

' ^' ^ V u 1/ UiE gT\dom{ — ^^x) / 

Assume that — ^jixe> confluent. Now: 

If each criticalpeak in CP(R) of the form (0, 1), (1,0), or (1,1) is complementary, then — ^-j^^ is 
confluent. 



Theorem 13.4 (Syntactic Confluence Criterion) 

Let Rhea left-linear CRS over sig/cons/V with V( (/ , r) , C) e R. -I^ (C) C . 

\///7 \ ^\ \// \ • ^ -1 f (Defui) occurs in C \ 
Assume y((Lr),C)ER.\/{uo=ui) in C. di-<2. [ / \ • 

' ^' ^ V u ^ y M(e^T\dom( — J 

Assume that — >^ ^ ^ is confluent. Now: 

If each critical peak in CP(R) of the form (0, 1 ) or ( 1 , 0) is complementary and each critical peak 
in CP(R) of the form (1, 1) is weakly complementary, then — is confluent. 
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Note that both theorems are applicable ' to the rule system of Example 2.3 where the subtraction 
on natural numbers is defined via a non-complete syntactic case distinction that does not yield 

critical peaks at all and where the member-predicate is defined by a syntactic case distinction 
followed (for the case of a nonempty list) by a semantic case distinction via condition literals 
which yields only critical peaks with complementary equations. To illustrate the possibility of 
partiality due to non-termination as well as the possibility of critical peaks with complementary 
predicate literals, here is another toy example to which we can apply Theorem 13.3 (but not 
Theorem 13.4). 

Example 13.5 (continuing Example 2.3) 

C := {0,s, true, false, nil, cons} 
N := { — , mbp, while} 
§ := {nat, bool, list} 

Ri3.5 : R2.3 

while(Z,F)=F < — Z=false 
while(Z,F)=while(...,...) < — Z=true, ... 

We have added two rules to the system from Example 2.3 for a function 'while' with arity 
" bool nat — » nat " where X is meant to be a variable from Vsio.bool and Y from Vsio.nat- The 
two resulting critical peaks are of the form (1,1) and complementary. Furthermore, we assume 
that there are no rules with true, false, or a variable of the sort bool as left-hand sides, such that 
we have true, false e ^T\dom( — >^ 



The main part of the following theorem is part (I). Parts (III) and (IV) only weaken the required 
co-shallow noisy parallel joinability for critical peaks of the form (1,1) to co-shallow noisy weak 
parallel joinability but have to pay a considerable price for it. It would be of practical importance 
(cf. Example 10.6) to achieve this weakening for critical peaks of the form (0, 1), but this is not 
possible, cf. Example 10.5. Furthermore, the difference between (EI) and (IV) is marginal since 
non-overlays of the form (1,0) are pathological^^ anyway. (II) is rather interesting for the cases 
where it is possible to restrict the right-hand sides to be linear w.r.t. general variables; this severe 
restriction is necessary, however; cf. the second version of Example 10.7 or cf. Example 10.8. 
Besides these examples, also Example 10.4 may be able to discourage the search for a further 
generalization of the theorem. Finally note that the '/' and '7' in the theorem range over {0, 1}. 

^^The careful reader may have noticed that the last two rules of R2.3 actually are lacking the required Def-literals. 
For practical specification, however, this Def-literal can be omitted here because it is tautological for — if 
XCVsiG • Note that in practice of specification one is only interested in — ^j^,, and — ^rv^iq Wirth & Gramlich 
(1994a) and Wirth & Gramlich (1994b). (This, however, does not mean that we do not need formulas containing 
for inductive theorem proving.) 

A critical peak of the form (1,0) requires a non-constructor rule whose left-hand side has a constructor function 
symbol as top symbol, and also requires a constructor rule with a general variable in its left-hand side. 
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Theorem 13.6 (Syntactic Criterion for co-Shallow Confluence) 

Let R be a CRS over sig/consA^. Let XCV. 

Assume R to have conservative constructors, R,X to be quasi-normal, and the following weak 
kind of left-linearity : 

y{{l,r),c)eR.yp,qe(Posil).yxeY. 

/ i/p^x^i/q \ f /G'r(cons,VsiGWVc) \ \ 
\A p^q J \A xeYc J )■ 

Furthermore, assume that — ^ ^ is confluent. 

(I) Now if each critical peak in CP(R) of the form (/, 1) is (a-shallow noisy parallel joinable 
up to (0+z*(0 w.r.t. R,X, and each non-overlay in CP(R) of the form (1,7) is QO-shallow 
parallel closed up to (0+ j*& w.r.t. R,X, then R,X is in-shallow confluent. 

(II) If we have the following kind of right-linearity w.r.t. general variables 

V((/,r),C)GR. VxGVsig- V/?,<?G2'05(r). ( r/p=x = r/q =^ p = q ), 
and if each critical peak in CP(R) of the form {i, 1) is (a-shallow noisy strongly joinable up 
to tO+/*tO w.r.t. R, X, and each non-overlay in CP(R) of the form is (Si-shallow noisy 
anti-closed up to C0+ 7*0) w.r.t. R,X, then R,X is (Si-shallow confluent. 

Now additionally assume the following very weak kind of right-linearity of constructor rules: 

v(((..),c)eR.v.eVs,o.Vp,,e^o.w.((^ ^ 

Furthermore, additionally assume that each critical peak in CP(R) of the form (0, 1) is (Si-shallow 
noisy strongly joinable up to CO, that each critical peak in CP(R) of the form (1,1) is (a-shallow 
noisy weak parallel joinable w.r.t. R,X, and that each non-overlay in CP(R) of the form (1,1) is 
CD-shallow closed w.r.t. R,X. 

(III) Now if each non-overlay in CP(R) of the form (1,0) is (Si-shallow parallel closed up to to 
w.r.t. R,X, then R,X is (Si-shallow confluent. 

Now additionally assume that — is strongly confluent. 

(IV) Now if each non-overlay in CP(R) of the form (1,0) is Qd-shallow closed up to CO w.rt. R,X, 
then R, X is (Si-shallow confluent. 



If we consider all symbols to be non-constructor symbols, then each of the parts (I), (III), and 
(IV) of Theorem 13.6 is strong enough to imply Theorem 1 of Dershowitz &al. (1988) (which is 
taken from Bergstra & Klop (1986)). If we, moreover, restrict to unconditional rule systems, then 
Theorem 13.6(1) specializes to Corollary 3.2 of Toyama (1988) (which is stronger than the more 
restrictive corollary on page 815 in Huet (1980) which says that a left-linear and unconditional 
system is confluent if all its critical pairs are parallel closed). Moreover, Theorem 13.6(11) is a 
generalization of Theorem 5.2 of Avenhaus & Becker (1994) translated into our framework. 
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The proof of Theorem 13.6 is similar to that of Corollary 3.2 of Toyama (1988) for unconditional 
systems, but with a global induction loop on the depth of reduction for using the shallow joinabil- 

ity to get along with the conditions of the rules, and this whole proof twice due to our separation 
into constructors and non-constructors, and this again for each part of the theorem. Since it is 
very long, tedious, and uninteresting we have put most its lemmas into A and the proofs into 
D. The only lemmas we consider to be interesting are those which make clear why it is possi- 
ble to generalize from normal to quasi-normal rule systems. The problematic case is always the 
variable-overlap case since it is not covered by critical peaks. The hard step in this case is to show 
that an equation "mo=mi" which had been joinable when instantiated with substitution /j is still 
joinable after the instantiations for its variables have been reduced, yielding a new substitution v. 
Thus one has to show that for two natural numbers no and ni with Moj"iRxo)+ni "i'" VxG V. 

x/j — ^Rxoo+nQ-^^ always have MoVj,RX(o+ni"i^ • means that the fulfiUedness of the in- 
stantiated equation "mo=mi" is not changed by the reduction of its instantiating substitution. For 
showing this we may use the global induction hypothesis implying that R, X is CO-shallow conflu- 
ent up to no+(o«i • The reader may verify that we do not seem to have a chance for being successful 
here unless we require some kind of normality. Lemma 13.7(4) depicts the situation we are in 
(matching its Si to Ui/u and its s'^ to a/V) and shows that irreducibility of miV (roughly speaking 
i.e. normality) is just as helpful as some literal "Def mi//" in the condition list (i.e. an alternative 
allowed by quasi-normality) (because the latter implies the existence of some tiE g'T (cons) with 
Mi/j— ^^X(B+„/i )• Finally, Lemma 13.8 states that the other alternative given by quasi-normality 
(i.e. that the equation contains no non-constructor variables) is no problem either, and that Def- 
and ^-literals do not make any problems and therefore need not at all be restricted by normality 
requirements. 

Since we consider the proofs of the following two lemmas to be interesting, we did not put 
them into the appendix but included them here. The form of presentation is very general. This 
enables the proof to present the idea of quasi-normality in its essential form and also enables 
more than a dozen of applications of Lemma 13.8 in the proofs of the theorems in this and 
the following sections. When reading the lemmas please note that the optional parts are only 
necessary for reusing the lemmas in the proofs of the theorems of the following sections where 
termination arguments will be included into the confluence criteria. Moreover for a first reading 
only the second cases of their initial disjunctive assumptions should be considered. The others 
are uninteresting special cases. 
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Lemma 13.7 

[Let > be a wellfounded ordering.] Let hq, ni -< to. Let a e {0, 0)}. Assume that 
' V R,X is a-shallow confluent up to riQ+^ni [and Si in < ] ' 



1. n^^nx and 5o^R,x,„+„o*O^R,x,a+„/o implies s'^i^^^^^tQ. 

2. nod«i and *o^R.x.„+„o*o-^R,x,„+„/o^R,x,„+„/i^R,x,a+«o*i 

*oJ'R,X,a+ni'^l- 



3- ^^R,x,a+„o*o^R,x,„+„i t2egT (cons) /m/7//e5 

* 

:,«+«! ^3 ■* R,X,(0+ni ' 



3?3 e ^ T (cons). 5o^R,x,„+„, ?3^R,x,<o+„, ^2. 



4- ^^R.x.a+„„'^o-^R,x.„+„/o^R,x,a+„i*i-^R,x,a+«o*i together with either 
5i^dom( — >^^„^J or 

a=(o 

*i-^R,x,a,+«/i^^'2^(cons) I /m/7//es 

A V5 -< nQ+^n\ . R, X /5 (H-shallow confluent up to 5 [and si in <l 7 

*oJ'R,X,a+ni hi- 



proof of Lemma 13.7 h Consider the peak Sq< — ^ ^ sq — ^ to . If 5o = > then we are 
finished due to 5o=5o — ^Rxa+n/o- Otherwise: We have assumed that R,X is a-shallow conflu- 
ent up to no+a"i [^iid So in <]• Thus we get ^q— ^R_x,a+ni ° ^~R,x,a+no^o and then due to no 
and Lemma 2.12 we get ^iR^.a+n/o • 

2: By (1) we get Sq — *-Rxa+n/i^ — Rxa+n/o for some ti. Finally, consider the peak 

^l^R,X,a+„i *1 -^R,X,a+«o*l " ^^^^ ^^R,X,a+„i ^1 U,^,a+n, *1 dcsircd. 

3: Consider the peak ■Sq^— Rxa+no'^o— ->^Rxa+„/2- If ■s'o = Sq, then we are finished due to 
■s'o = *o— -^Rxa+«/2- Otherwise: By a-shallow confluence up to no+„ni [and so in <|] we 

get *o-^R.x.„+„/3^R,x,a+no^2 for some ?3. By ?2e^'r(cons) and Lemma 2.10 we get 
g T (cons) 3 ?3^R.x,a,^2. Thus we have ^^r,x.„+„j ?3^R.x.a>+„i ^2 desired. 
425'l0dom( — ^R,x.(o+a)' If ^o = Sq, then we are finished due to ^o^^o— ^R,x,a+«/o = '^i =■^1- Oth- 
erwise: Consider the peak ^0^— Rxa+«o'^o— — *-Rxa+«/o- By a-shallow confluence up to no+^ni 

[and so in <] we get *o^r.x.„+„/2^r,x,„+„/o for some ?2. Since si^dom( — ^R_x,o.+a) this 
finishes the proof in this case due to t2 = tQ = si=s[. 
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si edom(- 



R,X,K)+a 



) : Then we have a = to, si - 



R.X.ffl+nj 



tiegT (cons) , and 



V5^no+(o"i- R,X is to-shallow confluent up to 5 [and si in <], cf. the diagram below. Consider 

the peak ?o^— — RX(»+ni*i~~^RXeo+n/i- We may assume ni~<no because in case of noz<ni the 
proof is finished due to (2). Then we have ni+^ni -< riQ+^ni. Thus by to-shallow confluence 



up to ni+^ni [and si in <] we get ^o" 



R,X,(o+«i 



t2< 



R,X,a)+ni 



ti for some ?2- By tiEgT (cons) 



and Lemma 2.10 we get g T (cons) 3 ?2- Consider the peak Sq< 
to t2&§'T (cons) and (3) there is some e gT (cons) with 5q— 



R,X,eo+«o 



50- 



R,X,eo+ni 



t3< 



again, the peak t2< 



R,X,eo+«j 



^1- 



^R,x.a,+„o*i i"^P^i^s ^3iR,x.«,+„i*i as desired. 



R,X,a)+«i 



t2. Due 



R,X,eo+«i 



t2. By (3) 




CO+«i 



Q.e.d. (Lemma 13.7) 



Lemma 13.8 

[Let > be a wellfounded ordering.] 

Letae {0,0)}. Letno,ni -< to. Let /u,V e S 'U'B{Y,'T {X)). 

Let ( (/, r) , C) e R with a = ^ / G T (cons, VsigW ) . 

Assume that no ^ ni or that {{l,r),C) is d-quasi-normal w.r.t. R, X. Assume that 
VL in C. Vm e T'EHIO^S (L) . 



( 



V 



V 



V 



M/i^dom(^^^„^J 

R,X is a-shallow confluent up to riQ+^ni [and u/u in < ] 
( VxG 'P'(m). jc/i=;cv 

/ a = \ 

V Vv.L^{(m=v),(v=m)} 

V Vxe '^'(L).x//=jcv 

V V5^no+„ni. 
y R, X is a-shallow confluent up to 6 [ and u/d in <] j 



A 



V 



A^ovH if C/u is fulfilled w.r.t. 
then Cv is fulfilled w.r.t. — 



R,X,a+ni 



and Iv- 



R,X,a+«o 



R,X,a+ni+l 



A'. 
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Proof of Lemma 13.8 Since a=0 ^ / e T (cons, VsigWVc), it suffices to show that for each 
Uteral L in C: Lv is fulfilled w.r.t. — \xa+n^- Note that we already know that L/i is fulfilled 

w.r.t. — >R,x,a+„i- In case of M//^dom( — >Rx,co+a) we get u^=uv due to W^^^^^^uv. In 
case of yxE'U {u). xjji—xy we get un=uv again. Thus we may assume \/u&1'E%Ms{L). 
{u/j—uv V R,X is a-shallow confluent up to no+a"i [^nd m/i in <] ). 

L = Gyo=.yi): Wehave ^oV^R^x,a+„o^oA'^R,x,a+„/o^Rxa+«, ^iA'-^R,x,a+„o^i^ for some ?o. In 
case of no^ni we get the desired ■5'oVJ,rxci+„j'S'iV by Lemma 13.7(2). Otherwise, by assumption 

of the lemma, ((/,r),C) mustbe a-quasi-normal. Since Q/ is fulfilled w.r.t. — ^^^a+a' ^'^'^^^''^ing 
to the definition of a-quasi-normality and the disjunctive assumption of the lemma we have two 
distinguish several cases here. First we treat the case in which 3/^2. SiiJ^dom{ — ^Rxeo+a)- 
W.l.o.g. say siiLi^dom{ — \x,(i,+a)- ^y Lemma 13.7(4) we get the desired ^oViRx^a+n^^lV. 
Second, in case of VxEl' (L). x^=xv we know that Lv = Ln which is fulfilled w.r.t. — ^Rxa+ni • 
Note that now we may assume that a co because the second case includes the only case left 
for 0-quasi-normality, namely 1^ {sq,s\)C.%. Third, in case of '^^ {sQ,s\)Cyc we have for 
all X e (50,51 ): x//eT(cons,Vc); and then xji^^^-^^xs! by Lemma 2.10. This means 
S(//^^RX(o5iV. By Lemma 13.7(2) (matching its no to 0) due to 0+g,ni -< nQ-\-^n\ we get the 
desired ^oviRxro+ni^i^- Finally we come to the fourth case where w.l.o.g. (Defsi/i) occurs in 

Qi. Then there is some ti G ^T(cons) with -^Rxm+nj^i- Since we may assume that we 
are not in any of the previous cases, the disjunctive assumption of the lemma now states that 
'ih-<nQ-\-^ni. R,X is co-shallow confluent up to 5 [and ujx in <]. By Lemma 13.7(4) we get the 
desired sqvI^^^^^^^siV. 

L = (Def^): We know the existence of ? G (^T(cons) with 5'V^^Rxa+no'^^~~^Rxa+n/- 
Lemma 13.7(3) there is some?' G gT{com) with ^'V— ^Rxa+„j?'^— Rxto+n/- 
L = (^oT^^i): There exist some tQ,t\ G ^'r(cons) with V«^2. 5,v^jjx,a+„o'^'j"~'R.x,a+«i^! ^nd 
^oiRx,a+„/i- ^i'^^ A e ^-r (cons) with V?^2. 5,-v^rx,„+„/;^r.x,„+„/;- 

Finally ?o^R,x,a,+„/oiRx.„+„/i^R.x to-„/l implies ^oiR,x,co+„/i since we have a = a) due to 
/ ^ T (cons, VsigW ) in this case of a negative literal. Q.e.d. (Lemma 13.8) 
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We do not have to discuss the following theorem in detail here, because it is very similar to 
Theorem 13.6, but weakens the required co-shallow joinabilities to to-level joinabilities wherever 
possible. Note that from Example 10.2 we can conclude that the (0- shallow joinabilities required 
for critical peaks of the form (0, 1) cannot be weakened to co- level joinabilities in any of the 
four parts of the theorem.^^ However, the price we have to pay for weakening shallow to level 
joinability is to extend our requirement that the conditions contain constructor variables only, 
from constructor rules ("conservative constructors") to all rules! That this restriction is necessary 
indeed can be seen from Example 12.2. On the other hand, this restriction gives ^wasj-normality 
for free. 

We prefer to discuss and apply Theorem 13.6 wherever possible because contrary to Theo- 
rem 13.9 it has interesting implications for the standard framework without the separation into 
constructor and non-constructor symbols where "only constructor variables in conditions" means 
"no variables in conditions" which again can (in general not effectively) be reduced to "no con- 
ditions" by removing the fulfilled conditions and the rules with non-fulfilled conditions. 

The main part of the following theorem is part (I). Parts (III) and (IV) only weaken the re- 
quired 03- level parallel joinability for critical peaks of the form (1,1) to (0- level weak parallel 
joinability but have to pay a considerable price for it. Furthermore, the difference between (III) 
and (IV) is marginal since non-overlays of the form (1,0) are pathological anyway. (II) is rather 
interesting for the cases where it is possible to restrict the right-hand sides to be linear w.r.t. 
general variables; this severe restriction is necessary, however; cf. the second version of Exam- 
ple 10.7 or cf. Example 10.8. 



^Note that with the exception of part (II) of the theorem we could also use the first version of Example 10.7 for 
this conclusion. 
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Theorem 13.9 (Syntactic Criterion for to-Level Confluence) 

Let R be a CRS over sig/consA^. Let XCV. 

Assume the following important restriction on variables in conditions to hold: 

V((/,r),C)GR. a^(C)CVc. 
Moreover, assume the following weak kind of left-linearity. • 
V( (/, r) , C) e R. Vp, ^ G !P05 (/) . V;c G V. 

/ / i/p^x^i/q\ / /e'r(cons,VsiGWVc) \ 

Furthermore, assume that — ^nxa ^■^ confluent. 



(I) Now if each critical peak in CP(R) of the form (0, 1) is (a-shallow parallel joinable up to 
CO w.r.t. R,X, each non-overlay in CP(R) of the form (1,0) is (H-shallow parallel closed up 
to 0) w.r.t. R,X, each critical peak in CP(R) of the form (1,1) is (Si-level parallel joinable 
w.r.t. R,X, andeach non-overlay in CP (R) oftheform (1,1) is (H-level parallel closed w.r.t. 
R,X, then R,X is (Si-level confluent. 



(II) If we have the following kind of right-linearity w.r.t. general variables 

V((/,r),C)eR. VxeVsiG- V/7,^e!P05(r). ( r/p=x=r/q =^ p = q ), 
and if each critical peak in CP(R) oftheform (0, 1) is (H-shallow strongly joinable up to to 
w.r.t. R,X, each non-overlay in CP(R) of the form (1,0) is (S)-shallow anti-closed up to (0 
w.r.t. R,X, each critical peak in CP(R) of the form (1, 1) is (O-level strongly joinable w.r.t. 
R,X, and each non-overlay in CP(R) of the form (1, 1) is (a-level anti-closed w.r.t. R,X, 
then R,X is (Si-level confluent. 



Now additionally assume the following very weak kind of right-linearity of constructor rules: 

v((,,.),c)eR.v.eVs,o.Vp,,e^o.M.(( ^ ^J/j^r;/!""^""') => "=«)■ 

Furthermore, additionally assume that each critical peak in CP(R) oftheform (0, 1) is (Si-shallow 
strongly joinable up to to, that each critical peak in CP(R) oftheform (1,1) is (Si-level weak 
parallel joinable w.r.t. R,X, and that each non-overlay in CP(R) of the form (1,1) is (Si-level 
closed w.r.t. R,X. 



(Ill) Now if each non-overlay in CP(R) of the form (1,0) is (Si-shallow parallel closed up to (S> 
w.r.t. R,X, then R,X is (Si-level confluent. 



Now additionally assume that — ^^xm ^■^ strongly confluent. 



(IV) Now if each non-overlay in CP(R) oftheform (1,0) is (S>-shallow closed up to to w.r.t. R,X, 
then R, X is (S>-level confluent. 
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14 Criteria for Confluence of Terminating Systems 



In this section we examine how we can relax our joinabiUty requirements when we additionally 
require termination for our reduction relation. Note that in confluence criteria whose proof is by 
induction on an extension of the reduction relation the joinability requirement can be weakened 
to a sub-connectedness requirement, cf. Kiichlin (1985). We here, however, present the simpler 
versions only, where the connectedness is required to have the form of a single "valley". 



Due to its fundamental importance, we first repeat Theorem 7.17 of Wirth & Gramlich (1994a) 
here, which generalizes Theorem 3 of Dershowitz &al. (1988) by weakening decreasingness to 
compatibility with a termination-pair (defined in § 2.2) as well as joinability to >-weak join- 
ability (defined in § 5) which provides us with some confluence assumption when checking the 
fulfiUedness of the condition of a critical peak. 



Definition 14.1 (Compatibility witli a Termination-Pair) 

A rule ((/, r),C) is is R,X-compatible with a termination-pair (>, >) over sigA^ if 
VTe5'U!S(V,T(X)). 

( Ct fulfilled w.r.t.^R^ ^ ( ^ ^J>'^ , , , ^^30 

A CRSR over sig/consA^ is X-compa?/Me with a termination-pair (>,[>) oversigA^ if V((/,r),C) eR. 
( (/ , r) , C) is R, X-compatible with (>,>). 



Theorem 14.2 (Syntactic Test for Confluence) 

Let Rbe a CRS over sig/consA^ and XCV. 

Assume that R is X-compatible with a termination-pair (>, l>) over sig/V. 

[For each t E T (sig,X) assume to be a wellfounded ordering on TOS (t). Define (peN^) 

A{p):={tedomi-^^^^^^J I 0^^«<,p}.7 
The following two are logically equivalent: 

1. Each critical peak in CP is >-weakly joinable w.r.t. R,X [besides A]. 

2. — is confluent. 



^°We could require the weaker WeT-EHl^siC). ^ ixtux ^'^ j instead of ^ueT'E'RjMSiC). 

Iz > MX here. Theorem 14.2 would still be true since its proof need not be modified. We did not do this because 
we did not see an interesting application that would justify the change of the notion already introduced in Wirth & 
Gramlich (1993), Wirth &al. (1993), and Wirth & Gramlich (1994a). 
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Due to a weakening of the notion of >-weak joinability. Theorem 14.2 actually differs from 
Theorem 7.17 of Wirth & Gramlich (1994a) in that it provides several irreducibility assumptions 
intended to restrict the number of substitutions cp for which for a critical peak 

( ihiP"- ro],Co,...), (ri,Ci,...), Zi, a, p ) 
resulting from two rules lo=ro< — Cq and h=ri< — Ci (with no variables in common) we have to 
show /i[/7 ro]o(p|j^x'"i*^*P incaseof (CoCi)o(p being fulfilled. This means that Theorem 14.2 
provides further means to tackle problem 4 of our § 1. 

The first assumption allowed is that the substitution (p itself is normalized: Vx e V. x(p ^ dom(- 

The second allows to assume that for non-overlays (i.e. for p^Q) even a(p is normalized on 
all variables occurring in the left-hand side h. 

Moreover, by weakening ">- weak joinability" to ">- weak joinability besides A" with A de- 
fined as in the theorem via some family ^ = (^f)fe.r (sig.x) of arbitrary wellfounded orderings 
on (POS (t), we have added a new feature which allows to assume the instantiated peak term 
(or superposition term) /lOcp to be irreducible at all nonempty positions which are <^/j<5(p-smaller 
than the overlap position p. Generally, beyond our first two assumptions, we may use <^ to 
further reduce the number of instantiations for which the joinability test must succeed in the fol- 
lowing way: If we can choose ^/jo(p such that 

/ / XG^X \ \ 

3qe^OS{lo).(^^ ^g!^ePOS{xaip).pqq'<^l^a^,p) /' 
then we may assume ocp to be normalized: VjcG V. jco(p^dom( — This can be a consid- 
erable help for showing that (CoCi)a(p is not fulfilled when we have a certain knowledge on the 
normal forms of the terms of the sorts of the variables occurring in QCi . E.g., when we define the 
depth of a term r e T by depth (?):= max { \p'\ \p'ei'OS{t)} and then define (p^qe^OS (t)) 
q <^t P if depth(?) — \q\ -< depth(?) — \p\ , then we can forget about all critical peaks which 
are called "composite" in § 2.3 of Kapur &al. (1988) — and even some more, namely all those 
whose peak term is reducible at some position that is longer than the overlap position of the 
critical peak. Kapur &al. (1988) already states in Corollary 5 that (unless /q^V, which some 
authors generally disallow) the irreducibility of these positions implies the irreducibility of all 
terms introduced by the unifying substitution a; more precisely, the joinability test may assume: 
VjcG V. ( xo^x ^ xa(p^dom( — ), which, by our first irreducibility assumption can be 
simplified to VxG V. xa(p^dom( — i>^^). If we, however, revert ^ by defining q P if 
1^1 -< \p\ , then we can forget about all critical peaks which are called "composite" in § 4.1 of 
Kapur &al. (1988) — and even some more, namely all those whose peak term is reducible at 
some nonempty position that is shorter than the overlap position of the critical peak. 



as well as Vjce'^'(/o). 
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The power of the combination of the two weakenings of the joinability requirement, i.e. the 
confluence and the irreducibility assumptions, is demonstrated by the following simple but non- 
trivial example whose predicate 'nonnegp' checks whether an integer number is non-negative: 



Example 14.3 



c 


:= {0,s, p, true, false} 




N 


:= {nonnegp} 




R14.3 


: s(p(3;)) 


y 




p(s(y)) 


y 




nonnegp(O) = 


true 




nonnegp(s(;c)) = 


true 




nonnegp(p(0)) = 


false 




nonnegp(p(jc)) = 


false 



— nonnegp(;c) = true 

— nonnegp(;c) = false 

Let 0, s, p be constructor symbols of the sort int and true, false constructor symbols of the sort 
bool. Let nonnegp be a non-constructor predicate with arity" int — > bool ". Let x,}; be constructor 
variables of the sort int. 

Obviously, R14.3, V is V-compatible with the termination-pair (>, >) where > is the lexico- 
graphic path ordering generated by nonnegp being bigger than true and false. 

There are only the following two critical peaks which are both of the form (0, 1): 



nonnegp(s(x))a 
1,1 

V 

nonnegp(3;) 



-> true 



nonnegp(p(x))a' 
1,1 

V 

nonnegp(};) 



-> false 



where o := {x^ ^{y)} and a' := {x 1— > 5(3;)}. Their respective condition lists are the following 
two lists containing each one literal only: 



nonnegp(x)o = true 



nonnegp(jc)a' = false 



Now the following is easy to show: The irreducible constructor terms of the sort int are exactly 
the terms of the form s"(z) or p"+^ (z) with « G N and z G jntUjO}. The irreducible constructor 
terms of the sort bool are V(^ boolU{true, false} . Furthermore, by induction on nGN one easily 
shows nonnegp(s"(0))-^^^_^^ gtrue and nonnegp(p"+^(0))— ^^^^^ ^false. Finally by induction 

on R G N one easily shows that nonnegp(?)— ^j^^^^ vo)+nt''ue V nonnegp(?)— ^j^^^^ y ^_^„false im- 
plies 1/ {t) = 0, which we only need to show confluence besides ground confluence. 
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Define <^ via (p,qe 'POS [t)): q <^t P if depth(?) - \q\ -< depth(?) - \p\ . Now the new 
combined weakening of joinability to O-weak joinability w.r.t. Ri4.3,V besides A (with A defined 
as in the theorem) allows us to show joinability of the above critical peaks very easily. Since the 
second critical peak can be treated analogous to the first, we explain how to treat the first only: By 
the new additional feature for assuming irreducibility, our weakened joinability allows to assume 
that xacp is irreducible for the first critical peak, which can be seen in two different ways: First, 
since the critical peak is a non-overlay and x occurs in the peak term nonnegp(s(x) ) . Second, since 
the overlap position is 1, nor\negp{s{x))/\ \ =x and \/q' E'POS{xa(p). 1 1 ^' ^nonnegp(s(x))o(p 
1. Furthermore, we are allowed to assume that the condition of the critical peak is fulfilled, i.e. 
that nonnegp(x)acp^^jj^^^ yti'ue. Together with the irreducibility of x<5(p=p{y)(p this implies 

that y(p is of the form p"(0). This again implies nonnegp(x)a(p— ^j^^^^ yfalse. But since we may 
assume confluence below the condition term nonnegp(x)o(p we get truej^^^^ yfalse, which is 
impossible. Thus the properties that weak joinability allows us to assume for the joinability test 
are inconsistent and the critical pair need not be joined at all. 

All in all. Theorem 14.2 implies confluence of — ^^r^jV without solving the task 
of showing that for each arbitrary (not necessarily normalized) substitution cp either 
nonnegp(p(j))(p— ^^^^^ ytrue does not hold or nonnegp(3;)(p^^jjj^^ v^'''^^ holds, which is more 
difficult to show than our simple properties above. 
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The following theorem is a generalization of Theorem 7. 18 in Wirth & Gramlich (1994a). In com- 
parison with Theorem 14.2 it offers for each condition term w of a rule l=r< — C the possibility to 

replace the requirement lx>ux (roughly speaking i.e. decreasingness) with 1^ {u)CY^ (i.e. the 
absence of general variables). The basic idea of its proof is first to show co-shallow confluence up 
to CO (i.e. commutation of — and — ^j^^) ^ith the usual argumentation on quasi-normality, 
left-linearity, termination and to-shallow joinability (cf. Theorem 14.5), and then to use decreas- 
ingness argumentation for the confluence of — 



((/, r),C) is quasi-normal w.r.t. R,X 



Cx fulfilled w.r.t. 



R,X 



Theorem 14.4 (Syntactic Test for Confluence) 

Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume the following very weak kind of left-linearity of constructor rules w.r.t. general variables: 
V( (/, r) , C) e R. Vx e VsiG. V/7, qe^osil). 

/G'r(cons,VsiGWVc) \ 
A i/p=x = l/q ) ^ 

Furthermore, assume that constructor rules are quasi-normal w.r.t. R, X.- 
V((/, r), C) G R. Vx G 5 (V, T (X)). 

/GT(cons,VsiGWVc) 
A Cx fulfilled w.r.t. — 

Moreover, assume the following compatibility property for a termination-pair (>, I>) over sig/V.' 
V((/,r),C)GR.VTG5'n!S(V,T(X)). 

/ ( lx>rx \\ 

(lx>ux 
V MX^dom( — ^j,^) 
V 'P{u)CY, ' J J J 

Assume — >^ ^^to be confluent. 

Assume that each critical peak ((^Oj^^o^-^o): (^b-Db-^i): h CJ, p) G CP(R) 

(with (Ao,Ai)7^(l,l) a«J( (Ao,Ai)7^(0,0) V T'E3?,iW5(£)o<5^i<y)^'2'(cons, V^^) )) 

is (Si-shallow joinable up to (H w.r.t. R,Xand <. 

[For each t & T (sig,X) assume to be a wellfounded ordering on (POS (t). Define (p&N^) 
A{p) :={tedom{^^^^^^J I 0^^«<,/7}Udom(^^^ J.7 

Now the following two are logically equivalent: 

1. Each critical peak {{to^Do^Ao), (?i,Di,Ai), f, o, p) G CP(R) 
(withWk^l. { Ak=\ V T'E3i_9l{s{DkO)<^'T{cons,Yc))) 

is > -weakly joinable w.r.t. R,X [besides A]. 

2. — is confluent. 
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The following theorem generalizes Theorem 2 in Dershowitz &al. (1988) by weakening normality 
to quasi-normality. 



Theorem 14.5 (Syntactic Test for (O-Shallow Confluence) 

Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume the following weak kind of left-linearity w.r.t. general variables: 
V((/,r),C)eR.VxeVsiG.V/7,?efP05(/). ( l/p=x=l/q p = q ). 

Furthermore, assume R,X to be quasi-normal. 

Let (>, >) be a termination-pair over sig/V such that the following compatibility property for 
constructor rules holds (which is always satisfied when R has conservative constructors): 

V((/,r),c)eR.VTe5'y«(v,T(x)). 

( ( . ^^zKrzi ) - .......,c). ( V ) ). 

Furthermore, assume that the system is terminating: 

V((/,r),C)eR. VTe5'W!B(V,T(X)). ( ( Cx fulfilled w.r.t. — ) ^ lx>rx). 

[For each t & 1 (sig, X) assume <gC; to be a wellfounded ordering on T05 {t). Define (pE N^, 
n^a) A{p,n) := {tedom{^^^^^„J \ <d^q<^tp}-] 

Now the following two are logically equivalent: 

L — >^ ^ ^ is confiuent and 

each critical peak ((?o,£)o, Aq), (?i,Z)i,Ai), f, o, p) G CP(R) 
(wjY/i ( (Ao,Ai)^(0,0) V TT. 3l!Ms{DooDio)<^T {cons, Yc))) 
is (Si-shallow joinable w.r.t. R,Xand < [besides A]. 

2. R, X is (Si-shallow confluent. 
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The following theorem weakens the to-shallow joinability requirement to that of to-level joinabil- 
ity, but disallows general variables in conditions of rules. That this restriction is necessary indeed 
can be seen from Example 12.2. 



Theorem 14.6 (Syntactic Test for to-Level Confluence) 

Let Rbe a CRS over sig/cons/V. Let XCV. 
Assume V((/,r),C) eR. l^(C)CVc. 

Let (>, >) be a termination-pair over sig/V. Assume that the system is terminating: 

V((/,r),C)eR.VTe5W«(V,'r(X)). ( ( Cx fulfilled w.r.t. — ) ^ lx>rx). 

[For each t E T (sig,X) assume to be a wellfounded ordering on TOS {t). Define (pE N!j_, 
n^toj A{p,n):^{tEdom{^^^^^^J \ %i^q<^tp}-] 

Now the following two are logically equivalent: 

L — >^ X to '■^ confiuent and each critical peak in CP(R) 
of the forms (0, 1), (1,0), or (1, 1) 
is 0)-level joinable w.r.t. R,X and > [besides A]. 

2. R, X is (H-level confluent. 
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The following theorem generalizes Theorem 4 in Dershowitz &al. (1988) and Theorem 6.3 in 
Wirth & Gramlich (1994a) by weakening overlay joinability to [>-quasi overlay joinability. For a 
discussion of the notion of O-quasi overlay joinability cf. § 9. The proof is discussed above the 
key lemma B.8. 



Theorem 14.7 (Syntactic Confluence Criterion) 

Let Rbe a CRS over sig/cons/V and XCV. 

Assume either that — ^j^^ is terminating^^ and \> = \>^.^ or that — ^j^^ Q >, >st — ^ 
is a wellfounded ordering on T . 

Now, if all critical peaks in CP(R) are >-quasi overlay joinable w.r.t. R,X, 
then — is confluent. 



Example 14.8 



Let XCV. The following system is neither decreasing, nor left-linear, nor overlay joinable; but 
it is terminating and -quasi overlay joinable w.r.t. Ri4.8,X. Thus Theorem 14.7 is the only 
one that implies confluence of — *^ri4 8x- Note that Theorem 14.4 becomes applicable when 
we replace the non-constructor variable in (pi) with a constructor variable. Moreover, if we 
additionally do the same with (p2), then Theorem 14.6 becomes applicable, too. 

Even though it is irrelevant for Theorem 14.7, letZ, F e Vsig, 0, s, a, true, false e C , and less, p, f , g e 
F. Note that 0, s, a, less model the ordinal number co-l-1. 



Ri4.8: 



(si) 


s(a) 


= a 


(lessl) 


less(s(JC),s(y)) 


= less(JC,y) 


(Iess2) 


\esslx,X) 


= false 


(Iess3) 


less(0,s(y)) 


= true 


(Iess4) 


less(X,0) 


= false 


(Iess5) 


less(0,a) 


= true 


(Iess6) 


less(a,s(F)) 


= less(a,F) 


(Iess7) 


less(s(X),a) 


= less(Z,a) 


(pl) 


P(^) 


= true 


(p2) 


P(^) 


= true 


(fj) 


f(X) 




(gO 


g(^) 





p(s(X))=true 
less(f(X),g(X))=true 



Actually innermost termination is enough here when we require overlay joinability instead of o-quasi overlay 
joinabiUty, cf. Gramlich (1995a). 
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The critical peaks are the following: 
From (si) into (lessl) we get: 

less(s(a),s(y)) 

1,1 

V 

less(a,s(y)) - 



(0+1 



less(a,F) 



(0+1,0 



less(a,y) 



less(s(X),s(a)) 



(0+1 



less(X,a) 



1,2 



V 



less(s(Z),a) 



(0+1,0 



less(Z,a) 



less(s(a),s(a)) 



(0+1 



V 



1,{1,2} 



less(a,a) = 

From (si) into (Iess3) we get: 

less(0,s(a)) 

1,2 

\|/ 

less(0,a) - 



(0+1 



less(a,a) 
: less(a,a) 
-> true 



(D+1,0 



true 



The criticial peaks resulting from (si) into (Iess6) and (lessV) are trivial. 
From (lessl) into (Iess2) we get: 



less(s(Z),s(Z)) 

(0+1,0 

V 

\ess{X,X) — 

From (Iess2) into (lessl) we get: 

less(s(X),s(Z)) 



(0+1 



-»fa 



(0+1,0 



->fa 



se 



se 



(0+1 



less(X,X) 



(0+1,0 

V 

false = 



(0+1,0 

V 
false 



The criticial peaks resulting from (Iess2) into (Iess4), (Iess4) into (Iess2), (pi) into (p2), and (p2) 
into (pi) are trivial. 
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15 Criteria for Confluence of the Constructor Sub-System 

Define the constructor sub-system of a rule system R to be 

Rc :={ ((/,r),C)GR| /G T (cons, VsicWV^) }, 
i.e. tlie system of tlie constructor rules of R. In this section we discuss the problem how to find 
out that — s>^xco ~ — xco confluent. Note that this is a necessary ingredient for achieving 
confluence via any of the'^theorems 13.3, 13.4, 13.6, 13.9, 14.4, 14.5, and 14.6. 

The easiest way to achieve confluence of — ^^^o) to have no constructor rules at all, i.e. 
R(; =0. While it is rather restrictive, this case of free constructors is very important in practice 
since a lot of data structures can be specified this way. Moreover, it is economic to restrict to this 
case because non-free constructors make a lot of trouble when working with the specification, 
e.g., most techniques for proving inductive validity get into tremendous trouble with non-free 
constructors — if they are able to handle them at all. 

The second case where confluence of — is immediate is when for each rule l—n — C in 
Rc also r=U — C is an instance of a rule of R, and then also of R^ due to the restriction on the 
constructor rule l=r< — C given by Definition 2.2. An example for this is the commutativity rule 
which is equal to a renamed version of the reverse of itself. In this case it may be worthwhile to 
consider reduction modulo a constructor congruence as described in Avenhaus & Becker (1992) 
and Avenhaus & Becker (1994). 

A third way to achieve confluence of — is to use semantic confluence criteria in the 
style of Plaisted (1985), cf. also Theorem 6.5 in Wirth & Gramlich (1994a). While this semantic 
argumentation is very powerful when one has sufficient knowledge about the constructor domain, 
it is, however, not at all obvious how to formalize or even automate such semantic considerations. 
Above that, these semantic confluence criteria are based on the existence of normal forms and 
therefore require termination of the constructor sub-system (at least in some weak form). 

Termination of the constructor sub-system, of course, does not mean termination of the whole 
rule system. We may, e.g., apply Theorem 14.2 to infer confluence of a terminating constructor 
sub-system containing the associativity rule of Example 10.8 (whose confluence can hardly be 
inferred without termination) and then infer the confluence of the whole non-terminating rule 
system by some of the theorems of § 13. This case where a terminating constructor sub-system 
is part of a non-terminating rule system seems to be important in practice since confluence of 
non-free constructors often can hardly be inferred without termination whereas termination is 
usually not needed for then inferring confluence of the whole system because the non-constructor 
rules can be chosen in such a way that their critical peaks are complementary, cf. Theorem 13.3. 
Moreover note that the reverse case, i.e. that of a non-terminating constructor sub-system of a 
terminating rule system, is impossible in our framework but not in the abovementioned one of 
Avenhaus & Becker (1992) and Avenhaus & Becker (1994) where the notion of reduction is 
different, namely reduction via R\R(: modulo R^ . 

In the rest of this section we will present syntactic criteria for confluence of — \xa- 
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First note that the theorems 14.2 and 14.7 can directly be applied to infer confluence of — 
simply by instantiating the 'R' of these theorems with R,; . 

The other theorems we will present in the following are nothing but informal corollaries of 
other theorems of the sections 13 and 14. To apply the latter theorems to our special case here, it 
is not sufficient only to throw away the non-constructor rules, but we also have to transform the 
constructor function symbols of the constructor rules into non-constructor function symbols. For 
consistency we then also have to rename their constructor variables with general variables. Then 
the constructor sub-system of the transformed system is empty and therefore trivially confluent, 
such that these theorems can be applied. If the constructor rules contain general variables or Def- 
literals, then, however, this transformation brings us beyond the two layered framework presented 
in this paper: As we translate constructor variables (level 0) into general variables (level 1), then, 
for consistency, since — ^^.^^ is a relation on the terms of the whole signature, we also have to 
translate general variables (level 1) into some kind of variables of level 2, and non-constructor 
function symbols (level 1) into some kind of function symbols of level 2. Symbols of level 2, 
however, are not present in the framework presented in this paper. Moreover we have to translate 
our Def -literals (which test for reducibility to a ground term of level 0) into predicate literals that 
test for reducibility to a ground term of level 1, which are also not present in our framework. 
While it would be possible and beautiful to present our confluence criteria of the sections 13 
and 14 in a framework with a special signature and variable-system for the level of each natural 
number, we have decided not to do so for the following reasons: First, it would make the paper 
even more technically and conceptually difficult as it is. Second, the infinitely layered framework 
may be of little importance (since its only useful application so far is this section). Third, the 
step of level we want to treat here may in principle allow of more powerful criteria than an 
arbitrary level i and therefore it does not seem to be a good idea to achieve its confluence criteria 
as corollaries of the theorems for an arbitrary level. Fourth, by proving the theorems of this 
section separately, we provide the reader interested only in the standard positive conditional rule 
systems without constructor sub-signature and constructor sub-system with a direct approach to 
this special case. This can clearly be seen when one translates a system of the standard positive 
conditional framework into our framework by simply saying that all its symbols are constructor 
symbols. 



For all the following theorems let R^ be the constructor sub-system of a CRS R over sig/cons/V 
as defined above, and let XCV. Note that the critical peaks in CP(R(;) are exactly the critical 
peaks of the form (0, 0) in CP(R). 
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The following is the analogue of parts (I) and (II) of Theorem 13.6. Note that we do not present 
the analogues of parts (in) and (IV) because they are subsumed^^ by the analogue of part (I). 

Theorem 15.1 (Syntactic Criterion for 0-Shallow Confluence) 

Assume R, X to be 0-quasi-normal and Rc to be left-linear. 

(I) Now if each critical peak in CP(R) of the form (0,0) is 0-shallow noisy parallel joinable 
w.r.t. R,X, and each non-overlay in CP(R) of the form (0,0) is 0-shallow parallel closed 
w.r.t. R,X, then R,X is 0-shallow confluent. 

(Ila) If Rc is right-linear and if each critical peak in CP(R) of the form (0, 0) is 0-shallow noisy 
strongly joinable w.r.t. R,X, and each non-overlay in CP(R) of the form (0,0) is 0-shallow 
noisy anti-closed w.r.t. R,X, then R,X is 0-shallow confluent. 

(lib) If Rc is right-linear and if each critical peak in CP(R) of the form (0,0) is 0-shallow 
strongly joinable w.r.t. R,X, and each non-overlay in CP(R) of the form (0,0) is 0-shallow 
anti-closed w.r.t. R,X, then — is strongly confluent. 



Corollary 15.2 IfR,X is 0-shallow confluent, then — ^^xa '■^ confluent. 



We omit the analogue of Theorem 13.9 here because it requires that the conditions of the con- 
structor rules do not contain any variables. In this case R^ can (in general not effectively) be 
transformed into an unconditional system with identical reduction relation (with possibly differ- 
ent depths) to which we can then apply Theorem 15.1 instead. 



The following is the analogue of Theorem 13.3. 
Theorem 15.3 (Syntactic Confluence Criterion) 

If Rc is left-linear and normal and all critical peaks of Rc are complementary, then — \x<x> 
confluent. 



The analogue of theorems 14.2 and 14.4 is just Theorem 14.2 with 'R' instantiated with R^. 



^^This is because the notion of 0-shallow [noisy] weak parallel joinability (when defined analogous to the notion 
of co-shallow [noisy] weak parallel joinability) is identical to the notion of 0-shallow [noisy] parallel joinabiUty. 
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The following is the analogue of Theorem 14.5. 



Theorem 15.4 (Syntactic Test for 0-Shallow Confluence) 

Let (>, >) be a termination-pair over sigA^. 

Assume R, X to be 0-quasi-normal and to be left-linear. 

Furthermore, assume that — ^-^xo) terminating: 

v((,,.c).R.v.....(v,.(x)). ( ( ^ ^t;<;-:-^_!^„'^, ) - /.>n ). 

[For each t G T(sig,X) assume to be a wellfounded ordering on TOS{t). Define (p&'^\, 
n^Gi) A{p,n):^{tedom{ — ^^^^J | id^q<^tp}-] 

Now the following two are logically equivalent: 



1. Each critical peak in CP(R) of the form (0,0) 
is 0-shallow joinable w.r.t. R,X and <\ [besides A]. 



2. R,X is 0-shallow confluent. 



We omit the analogue of Theorem 14.6 here because it requires that the conditions of the con- 
structor rules do not contain any variables. In this case R,; can be transformed into an uncondi- 
tional system with identical reduction relation to which we can then apply Theorem 14.2 with 'R' 
instantiated with Rr. 



The analogue of Theorem 14.7 is just Theorem 14.7 with 'R' instantiated with R, 
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A Further Lemmas for Section 13 

Lemma A.l Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume R to have conservative constructors, R,X to be quasi-normal, and the following weak 
kind of left-linearity : 

mi,r),c)eR.yp,qePos{l).yxey. 

l/p=x = l/q\ f /eT(cons,VsiGWVc; 
A pi^q ) \h xeYc 

Furthermore, assume that — ^^^eo confluent, that each critical peak from CP(R) of the form 
(0, 1) is (0-shallow [noisy] parallel joinable up to (Ow.rt. R, X, and that each non-overlay from 
CP(R) of the form (1,0) is (D-shallow parallel closed up to CO w.rt. R, X. 

Now for each n -< CO; -f^.x.co+«o^R.x.(o[+(«-i)] strongly commutes over 
A fortiori R,X is (a-shallow confluent up to CO. 

Lemma A.2 Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume R to have conservative constructors, R, X to be quasi-normal, and the following very 
weak kind of left-linearity: 

y{{l,r),C)eR.yp,qe^os{l).\/xeY. 

l/p=x = l/q\ / /eT(cons,VsiGWVc) 

A p^q J V V xeYc 

Furthermore, assume that for each n -< CO; 

-H-%,x,co+nO-^R_x,o,+(„-^i) Strongly commutes over ^r x.co- 
Moreover, assume that each critical peak from CP(R) of the form (1,1) is (0-shallow noisy par- 
allel joinable w.r.t. R,X, and that each non-overlay from CP(R) of the form (1, 1) is (Si-shallow 
parallel closed w.r.t. R,X. 

Now for allno^ni -< CO; 

^R,x.<o°^^.x.<o+„i °^R,x,co+(„i^i) strongly commutes over -^R,x,a,+„o- 
A fortiori R,X is (Si-shallow confluent. 

Lemma A.3 Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume R to have conservative constructors, R,X to be quasi-normal, and the following very 
weak kind of left-linearity: 

V( (/, r) , c) e R. Vp, ^ e s'o^ (/) . Vx e V. 

/e'r(cons,VsiGWVc) \ 
A l/p=x=l/q =^ xeYc 

A p^q J 
Furthermore, assume that — ^Rxa strongly confluent, that each critical peak from CP(R) of 
the form (0, 1) is (Si-shallow {noisy] weak parallel joinable up to to w.r.t. R,X, and that each 
non-overlay from CP(R) of the form (1,0) is (Si-shallow closed up to to w.r.t. R,X. 

Now for each n -< to; 

-^R.x.a,°^.x,co+«o-^^ x,«,[+(„^i)] Strongly commutes over -^r,x.«,- 
A fortiori R,X is (Si-shallow confluent up to to. 
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Lemma A.4 Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume R to have conservative constructors, R,X to be quasi-normal, and the following weak 

kinds of left- and right-linearity: 

V((/,r),C)eR.VjcGV. 

/ Vp,,e^05(/). ( ( , ^/PT'-^/^ W r ^e^(cons,VsiGWV,) ^ ^ \ 

V V ^ P^l ) \ ^ 

/ / /eT(cons,VsiGWVc) \ 

A \/p,qe'POS{r). A r/p = x=r/q =^ xeV^ 

V \\^ p^q I J J 

Furthermore, assume that — confluent, that each critical peak from CP(R) of the form 
(0, 1) is (O-shallow [noisy] strongly joinable up to CO w.r.t. R,X, and that each non-overlay from 
CP(R) of the form (1,0) is (Si-shallow {noisy] anti-closed up to CO w.r.t. R,X. 

Now for each n -< (O; — ^R,x,a,+«°^R,x.coi+(n^i)] strongly commutes over ^R,x,a,- 
A fortiori R, X is (Si-shallow confluent up to CO. 

Lemma A.5 Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume R to have conservative constructors, R, X to be quasi-normal, and the following very 

weak kind of left-linearity 

V( (/, r) , C) e R. V/?, ^ G !P05 (/) . Vx G V. 

l/p^x^l/q\ / / GT (cons, VsigWVc) 
A py^q J \V xeYc 

Furthermore, assume that for each n -< 0): 

— ^R.x.«,+„°^R,x,to+(„^i) Strongly commutes over ^R^x.to- 

^ R,X,a) ° ~^^~^,X,(0+nO ^R,x,(o+(«-l) — \x,<a°~^^,X,«>+n° ^R,X,a)+(«-l) ° ■* R,X,a)- 

Moreover, assume that that each critical peak from CP(R) of the form (1,1) is (O-shallow noisy 
weak parallel joinable w.r.t. R,X, and that each non-overlay from CP(R) of the form (1,1) is 
(Si-shallow closed w.r.t. R,X. 
Now for all no ^ ^ ^■ 

-^R,x,(o°^,x.(o+«iO-^R,x,co+(„iM) strongly commutes over ^r,x,co+„o- 
A fortiori R, X is (Si-shallow confluent. 

Lemma A.6 Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume R to have conservative constructors, R,X to be quasi-normal, and the following very 
weak kind of left- and right-linearity: 



V((/,r),C)GR.V/7,^.VxGV. 

l/p^x^l/q ^^ [ V [G'r(cons,VsiGWVc) 
r/p=x=r/q J 1 



* 



V 

Furthermore, assume that for each n -< Oi: 

— ^R,x,(o+«°-^R,x,<o+(«M) strongly commutes over „ 
Moreover, assume that each critical peak from CP(R) of the form (1,1) is (Si-shallow noisy 
strongly joinable w. r t. R, X, and that each non-overlay from CP(R) of the form (1,1) is (Si-shallow 

noisy anti-closed w.r.t. R,X. 
Now for all no ^ni -< &: 

-^R,x,»° — 'rm, °-^r,x,(o+(„iM) strongly commutes over -^R,x,a)+no- 
A fortiori R, X is (Si-shallow confluent. 



75 



Lemma A.7 

Letno,ni -< to. Let n,V e S'U'B{Y,'T {X)). Let {{l,r),C) e R. 
Assume that hq^hi or that 1^{C)C.Wc- Assume that 
R, X is in-level confluent up to n\. 

Now, if C/j is fulfllled w.r.t. — ^rx.„+„i '^"^ ^-^^ V. x/i-^rx,io+«o-^' 
then Cv is fulfilled w.r.t. — and /v — 



Lemma A.8 Let Rbe a CRS over sig/cons/V. Let XCV. 

Assume V((/,r),C)eR. '^'(C)CVc and the following very weak kind of left-linearity: 
V( (/, r) , C) e R. V/7, 9 e !P05 (0 . Vx e V. 

l/p=x=l/q\ f /G'r(cons,VsiGWVc) 

Furthermore, assume^^ that for each n ~< CO; 

-H-%,x,co+«o-^R,x,a) Strongly commutes over -^R_x,to- 
Moreover, assume that each critical peak from CP(R) of the form ( 1 , 1 ) is (Si-level parallel joinable 
w.r.t. R,X, and that each non-overlay from CP(R) of the form (1, 1) (Si-level parallel closed w.r.t. 
R,X. 

Now for all n -< (O; 

-^R,x,«,°^R.x,co+nO-^Rx,a, ^^^ng/}; commutcs over -^R^x,a,+n- 
A fortiori R,X (Si-level confluent. 



Lemma A.9 Le? Rbe a CRS over sig/cons/V. Let XCV. 

Assume V( (/ , r) , C) G R. 'P' (C) C V^ , and the following very weak kind of left-linearity 
\/{{l,r),C)eR.yp,qe(POS{l).WxeY. 

l/p=x = l/q\ f /eT(cons,VsiGWVc; 

A PT^q J \V xeYc 

Furthermore, assume that for each n -< (O: 

— ^R,x,«,+„°-^R,x,co Strongly commutes over -^rx,o)- 

R,X,co ° ~^,X,a)+n° ^R,x,co - ^R,X,co°~^>X,(o+nO ^R,X,a) ° ^ R,X,a)- 



^ Contrary to analogous lemma for shallow joinability (i.e. Lemma A. 2), this strong commutation assump- 

* 

tion is not really essential for this lemma if we are confident with the result that Hi— ^,x,[o+n° ^rx(o 

stead of ^rxm" " 'R ,x,(o+«° — ~^rx(o) strongly commutes over ^rxco+« (which directly allows to get rid 

of the application of the strong commutation assumption in the proof of Claim 2). Then it is sufficient to as- 
sume that R,X is co-shallow confluent up to CO (which means that Claim of the proof holds directiy), that 

* * 

■HI— 0,0 -H-^co+„ C -H— >(i,+„o o A (which replaces the application of the strong commutation as- 
sumption in the proof of Claim 5), and that the non-overlays of the form (1,1) satisfy 

PC 

?o(p — \r-^ ° [] — > ° 

CO+n CO 

instead of co-level parallel closedness (which allows to replace the application of the strong commutation assumption 
at the end of "The critical peak case"). 
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Moreover, assume that that each 

critical peak from CP(R) of the form (1,1) is (Si-level weak parallel joinable w.r.t. R,X, 
and that each non-overlay from CP (R) oftheform (1,1) is (Si-level closed w.r.t. R,X. 

Now for all n -< CO; 

^R,x,co°^R.x,to+nO^R,x,co strongfy commutes over ^R^x,a,+n- 
A fortiori R, X is (Si-level confluent. 



I / p=x = l / q 
V r j p=x=r I q 



Lemma A.IO Let Rbea CRS over sig/cons/V. Let XCV. 

Assume \/{{l,r),C)&R. '^'(C)CV(; and the following very weak kind of lefr- and right- linearity: 
V((/,r),C)eR.Vp,^.VxeV. 

p = q 

V /eT(cons,VsiGWVc) 

V xeYc 

Furthermore, assume^^ that for each n -< to; 

— ^R,x,»+„°-^R,x,to Strongly commutes over -^r_x,o>- 
Moreover, assume that each critical peak from CP(R) of the form (1,1) is (0-level strongly join- 
able w.r.t. R,X, and that each non-overlay from CP(R) of the form (1,1) is 0)-level anti-closed 
w.r.t. R,X. 
Now for all n -< to; 



%X,e> R,X,0}+n 

A fortiori R,X is (Si-level confluent. 



R,X,o) 



Strongly commutes over 



R,X,0)+n" 



34, 



Contrary to analogous lemma for shallow joinability (i.e. Lemma A. 6), this strong commutation assump- 



tion is not really essential for this lemma if we are confident with the result that 



R,X,(B+n 



(in- 



stead of 



R,X,(0 



R,X,(0 



) Strongly commutes over 



R,X,0)+n 



(which directly allows to get rid 



of the application of the strong commutation assumption in the proof of Claim 2). Then it is sufficient to as- 
sume that R,X is (O-shallow confluent up to (0 (which means that Claim of the proof holds directly), that 

— 5): 5t: 

< ^ o C ^(o+«° ^0) ° ^ (B+« (which replaces the application of the strong commutation as- 
sumption in the proof of Claim 5), that the critical peaks of the form (1,1) satisfy 

t\(S? 

(i>+n 



(sy+n 



ST 

o - 



CO 



V 

o 



instead of co-level strong joinability (which allows to complete "The second critical peak case" for the new induction 
hypothesis), that the non-overlays of the form (1,1) satisfy 



AC 



CO 



CO+n 



o 



instead of co-level anti-closedness (which allows to complete "The critical peak case" for the new induction hypo- 
thesis). 



B Further Lemmas for Section 14 
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Lemma B.l Let R be a CRS over sig/consA'^. Let XCV. Letae {0, to}. 

Let (>, >) be a termination-pair over sigA'^. 
// V((/,r),C)eR. VxG^1i«(V,T(X)). 

/ / Cx fulfilled w.r.t. ^^^^^^ 

[[a ( a = ^/e'r(cons,VsiGWVc) ) J ^ '^^'^ J' 
then — >K x.«,+a ^ >■ 



Lemma B.2 

Let e 5 WBiy ,1 {X)). Let {{l,r),C) eR. 

Let (>, >) be a termination-pair over sigA'^ such that: 

VTe5'U!S(V,T(X)). 

/ / /t > rx 



Cx fulfilled w.r.t. 

V 

Assume that \/u<liJ. - 
[Assume that 



R,X 



A ^uel'E^MsiC). 



R,X 



v 

is confiuent below u. 



R,X,(o 



R,X 



Now, if C/u is fulfilled w.r.t. 



R,X 



and VxG V. ^^u- 



then Cv is fulfilled W.r.t. — >^^and Iv — ^rx^- 



lx>ux 
V MX^dom( — 
1^iu)CY,] 



R,X^ 



\ 



Cx fulfilled W.r.t. 



R,X 



Lemma B.3 

Let Rbe a CRS over sig/cons/V. Let XCV. 
Let {>,>) be a termination-pair over sigA'^ such that: 
y{{l,r),C)eR.yxeS'U'B{Y,T{X)). 

( ( lx>rx \\ 

(lx>ux 
V MX^dom( — 
[V ^(m)cvc] ' y y / 

For each t e 'r(sig,X) assume <^t to be a wellfounded ordering on 'POS{t). Define fpGN!^) 
A{p) := { ? e dom(^^^„^„ J I 07^^ p } [ U dom(^^^ J] . 

[Assume that ^r x.« ° ^r,x ^ iR.x- 

Assume that each critical peak ((?o,^o,Ao), (?i,£)i,Ai), f, o, p) e CP(R) 

is >-weakly joinable w.r.t. R,X besides A. 
Now: — is confluent. 
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Lemma B.4 

Let R be a CRS over sig/consA'^. Let XCV. Le? (3 ^ to. Let set. 

Assume the following very weak kind of left-linearity: 
V((/,r),C)eR.VjceVsiG. Vp,^G2'05(/). 

/GT (cons,VsiGWVc) 
A I / p—x = l / q 

Furthermore, assume the following compatibility property for a termination-pair (>,I>) over 
sigA^; 

V( (/, r) , C) e R. Vt e 5 « ( V, T (X) ) . 



p = q 



( 



( 



and 



\ 



\ 



I G T (cons,VsiGWVc) 
A Cx fulfilled w.r.t. — ^Rxa 

( (/, r) , C) is quasi-normal w.r.t. R, X 

/to MX 

A yueT-EHi^^SiC). \ V MX^dom( 




V((/,r),C)eR. VTe5'y!B(V,'r(X)). ( ( Cx fulfilled w.r.t. — ) ^ 
[For each t G 'r(sig,X) assume to be a wellfounded ordering on (POS{t). Define fpGN^, 



Assume 



R,X,(o 



to be confluent. 



Assume that each critical peak ((?o,^o,Ao), (?i,Z)i,Ai), t, a, p) G CP(R) w«Y/i 
(Ao,Ai)7^(l, 1) and ( (Aq, Ai) ^ (0,0) V T'E^^K S {DooDio)^T {cons,Yc) ) is (Si-shallow 
joinable up to |3 anJ f w.r.?. R, X and < [besides A [. 

Now: R, X is (a-shallow confluent up to |3 and s in <1. 



Lemma B.5 

Let Rbea CRS over sig/cons/V. Let XCV. Le? a G {0, to}. Let [3 ^ to+a. Le? s G T . 
Assume the following weak kind of left- linearity: V( (/ , r) , C) G R. Vx G V. Vp, ^ G 05 (/) . 

1/ p=x = l/q \ 
A ( a = =^ /GT (cons,VsiGtbiVc) ) ^ p = ^ 
A ( a = (o ^ xgVsig ) / 
Furthermore, assume R, X to &e a-quasi-normal. 

Let ( > , l>) be a termination-pair over sig/V such that the following compatibility property holds: 
V((/, r) , C) G R. Vt G 5 -U® (V, T (X)) . 

Cxfulfllled w.r.t. ^^x.a,+a 

A ( a = ^ /GT(cons,VsiGWVc) 
[For each t G T(sig,X) assume to be a wellfounded ordering on (POS{t). Define (p&N\, 
n^to) A{p,n) :={?edom(^^^„^J | 0^^«,p}.7 

Assume R, X to be a-shallow confluent up to a. 

Assume that each critical peak {{to,Do,AQ), (?i,Di,Ai), f, a, p) G CP(R) 
( a = Ak = ) 
A ( a = a) ^ ( A^=l V 'T'E3i^s{DkG)^T {cons,Yc) ) ) 
w CL-shallow joinable up to [3 and s w.r.t. R,Xand < [besides A]. 

Now: R,X is CL-shallow confluent up to |3 and s in <1. 



/t > rx 
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Lemma B.6 

Let Rbea CRS over sig/cons/V. Let XC V. Let P ^ to. Let seT . 

Assume V((/,r),C) GR. a^(C)CVc. 

Let (>, >) Zj^ a termination-pair over sig/V .s'mc/j that the following compatibility property holds: 
V((/,r),C)eR. Vxej'Zi®(V,T(X)). ( ( Cx fulfilled w.r.t. — ) ^ > rx ). 
/"For eac/i ? e T (sig,X) assume to be a wellfounded ordering on TOS it). Define (pE N!j_, 
n^a) A{p,n) := {tedom{^^^^^^J \ %i^q<^tp} ] 

Assume — ^^^co to be confluent. Assume that each critical peak in CP(R) of the forms (0,1), 
(1,0), or (1, 1) is CD-level joinable up to P ands w.r.t. R,Xand < [besides A]. 
Now: R, X is (Si-level confluent up to P and s in <. 



The following lemma generalizes Lemma 7.6 of Wirth & Gramlich (1994a) by requiring ^ to be 
terminating only below a restricted set of terms T: 

Lemma B.7 

Let T C T . Let [T] denote the set of subterms of T. Let be a sort-invariant 
(This can always be achieved by identifying all sorts.) and T-monotonic relation on T. Deflne 

> := >3T[T]1ido (^U^s^r- 

xl id o =^ = t1 id o =^ o x1 id 

2. Tlido|>g^o=^ C xlid o ^ o x1id o >g.j,. 
Moreover, for T = T.- >g^o=^ C =^o|>g.j,. 

3. > C oxiido (^Ul>s^)+ ; 

> = ( (>^jm^id o =t) U (>^^[x]1id o >,^) y o >^^[x]1id ; 

x1ido (^U>st)+ = ( x1ido>5^ ) U ( (x1ido^)+ox1ido>5^ ) 
Moreover, forT = T: > = U (=4+ o ) . 

4. If ^ is terminating (below all t eT) [and =^ and T are X-stable[, then > is a well- 
founded [and X-stable] ordering on ^st[T] (which does not need to be sort-invariant or 
T-monotonic). 

5. (4) does not hold in general if one of the two conditions sort-invariant" or 

T-monotonic" is removed. Moreover, (4) does not hold in general for (=^ UO^^)^ 
instead of >. 
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The proof of the following lemma and its far more restrictive predecessors has an interesting his- 
tory. After its first occurrence in Dershowitz &al. (1988) for overlay joinable positive conditional 
systems, in our proof for quasi overlay joinable positive/negative-conditional systems in Wirth & 
Gramlich (1994a) we changed the third component of the induction ordering from — '-^rx ^'^ 
the ordering of the ordinals. This change was done because it allowed us to check for general- 
izations more easily but did not result in a stronger criterion at first. Later, however, this change 
of the induction ordering turned out to be essential for Theorem 21 of Gramlich (1995a) saying 
that an innermost terminating overlay joinable positive conditional rule system is terminating and 
confluent: Due to the mutual dependency of the termination and the confluence proof, when prov- 
ing confluence it was not possible to assume global termination but local termination only. And 
it was especially impossible to assume termination for that part of — ^-j^^ which was necessary 
for the third component of the induction ordering. The following lemma (just like Theorem 7 of 
Gramlich (1995a)) requires local termination instead of global termination, which is not really 
necessary for proving Theorem 14.7 but again allows us to check for future generalizations more 
easily. Moreover, note that the form of the proof has been considerably improved compared to any 
previous publication: Claim of the proof does not only provide us with the new irreducibility 
assumptions we have included into the notion of l>-quasi overlay joinability but also subsumes 
the whole second case of the global case distinction of the proof (as presented in Dershowitz 
(1987) as well as presented in Wirth & Gramlich (1994a)). As a consequence, in the whole new 
proof now the second and the third component of the induction ordering are used only once. 

Lemma B.8 (Syntactic Confluence Criterion) 

Let Rhe a CRS over sig/cons/V and XCV. Let s (sig,X). Define T := — ^rxII'^}]- 

Assume either that t1 — ^rx '■^ terminating and t> = 

or that >[x]l — — ^st — '^^^ ^ ^ wellfounded ordering on T . 

Now, if all critical peaks in CP(R) are >-quasi overlay joinable w.r.t. R,X, 

then >[x]1 — )-jjx is confluent. 



C co-Coarse Level Joinability 

Using the following notions for co-coarse level joinability one can work out a whole analogue of 
Theorem 13.9. We did not do so because this analogue does not allow of a corollary theorem 
analogous to Theorem 13.4 because the information on confluence provided by the joinability 
notion for testing the conditions of critical peaks is to poor for practically applicable reasoning. To 
those who are interested in this notion, however, we present here the analogues of Definition 8.1, 
Definition 8.2, Lemma A.7, and Lemma A.8, for which we also have included the proofs. 

Definition C.l (co-Coarse Level Parallel Closed) 

A critical peak ((?o,/)o, Ao), (?i,£>i,Ai), f, p) 
is (H-coarse level parallel closed w.r.t. R, X if 

/ / V/ ^ 2. £),(p fulfilled w.r.t. — 
V(p e 5 « (V, T (X) ) . j \ A — >R X and — >^^^ are commuting 

V W^.xO^R,x,co°^R,X,co^l9 

Definition C.2 (co-Coarse Level Parallel Joinable) 

A critical peak {{to,Do,Ao), (?i,Di,Ai), t, p) 
is (Si-coarse level parallel joinable w.r.t. R, X if 
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Now: 

— *-Rxo)°~^^~^,xO — ^Rxto strongly commutes over — s-j^^- 
A fortiori — is confluent. 

Lemma C.4 

LetiJ,vesUCB{Y,T{X)). Let ((/,r),C) GR. 
Assume that 'U (C) C . 

Assume ^ ° ^r,x,co ^ iR,x- 
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Now, if C/u is fulfilled w.r.t. 
then CV is fulfilled w.r.t. — 



R,X 



and VxG V. x/u- 



R,X 



and Iv- 



R,X 



TV. 



D The Proofs 



Proof of Lemma 3.2 

Assume — and — to be locally commuting. 

For the first claim we assume that — U — is terminating. We show commutation by in- 
duction over the wellfounded ordering — ^^U — Suppose ?o^~o'^~~^i^i- have to 



show ?o~~^i ° 

s—^i_f[_j^^it[_j. Otherwise t'n 



In case there is some /-< 2 with tl = s the proof is finished due to t- = 
Q?o< — o'^ — some to, ti (cf. diagram below). 

qU — to, by in- 



0" 



By local commutation there is some / with to — >is'< — Due to s 



duction hypothesis we get some s" with ?q- 
hypothesis we get s"-^^ c 



o'l- 



ns'. Due to s 



ti, by induction 



to 



V 

^s' 



V 



-^t\ 



o 



For the second claim we now assume that — or — is transitive. W.l.o.g. (due to symmetry 
in and 1) say — is transitive. It is sufficient to show 



n = 0: to- 



Jo^ 



VneN. V5,ro,?i- {to< — 
,s = ti. 



-0^1 )• 



n ^ (n+l): Assume 

some w with to^-^^w^ 
Otherwise, since 



(cf. diagram below). By induction hypothesis there is 



3?'. In case of w = t' the proof is finished by to— 



,w-- 



i?l< 



is transitive, we have w^ 



and 



this implies w — >^ o < — ^^q- 



>^tl. By the local commutation of 
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Proof of Lemma 3.3 

That (3) (or else (2)) implies (1) is trivial. For (1) implying (2) and (3) it is sufficient to show 
under the assumption of (1) that 



VneN. Vs,to,ti. {to* 



to- 



n = 0: to = s — ^Ji< — 
n =^ (n+1): Suppose to< — 



[?! (cf. diagram below). By induction hypothesis there is 



some w with t' 







t\. In case of t' = w the proof is finished due to to — >^tQ< 



w< — J:\. Otherwise we have tQ< — j' 



\w and get by the assumed strong commutation 




For proving the final implication of the lemma, we may assume that — >^ strongly commutes 
over ^^Q. A fortiori — and — >y are locally commuting. By Lemma 3.2 they are commuting. 
Therefore — >q and — >^ are commuting, too. 



Proof of Lemma 3.4 

It is trivial to show Vn e N. ^ i by induction on n. 
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Proof of Lemma 5.1 

Just like the proof of Lemma 6.3 when the depth considerations are omitted. 
Proof of Lemma 6.3 

For {{tQ^DQ^Ao), (?i,Di,Ai), f, p) gCP(R) there are two rules lo=rQi — Cq and h—ri< — Ci 
in R (assuming i/(/o=ro< — Cq) n 'V [h^ni — C\) = w.l.o.g.) and a e SU'B{N,T) 
with lo<5 = ho/p; {to, Dq, ti, Di, t) = {h[p^ro], Co, n, Ci, h)o and A; = 
if/, e T(cons,VsiGWVc) 



1 otherwise 



Let (peS'U'B(V,T{X)); no,«i -< w; and assume 



[{no\ni, t(p) ^{^, s) and] for all j -< 2: ( a = ^ A,=0-<n/ ); ( a = co =^ A,^n,- ); Acp 
fulfilled w.r.t. — >^ ,,; i.e. Cao) fulfilled w.r.t. — >^ , ,,. In case of n, = we have 

R,X,a+(«,-l) ' ' T R,X,a+(«,-l) ' 

Aj = and a=to and therefore by Corollary 2.6 /(Ocp — \xa+n-^i^^- In case of ni)^Q we have 
ni = {ni^\)+\ and therefore Z,acp — \xa+n-^i^^ again due to a = O^A, =0. Then 

?ocp = h(5i^[p ^ '■0O(p]^R,x,„+„,/iOcp^R,x,a+„/i<5^ = ^1^- 
By a-shallow confluence [up to [3 [and s in <]] we have ^9— ^Rxa+nj ° ^~~Rxa+no^i^ • 

Proof of Lemma 6.4 

The proof is analogous to the proof of Lemma 6.3. 
Proof of Lemma 9.1 

In case of (f/p')o(p = (f/0)o(p we get p' = Thus AC 'POS{t)\{%} together with V/?'gA. 
(f/p')o(p= (f/0)a(p implies A = 0. If there is some mi with tQ<3p — — t\<3p; define n:=l; 
MO := t\(5p; po 0; and note that riO(p< facp when Diocp is fulfilled. 

Proof of Lemma 13.2 

If R has conservative constructors we get 1^ {C)CY^ (since / e T (cons, VsigWV,^)). If 1^ (C) C 
Vc, 

then T2;5(,;Af5(Cju)C'r (cons,VsiGWVc) (since ZeT (cons, VsioWVc)). 

Thus we can always assume T'EHiO^ s{Cili) (cons, YsiG^^c)- Then we have Vxe'^'(C). 
xp&T (cons, VsiqW ) and thus Vjc e 1^ (C) . x//— ^ to-^ Lemma 2. 10. Moreover Cp is 
fulfilled w.r.t. — by Lemma 2.10. By confluence of — and Lemma 2.10 Cv is fulfilled 
w.r.t. — ^Rxco- Corollary 2.6 we finally get Iv — ^rxb^^- 
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Proof of Theorem 13.3 and Theorem 13.4 

Due to Corollary 3.8, it suffices to show that the conditions of Theorem 13.6(1) or else (in case 
of Theorem 13.4) Theorem 13.9(1) are satisfied. The only non-trivial part are the joinability 
requirements for the critical pairs. We just have to show that the conjunctive condition lists of the 
joinability notions are never satisfied. Assume {{to,DQ,AQ), (ri,Di,Ai), f, p) to be a critical 
peak. 

We first treat the critical peaks of the form (0,1) or (1,0), and, in case of Theorem 13.3, 
also of the form (1,1). For these we have to show co-shallow parallel joinability or else co- 
shallow parallel closedness. Thus, assume (p e 5 it's (V, T (X)) and no,ni -< CO such that V/ -< 2. 
( Z),(p fulfilled w.r.t. — ^ a+in-^i) ) ^^'^ ^ "o+a"! • ( R, X is co-shallow confluent up to 5 ) . 
By the assumed complementarity there must be complementary equation literals in Dq and Di. 
Due to our symmetry in and 1 so far, we may w.l.o.g. assume that (m=v) occurs in Dq and (m^v) 
occurs in Di or else that (p=true) occurs in Dq and (;?=false) occurs in Di . We treat the first case 
first. Then there are M,v e (cons) with u-^^ ,,v(p^-> ,,v and ui v. In 

case of no,ni :< 1 this contradicts the required confluence of — cf. Lemma 3.4. Otherwise, in 
case of hq^I we have (no-=-l)+„(«i^l) ^ «o+„«i and thus by our above assumption R,X is 
co-shallow confluent up to {no—\)+^{ni — l). Due to the assumption of the theorem at least one of 

Mcp, vcp, w.l.o.g. say vcp, must be either irreducible or have a v' G (cons) with vcp— ^^^^^^^^j^v'. 
Now Lemma 13.7(4) implies ^^ia+fnp^ijV, and then Lemma 2.11 implies the contradicting ul^v. 
Now we treat the case that that (p—true) occurs in Dq and (p=false) occurs in Di. Due to the 
definition of complementarity, true and false are distinct irreducible ground terms. Thus we have 
p(?—^^^„^^i^true and pep— ^^^^^^ j^false. In case of nQ,ni:<l this contradicts the required 
confluenceof — ^j^. Otherwise, in case of hq^I wehave {nQ^l)+^{ni^l) ^ nQ+^ni and thus 
by our above assumption R,X is CO-shallow confluent up to (no^l)+o,('^i^l)- This again implies 
the contradicting true | false. 

Finally we treat the critical peaks of the form (1,1) in case of Theorem 13.4. For these we 
have to show co-level parallel joinability or else co-level parallel closedness. Thus, assume cp G 
5 « ( V, T (X) ) and n -< CO with O^n such that \/i^2. { Diff fulfilled w.r.t. — ^ co+(«-i) ) 
V5 ^ n. ( R, X is co-level confluent up to 5 ) . Due to O^n we have n^l^n and thus R, X is co- 
level confluent up to n—\. By the assumed weak complementarity there must be complementary 
equation literals in DqDi. First we treat the case that (m=v) and (mt^v) occur inDoZ^i. Then there 
are j2,v G (cons) and v' G T (sig,X) with M^„+(„.i)"(p^„+(„.i)V'^„+(„.i)V(p-^^^(„^,)V 

and u\ V. Now, by (O- level confluence up to n—1, there is some w' with m— ^ ,m'^^ ,,v' 
and then by co-level confluence up to n—l again u' ig,^„^^)V, and then Lemma 2.11 implies the 
contradicting ui^v. Now we treat the case that that (p=true) and (p=false) occur in DqD^. 
Due to the definition of weak complementarity, true and false are distinct irreducible ground 
terms. Thus we have true< — ^i^^^i)?^ — ^o)+(n-i)^^'^^- co-level confluence up to n^l this 
again implies the contradicting true [ false. Q.e.d. (Theorem 13.3 and Theorem 13.4) 
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Proof of Theorem 13.6 

(I) follows from the lemmas A.l and A.2. 

(II) follows from the lemmas A. 4 and A. 6. 

(III) follows from the lemmas A.l, A.4, and A. 5, since for critical peaks of the form (0, 1) (O- 
shallow noisy strong joinability up to (0 implies co-shallow noisy parallel joinability up to (0 (cf. 
Corollary 7.7) and for non-overlays of the form (1,0) (O-shallow parallel closedness up to to 
implies to-shallow noisy anti-closedness up to to (cf. Corollary 7.8). 

(IV) follows from the lemmas A. 3, A.4, and A. 5, since for critical peaks of the form (0, 1) co- 
shallow noisy strong joinability up to to implies to-shallow noisy weak parallel joinability up to CO 
(cf. Corollary 7.7) and for critical peaks of the form (1,0) co-shallow closedness up to CO implies 
to-shallow anti-closedness up to to (cf. Corollary 7.8). 

Proof of Theorem 13.9 

(I) follows from the lemmas A.l and A. 8. 

(II) follows from the lemmas A.4 and A. 10 

(III) follows from the lemmas A.l, A.4, and A.9, since for critical peaks of the form (0, 1) to- 
shallow strong joinability up to to implies to-shallow parallel joinability up to to (cf. Corollary 7.7) 
and for non-overlays of the form (1,0) co-shallow parallel closedness up to to implies to-shallow 
anti-closedness up to to (cf. Corollary 7.8). 

(IV) follows from the lemmas A. 3, A.4, and A.9, since for critical peaks of the form (0, 1) co- 
shallow strong joinability up to to implies CO-shallow weak parallel joinability up to CO (cf. Corol- 
lary 7.7) and for critical peaks of the form (1,0) to-shallow closedness up to CO implies to-shallow 
anti-closedness up to to (cf. Corollary 7.8). 

Proof of Theorem 14.2 

1 =^ 2: By Lemma B.3. 2 =^ 1: By Lemma 5.1. 
Proof of Theorem 14.4 

1 =^ 2: Directly by the lemmas B.4 and B.3. 2 =^ I: By Lemma 5.1. 
Proof of Theorem 14.5 

1 =^ 2: Directly by the lemmas B.4 and B.5. 2 =^ 1: By Corollary 3.9 and Lemma 6.3. 
Proof of Theorem 14.6 

1 =^ 2: Directly by Lemma B.6. 2 =^ 1: By Corollary 3.9 and Lemma 6.4. 



Proof of Theorem 14.7 

Directly by Lemma B.8. 
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Proof of Theorem 15.1(1) 



Claim 1: If ,, -„^. 
Proof of Claim 1 : 



"1 



strongly cormnutes over — , then 



and 



"0 



are commuting. 



«i 



and 



"0 



lary 2.14 and Lemma 2.12 we have 
commuting, too. 



"1 



are commuting by Lemma 3.3. Since by Corol- 

C ^„^o-l^^^^j C now — and — arc 

Q.e.d. (Claim 1) 



For no "1 ^ tt> we are going to show by induction on no+ni the following property: 




Claim 2: Let 5 -< CO. If 



yno,ni -<co. 



then 



\/no,ni -<Gi. 



nQ<ni 
A nQ+n\ -< 5 



VwOjWl, M. 



wo 
wo 



"0 



ni —1 



«0 



Wl 



A TiQ+ni -< 5 

3— ^„ ^1 Strongly commutes over 



«o 



and R, X is 0-shallow confluent up to 5. 
Proof of Claim 2: By induction on 5 in ^ . First we show the strong commutation. Assume 



riQ^nx -<(ii with nQ+n\ -<b. By Lemma 3.3 it suffices to show that 



strongly 



commutes over — Assume wq< — „qW-h-^-„jWi 

"1° 



lWi< 



\j^i>^2 (cf. diagram below). By the above 
— .. wi . Next we show that we can close the 



property there is some w\ with wq- 

peak Wj<-^„^wi— ^^j^jW2 according to w'^^-^^^^^w^^'^^^wz for some Wj. In case of ni = 
this is possible due w\ =W2- Otherwise we have no+(«i — 1) -<nQ+n\ ^5 and due to our 
induction hypothesis (saying that R,X is 0-shallow confluent up to all 5' -< 5) this is possible 
again. 



u 



no 
Wo - 



ni 



-> o 



-> Wl 



V 

-> Wl 



no 



Ml— 1 



-> W2 



V 



"0 



-r-> "^2 



Finally we show 0-shallow confluence up to 5. Assume no+"i^§ and wo^^„^m— wi. Due 



to symmetry in and n\ we may assume nQ^n\. Above we have shown that 



strongly commutes over — By Claim 1 we finally get wq- 



"1- 



"1 



"0 



Wl as desired. 



Q.e.d. (Claim 2) 
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Note that for no = our property follows from ^-h-q C id. 

The benefit of Claim 2 is twofold: First, it says that our theorem is valid if the above property 
holds for all no ^ Second, it strengthens the property when used as induction hypothesis. 
Thus (writing r,+1 instead of since we may assume 0^no:^"l) it now suffices to show for 
riQ^ni ^(H that 

W'O ^-f^„o + 1 ,no " -H-^n 1 + 1 ,n 1 1^ 1 
together with our induction hypotheses that 

V5^ (no+l)+("i + l) - R,X is 0-shallow confluent up to 5 
and (due to no^'^i+l and no+{ni+l) -< (no+l)+(«i+l)) 

-H->n, +1 o — K Strongly commutes over — > 

implies wo^„, +i°^„, ° ^"o+i^i • 




ni + l 



Note that for the availability of our second induction hypothesis it is important that we have 
imposed the restriction "no ^ ni" in opposition to the restriction "no b ni"- In the latter case the 
availability of our second induction hypothesis would require no+l>:ni+l =^no^'^i + l which 
is not true for no = ni . The additional hypothesis 

-n^«i°-^ni-i strongly commutes over -^„p+i 
of the latter restriction is useless for our proof. 

W.l.o.g. let the positions of 11; be maximal in the sense that for any p e II,- and S C 

TOS{u)n{pN^) we do not have M-H->;,;+i,(n,\{p})us>V; anymore. Then for each i -< 2 and p E Hi 
there are ((/,-p,r,,p),q-p) G R and /Ji^p e S U'B{Y,T {X)) with e T (cons, VsioWV^), 
u/p^k^pfji^p, ri^p/ji^p = Wi/p, Ci^p/Ji^p fulfilled w.r.t. — Finally, for each / -< 2: w; = 

Define the set of inner overlapping positions by 

n(no,ni) := U { peUi^i \ 3^en,-. 3q'eN\ p = qq' }, 



and the length of a term by ?i(/(?o, . . . := 1 + 'Lj-<mM^j)- 

Now we start a second level of induction on ^ ^.{u/p') in -<. 

p'ea(no,ni) 

Define the set of top positions by 

0:={penoUni | -^3qeUoUni.3q'e'N'^. p = qq' }. 
Since the prefix ordering is wellfounded we have \/i-<2.\/p EHi. 3qE®. 3q' eN* . p = 
qq'. Then \fi-<2. Wi = Wi[q ^ Wi/q \ qE&]=u[p ^ n^p/Ui^p \ pEUi][q^Wi/q \ ^£0] = 
u[q <— Wi/q I qE&]. Thus, it now suffices to show for allq E& 

because then we have 

WQ^u[q^WQ/q I ^G0]Hi-^«i+iO-^„j ° ^„o+i"[? ^ ^I'l/? | ^e0]=H'i. 
Therefore we are left with the following two cases for ^ e 0: 
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q^Hi: Then ^GlTo. Define Il[ := { p \ qpElli }. We have two cases: 



"The variable overlap (if any) case": Vp e U'^nTOS (/o,^)- k,q/p^ V: 



ni+i,n'i 



wi/q 



Mo+1,0 



wo/? 



ni+1 



"0 + 1 

V 



Define a function T on V by (xG V): r(x) := { {p',p") \ k^q/p'=x A e n'^ }. 
Claim 7: There is some V eSWBiy.l (X)) with 

\/xe\ ( ^m,q^n,+ixv 

' \ A yp'e dom(r(j:)). xv =x^^q[p" ^ n^qp'p"H\,qp'p" I {p',p") e r(jc) ] 

Proof of Claim 7: 

In case of dom(r(;c)) =0 we define jcv := x^uq,^. If there is some p' such that dom(r(x)) = 
{p'} we define xv := x//o,9[p" ^ fi,qp'p"Mi,qp'p" I ip'iP") ^ r(x) ] . This is appropriate since due 

to y{p',p")er{x). XHQ^q/ p" = lQ^qlJQ^q/ p' p" = U/ qp' p" = h^qpi piilJl,qp> pu WC haVC 

XlilO,q=XPO,q[p" h,qp'p"IJLqp'p" I (/?',/?") ^ r(x) ] -H-^„j+i 
WQ,q[p" ^ri^qpipUH^^qpip,, \ {p\ p") eY{x)]=X\; . 

Finally, in case of |dom(r(jc))| >- 1, /o,^ is not linear in x, which contradicts the left- linearity 
assumption of the theorem. Q.e.d. (Claim 7) 

Claim 8: lo,q^ = wi/q. 
Proof of Claim 8: 

By Claim 7 we get wi/q = u/q[p'p" ^ ri^qprpn/ji^qp^p,, \ 3xeY. {p',p")er{x)]^ 

l0,q[p' ^ XIJO,q I k,q/p'=XeY][p'p" ^ ri^qpfp"IJl^qpfpn \ 3x . (p' , p") er{x)] = 
k,q[p' "-^^^oAp" ^^l,qp'p"^^l,qp'p" I ip' ^ P") ^'^i^)] I h,q/p'=xey] = 

k,q[p' ^xv \lo,q/p'=xeY]=k,qV. Q.e.d. (Claim 8) 

Claim 9: wo/?-H-^„i+iro,^V. 

Proof of Claim 9: Since wo/? = ro,^//o,?» this follows directly from Claim 7. Q.e.d. (Claim 9) 
By claims 8 and 9 it now suffices to show /o,^V — ^„^+irQ^qV, which again follows from 
Lemma 13.8 since ( (/q,^ , ^o,^) > Q.^) is 0-quasi-normal w.r.t. R, X (due to /q,^ e 'T (cons , VsiqW ) 
and the assumption of our theorem), since R,X is 0-shallow confluent up to (ni + l)+no (by our 
induction hypothesis), and since VxG V. x/jq,,^— ^„j+iXV by Claim 7 and Corollary 2.14. 
Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Yl'-^HTOS (lo^q) with /o,^/p^V: 



ni + i,p 



u 



no+1,0 



ni+l,n',\{p} 

=1= MO + 1 

V 

n 1' 



wi/q 
«o+l 



-> o 



V 



ni+1 



ni 



V 



wo/q 



no 
V 

wo/? 



"0 



ni+1 



«1 



V 
o 



Claim 10: p^^id. 

Proof of Claim 10: If p = 0, then OelTj, then ^elTi, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ G 5 (V, V) be a bijection with ^[l/ (((/i.^^, ri,^p),Ci,^p))] n 1^ (((/o,9,ro,^),Co,^)) = 0- 
Define Y:= ^['l^(((/i,,p,ri,^p),Ci,^p))] U '^^(((/o,„ro,,),Co,,)). 

ifxei^{{{lo,q,ro,q),Co,g)) 



Let p e 5 (V, T (X)) be given by xp 



•^^ 7^i,?pelse 



(xev). 



By /l,9p^P = Vl,?p = u/qp = h,qHQ,q/p = k,qp/p = (kj p)P 

let o :- mgu({(/i,^p^, loJp)},Y) and cp e 5 « (V, T (X)) with y1 (a(p) = y1 p. 

Define u' := lo,qiJo,q[P ^ fi,qplJi,qp]- We get 

U'^u/q[p' ^ h,qp'l^\xip' I p'en\\{p}][p ^ n^qpl^l^qp]^n,+l,n\\{p} 

u/q[p' ^n^qp'P\,qp' I p'eU[]^wi/q. 
If /o,^[p ^i,^p^]<7 = ro,^a, then the proof is finished due to 

Wo/q = rQ,qlJO,q = rQ^q<5(Sf = lo^q[p ^ n^qp^](5(Sf = u' ^„^+,^u\\{p}W\ / q. 

Otherwise we have ( (/o,g[p 4- ri,^p^],Ci,^p^,0), (ro,^,Co,^,0), /o,^, o, ;?) G CP(R); p^% (due 



to Claim 10); Ci.^p^ocp = Ci^qp/Ji^qp is fulfilled w.r.t. 



«i' 



Co,^0(p = Co^qiLio.q is fulfilled 



w.r.t. — Since V5-< (ni + l)+(no+l). R,X is 0-shallow confluent up to 5 (by our induction 
hypothesis) due to our assumed 0-shallow parallel closedness (matching the definition's no to our 
ni+1 and its ni to our hq+I) we have u' = lo^q[p ^ ri,^p^]a(p-H-^„P+iVi-^„^ro,^0(p = ro,^//o,9 = 
wo/q for some VI. We then have vi<-H-„Q_,.in"M'-H->„j+i,n'\{p}>vi/? for some IT". By 

£ Hu'/p") < £ ?t("7p") = £ ^ £ = 

p"e£i(n",n'i\{p}) p"en'i\{p} p"en'i\{p} /'en; 

£ X{u/p) = £ X{u/p) ■< £ X{u/p), due to our second induction 

p'en(no,ni) 

1 wi Finally by our induction hypothesis 
the peak at vi can be closed according to 



p'en({^},ni) 



level we get some with v\ 



that -H-^„j+iO — strongly commutes over 
Q.e.d. ("The critical peak case") 



"0 



Q.e.d. ("?^ni") 
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^ e 111 : Define ITq := { p | qpEllo}. We have two cases: 

"The second variable overiap (if any) case": V/7enQnfP05(/i,^). h^q/peY: 



wo/q 



no+l,n' 



ni+1,0 



Ml+l 



wi/q 



V 



no+1 



Define a function T on V by (xG V): r(x) := { | hjp'=x A e n^, }. 

Claim 11: There is some V G 5 W^B (V, T (X)) with 

' \ ^ Mp'e dom(r(x)). xni^q[p" ^ rQ^qp'p"l^Q,qp'p" I {p\p") e T{x) ] ^XV 
Proof of Claim 11: 

In case of dom(r(x)) = we define yy :=x^\,q. If there is some p' such that dom(r(x)) = 
{p'} we define xv:= xiui,q[p" ^ rQ^pfpfffiQ^qpfpH \ {p' ,p") er{x)]. This is appropriate since due 

to y{p',p")er{x). Xpi^q/p" = h^qlJl^q/p'p" = u/qp'p" = lo^qp>pfflJo^qpfp>> WC haVC 

Xl^\,q^m,q[p" ^ hqp'p"^OAP'p" I ip' ^ P") ^^{^)]^>m+i 
XH\,q[p" ^ rQ^qp'p"MO,qp'p" I ip' , P") ^^x)] =XV . 

Finally, in case of |dom(r(x))| :^ 1, /i,^ is not linear in x, which contradicts the left-linearity 
assumption of the theorem. Q.e.d. (Claim 1 1) 

Claim 12: wo/q = li^qV. 
Proof of Claim 12: 

By Claim 11 we get wq/ q — u/ q[p' p" 
h,q[p' ^xm^q I hj p' =xey][p' p" ■ 



ro. 



qp'p 



qp'p' 



"i^o,qp'p" l^xeY. {p',p")er{x)] = 
'^Q,qp'p" I 3xev. er(x)] = 



Q.e.d. (Claim 12) 



h,q[p' ^XHl^q[p" ^rQ^qpipn^qp,j^, \ {p' ,p") eT{x)] \ lxJp'=X&y] = 
Kq[p' I h^q/p'=xey]=h^qV. 

Claim 13: rx^q\^„^+iw\/q. 

Proof of Claim 13: Since r\^qH\^q = w\/q^ this follows directly from Claim 11. Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show l\^qV — ^„j+in,i?V, which again 
follows from Claim 11, Corollary 2.14, Lemma 13.8 (matching its hq to our no+1 and its n\ to 
our n\), and our induction hypothesis that R,X is 0-shallow confluent up to (no+l)+«i- 
Q.e.d. ("The second variable overlap (if any) case") 
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"The second critical peak case": There is some p e IVqC^'POS {h,q) with li^q/ p ^ V: 




ni+l 



Let ^ eSU'B{Y,Y) be a bijection with ^[l^(((/o,^p,ro,^p),Co,^p))] n 1^(((/i,^,ri,^),Ci,^)) = 0. 
Define Y:= ^[l/(((/o,,p,ro,,p),Co,,p))] U 1/(((/i,„ri,,),Ci,,)). 

Letpe5'y«(V,'r(X))begivenby xp = if ^ 1^(((/i,5,ri,,),Ci,^))1 

By /0,9P^P = ^0,?p^^" Vo,^p = U/ qp = h^qHl,q/ p = ll^qp / p = {ll^q/ p)p 

let a := mgu({(/o,^p^,/i,^/i?)}, Y) and cp e 5 ^i!3(V,'r (X)) with y1 (ocp) = yIP- 
Define u' := ^ rQ^qpl^.qp]. We get 

WQ/q = u/q[p' ^ ro^qp'l^o,qp' \ p' ^%]^„o+im'o\{p} 

u/q[p' ^ lo,qp'm,qp' I /en[)\{/?}][7? ^ ro^qpMO,qp] = u'. 

If ^ ro,gp^]o = ri^^o, then the proof is finished due to 

wo/q^no+i,n'^\{p}u' = h,q[p ^ ro^qp^]G(? = ri^qG(? = n^qpi^q = wi/q. 
Otherwise we have ( {li^q[p ^ ro^qp^],Co^qp^,0), (ri,^,Ci,^,0), h^q, G,p)e CP(R); Co,^p^O(p = 



Co^qpfiQ. 



qp 



is fulfilled w.r.t. 



Ci^^acp = Ci^q/ui^q is fulfilled w.r.t. 



Since 



V5^ (no+l)+('^i + l)- R,X is 0-shallow confluent up to 5 (by our induction hypothesis) due to 
our assumed 0-shallow noisy parallel joinability (matching the definition's no to our hq+I and 



its «! to our ni + l ) we have u' = li q[p ^ ^o.^p^]<3(p 



nVi- 



"0 + 1 



ri,qO(p = ri^qlJi^, 



wi/q for some vi, V2- We then have wo/^7<-H-„Q+i_n()\{p}M'-n-^«i+i,n"Vi for some n". Since 

L Ku'/p") ^ Hu'/p") = X{u/qp") -< Ku/qp") = 

p"en(n^,\{p},n") P"en^,\{p} P"€n[,\{p} p"en^, 

^ X{u/p') = ^ X{u/p') -< ^ X{u/p') due to our second induction level 

P'e^n^, p'en(no,{9}) p'Gf2(no,ni) 

we get some Vj with vi'o/^-H-^ni+iO— — ^„j^i^— „„+i^i- Finally the peak at vi can be closed accord- 
ing to v^— o <-^„^_^iV2 by our induction hypothesis saying that R,X is 0-shallow confluent 
up to (no+l)+ni. 

Q.e.d. ("The second critical peak case") Q.e.d. (Theorem 15.1(1)) 
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Proof of Theorem 15.1(11) 

The parts in the following proof which are only for Theorem 15. l(IIa) are in optional brackets. 
Claim 1 : If — > o—^n,., im strongly commutes over , then — > and — > arecommut- 

"1 0[+(ni^l)] o ■' no "1 "0 

ing. 

Proof of Claim 1 : — o — , and — ^„ are commuting by Lemma 3.3. Since by 

Lemma 2. 12 we have — C — ,^^0^^^^^^^^^^^ C now — and — are commuting, 

too. Q.e.d. (Claim 1) 
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For no "1 ^ w we are going to show by induction on «o+«i the following property: 



wo< — 




Claim 2: Let 5 ^ to. If 



then 



\/nQ,ni -<()). 



Vwo,wi,M. 



Wo- 



ng 



^0[+(«i-l)] 



"0 



Wl 



°^o[+(„i^i)] strongly commutes over 



"0 



and R, X is 0-shallow confluent up to 5. 
Proof of Claim 2: By induction on 5 in -<. First we show the strong commutation. Assume no ^ 
ni ^ to with no+ni :< 5. By Lemma 3.3 it suffices to show that — o — ^o[+(„^^i)] strongly com- 



mutes over 



\ . Assume wo< — „ i 



"1 



o[+(«i-i)l 



property there is some Wj with wq- 



V(«i-i)]^i' 



W2 (cf. diagram below). By the above 
Wl. Next we show that we can close 



«o 



the peak w'^^-^^^wi 



0[+(«i-l)] 



W2 according to w[ - 



V(«l-l)]^2' 



"0 



W2 for some Wj. In case 



of ni=0 this is possible due to wi=W2. Otherwise we have no+(0[+(ni^l)]) -<no+ni :<d 
and due to our induction hypothesis (saying that R, X is 0-shallow confluent up to all 6' -< 5) this 
is possible again. 



no 



V 
WQ 



ni 



ni 



o 



* J 



no 



V 



no 



0[+(ni-l)f ^1 0[+(ni^l)I ^2 



Finally we show 0-shallow confluence up to 5. Assume no+«i:^5 and wo<-^„pM— ^„jWi. Due 



to symmetry in no and ni we may assume no ^ ni . Above we have shown that 



0[+(«i-l)] 



strongly commutes over 



«o 



By Claim 1 we finally get wq- 



"0 



Wl as desired. 



Q.e.d. (Claim 2) 
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Note that for «o = our property follows from 



"0 



Cid. 



The benefit of Claim 2 is twofold: First, it says that our theorem is valid if the above property 
holds for all no «i ^ For part (lib) this is because then by Lemma 3.3 — strongly 
commutes over — for all no «l ^ i e. — strongly commutes over — i.e. — >^ 
strongly commutes over — i.e. — is strongly confluent. Second, it strengthens the property 
when used as induction hypothesis. Thus (writing n,-|-l instead of since we may assume 
-< no ^ ni) it now suffices to show forno ^ 'J i ~< W that 



together with our induction hypotheses that 

V5-< (no+l)+("i+l)- R,X is 0-shallow confluent up to 5 

implies 



HQ- 




no+1 



ni+1 



0[+ni] 



Now for each / -< 2 there are ( (/,, r,) , Q) G R and jJiE SWB (V, T (X)) with u/pi = km, Wi = 
u[Pi^ rm ] , Cm fulfilled w.r.t. — , and k e T (cons, VsioWV^ ) . 

In case of pq\\p\ we have Wi/ p\-i = u[pi ^ rmi]/ p\-i = u/ p\-i = l\-iiJL\-i and therefore 
Wi — ^„.+iU[pk rk/Jk I k^2], i.e. our proof is finished. Thus, according to whether po is a 
prefix of pi or vice versa, we have the following two cases left: 
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There is some p[ with pQp[ = pi and p\^^ 

We have two cases: 

"The variable overlap case": 



There are ;c e V and p' , p" such that lo/p'=x A p'p" = p[ : 



wi+l,p'i 



-> wi/po 



no+1,0 



/ov 



wo/po 



ni+1 



Mo+1 



Claim 6: We have jj^uq / p" = hfii . 

Proof of Claim 6: We have xiuq/ p" = Iqijiq/ p' p" = u/ pQp' p" = u/ pQp\ = u/ p\ = l\ii\. 

Q.e.d. (Claim 6) 

Claim 7: We can define v e SU'S(Y,T (X)) by jcv=x//o[p" ^ ] and Vye V\{x}. 3;v=3;/lo• 
Thenwehave x/jQ >^^^^,xV. 

Proof of Claim 7: This follows directly from Claim 6. Q.e.d. (Claim 7) 

Claim 8: loV = wi/po. 

Proof of Claim 8: By the left-linearity assumption of our theorem we may assume { p'" \ 
k/p"'^x} ^ {p'}. Thus, by Claim 7 we get Wi/po^u/po[p[ ^ riiJi] = 

k[p"'^y^o I io/p"'=yeY][p\^rm] = 



h[p"'^yiJQ I lQ/p'"=yeY Ay^x][p' ^xijq][p'p" ^ rm] = 
W" ^ yv I k/p"'=y eNAy^x][p'^ xi^[p" ^ n/^i ] ] = 
lo[p"'^yv\lo/p"'=yeY]^loV. 



Q.e.d. (Claim 8) 



Claim 9: wq/po — \+iroV. 

Proof of Claim 9: By the right-linearity assumption of our theorem we may assume 
|{y'l fo/p"'=x}\ d^l- Thus by Claim 7 we get: wo/po = ''Oj"o = 
ro[p"'^yiJo I ro/p"'=yeY\{x}][p"'^xfio \ ro/p'"=x] 
ro[p'"^yiuo\ro/p"'=yeY\{x}][p 



J" 



XV I ro/p"'=x\ 
=x] 



"1+1 



:roV. 



Q.e.d. (Claim 9) 



ro[p"' ^ yv I ro/p"'=y G V\{.^} ][p"' ^ xv \ ro/p" 

By claims 8 and 9 it now suffices to show IqV — ^„„+i'"oV, which again follows from Lemma 13.8 
(matching its no to our ni + 1 and its ni to our no) since R,X is 0-quasi-normal and 0-shallow 
confluent up to {ni + l)+no by our induction hypothesis, and since VjG V. _yjUo^->„^_,_i>'V by 
Claim 7. Q.e.d. ("The variable overlap case") 
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The critical peak case": p[ e ^OS (k) A lo/p[ ^ V: 



> wi/po 



* MO+l 

\/ 
> o 



V 

H'o/PO 



0[+ni] 



Let ^ e 5 '1/ « (V, V) be a bijection with ^ ['^^ ( ( (/i , ri ) , Ci ) )] n 't^ ( ( (/q, ro) , Co) ) = 0. 
Define Y:= ^[l/(((/i,ri),Ci))] U '^^(((/o,ro),Co)). 



By /i^p = /i^^-i^i =m/pi =m/poPi =/oA'oM =^p/Pi = (^M)P 

let a := mgu( { (/i^, /o/;5'i ) } , Y) and cp e 5 ?i « ( V, T (X) ) with y1 (ocp) = y1 P • 

If /o[pi ri^]a = roO, then the proof is finished due to 

wo/po = roiJo = roO(p = lo[p\ ^ rl^,]a(p^lopo[p\ ^ ripi]^wi/ pQ. 
Otherwise we have ( {Iq[p[ ^ ri^],Ci^,0), (ro,Co,0), Zq, o, ) G CP(R); 7^0 (due the 
global case assumption); Ci^acp = Cifii is fulfilled w.r.t. — ; CoO(p = Cq/uq is fulfilled 
w.r.t. — . Since V5 -< (n i + 1 ) + (no+ 1 ) • R, X is 0-shallow confluent up to 5 (by our induction 
hypothesis), due to our assumed 0-shallow [noisy] anti-closedness (matching the definition's no 
to our ni+l and its ni to hq+I) we have wi/po = ^j"o[Pi ^ ^il^i]=h[p'i ^ n^]<59 — ^„g+i o 

Q.e.d. ("The critical peak case") Q.e.d. ("There is some p[ with pop[ = pi and p'l^Q ") 



Let p e 5 (V, (X) ) be given by xp 



xjjQ ifxe 'f^(((/o,ro),Co)) 
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There is some p'q with P\p'q = pq : 

We have two cases: 

"The second variable overlap case": 



There are jc e V and p', p" such that l\/p' =x /\ p'p" = p'q: 



km 



ni+1,0 



wi/pi 



«0+l,Po 



Wo/pi 



/iv 



no+l 



ni+1 



riV 



Claim 11a: We have xm/ p" = Iqhq. 

Proof of Claim 11a: We have xm/p" = hiJ.\/ p'p" = u/p\ p'p" = u/ pip'q = u/ po = Iqim) ■ 

Q.e.d. (Claim 11a) 

Claim 1 lb: We can define V e SU'B(Y,T (X)) by jcv=x//i[/7" <— ro/io] and Vy e V\{x}. };V = 
y/j 1 . Then we have x/Ji — + 1 -^V . 

Proof of Claim 1 lb: This follows directly from Claim 1 la. 

Claim 12: wo/pi=/iV. 
Proof of Claim 12: 



Q.e.d. (Claim lib) 



By the left-linearity assumption of our theorem we may assume { p' 
Thus, by Claim 1 lb we get wo/pi =u/p\ [p'^ <— ro/io] = 
h [p'" ^ yix, I h If =y e V ] [^[, ^ ro^o ] = 
h \p"' ^ yi^i I h /p"'=ye Y Ay^x][p' ^x^ii] [p'p" ^ ro^o] = 
h [p'" ^ yv I h/p'"=y eYAyy^x][p'^ x/ui [p" ^ roMo] ] = 
h[p'"^yw\h/p'"=yeY]^hV. 



h/p'"^x}^{p'}. 



Q.e.d. (Claim 12) 
Claim 13: nv^n^+iWi/ pi. 

Proof of Claim 13: Since r\n\=w\/pi., this follows directly from Claim 1 lb. Q.e.d. (Claim 13) 



By claims 12 and 13 using Corollary 2.14 it now suffices to show l\V- 



riV, which again 



follows from Claim lib. Lemma 13.8 (matching its no to our no+l and its n\ to our n\), and our 
induction hypothesis that R, X is 0-shallow confluent up to (no+ 1 • 
Q.e.d. ("The second variable overlap case") 
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The second critical peak case": p'q e 'POS (h) A h/p'o ^V: 



ni+1,0 



Wl/Pl 



* no+1 

V 
> o 



V 

Wo/pi 



m+i 



0[+ni] 



* 



Let ^ e 5 'US (V, V) be a bijection with ^['J^ ( ( (/q, ro) , Co) )] n 't^ ( ( (/i , ri ) , Ci ) ) = 0. 
Define Y:= ^[l/(((/o,ro),Co))] U 1/(((/i,ri),Ci)). 




By /o^p = lo^^ Vo = m/po = u/pip'q = h/Ji /p'q = Zi p/p[) = {h / p'q) P 

let a := mgu({(/o^, /i/p^,)}, Y) and cp e 5 (V, T (X)) with y1 (ocp) = y1 p. 

If /i [po ^ ro^]a = ria, then the proof is finished due to 

wo/p\=lm[p'Q rQPQ]=h[p'Q ^ ro^]o(p = riO(p = ri/Yi =w\/p\. 
Otherwise we have ( {h [p^ ^ tq^] , Q^, 0) , (ri , Ci , 0) , /i , o, ) G CP(R) ; Co^ocp = CqPq is 
fulfilled w.r.t. — CiO(p = Ci^/i is fulfilled w.r.t. — Since V5-<; (no+l) + (ni + l). 
R,X is 0-shallow confluent up to 5 (by our induction hypothesis) due to our assumed 0-shallow 
[noisy] strongjoinability (matching the definition's no to our no+1 anditsni to ourni+1) wehave 
WQ/p\ = lm[p'Q ^ rQpo] =h[p'Q ^ ro^]a(p^„j^i0^gj^^^j o^^^^jriO(p = ri//i=wi/^i. 
Q.e.d. ("The second critical peak case") Q.e.d. (Theorem 15.1(11)) 

Proof of Theorem 15.3 Due to Corollary 15.2 it suffices to show that the conditions of Theo- 
rem 15.1 are satisfied. Since is normal, R, X is 0-quasi-normal. Thus we only have to show 
that the conjunctive condition lists of the 0-shallow joinability notions are never satisfied for crit- 
ical peaks of the form (0,0). Thus, assume cp e 5 "ZiS (V, T (X)) and ro,"i -< © such that \/i-<2. 
( D((p fulfilled w.r.t. — >^ ^ ^ j ) and V5 -< «o+"i • ( R, X is 0-shallow confluent up to 5 ) . By the 
assumed complementarity there must be complementary equation literals in Do and Di . Due to 
our symmetry in and 1 so far, we may w.l.o.g. assume that (m=v) occurs in Dq and (u^v) occurs 
in D[ or else that (/?=true) occurs in Dq and (p=false) occurs in Di . Since negative conditions are 
not allowed for constructor rules we must be in the latter case here. Due to the definition of com- 
plementarity, true and false are distinct irreducible ground terms. Thus we have /?cp^^„^^jtrue 

and pcp^^^^^jfalse. In case of no,ni^l this implies the contradicting true =p(p= false. Oth- 
erwise, in case of no ^ 1 we have (no^ 1 )+ («i ^ 1 ) -< «o+"i and thus by our above assumption 
R,X is 0-shallow confluent up to (no^l)+(«l^l)- This implies the contradicting true | false. 



Q.e.d. (Theorem 15.3) 



Proof of Theorem 15.4 

1 =^ 2: Directly by Lemma B.5. 2 =^ 1: Directly by Lemma 6.3. 
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Proof of Lemma A.l 

For n ^ CO we are going to show by induction on n the following property: 




to+n 



«[+(«-!)] 



Claim 1: If the above property holds for a fixed n -< co, and 
VA: -< n. (R, X is to-shallow confluent up to k) , then -h->o,+„c 



l0[+(n-l)] 



strongly commutes over 



Proof of Claim 1 : By Lemma 3.3 it suffices to show that -H-^a,+„o — strongly commutes 
over — K... Assume wo< — co"~^^~^(o+«^i — ('^f- diagram below). By the above property 



there is some v' with wq 
the peak v'^-^^^wi- 



'eo+«o — ^e>[+(n^i)]^ — (o^i- ^^^y ^^^^ ^'^ show that wc can close 



«[+(n-l)l 



w' according to v'- 



to[+(«-l)] 



^w'. [In case of n = :] This 



is possible due to confluence of — [Otherwise we have n—l -<n and due to the assumed 
co-shallow confluence up to n^l this is possible again.] 



Q.e.d. (Claim 1) 




co[+(n-^l 



a)[+(n-l)] 



Claim 2: If the above property holds for a fixed n ^ to, and 
\/k -< n. (R, X is to-shallow confluent up to k) , then — and 



are commuting. 



Proof of Claim 2: 



a)[+(n-l)] 



and 



are commuting by Lemma 3.3 and Claim 1. 



Since by Corollary 2.14 and Lemma 2.12 we have 



c 



now 



eo+n 



and 



are commuting, too. 



co[+(n^l)] — to+n' 

Q.e.d. (Claim 2) 



Claim 3: If the above property holds for all n ^ m for some m -< to, then R, X is (O-shallow 
confluent up to m. 



Proof of Claim 3: By induction on m in -<. Assume i+^n :< m and wq< 



eo+i 



n^l- By 



definition of '+(0' and i+^n~<(ii w.l.o.g. we have / = and nz<m. By Claim 2 and our induction 



hypothesis we finally get wq- 



,wi as desired. 



Q.e.d. (Claim 3) 
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Note that our property for is trivial for n=0 since then by Corollary 2.14 we have 



— H— >m Q 



and 



is confluent. 



CO — (0 — (0 

The benefit of claims 1 and 3 is twofold: First, they say that our lemma is valid if the above prop- 
erty holds for all n ^(D. Second, they strengthen the property when used as induction hypothesis. 
Thus (writing n+l instead of n since we may assume ^ n) it now suffices to show for n -< CO that 

together with our induction hypothesis that 

R,X is co-shallow confluent up to n 

implies 



Wo^oo+«+lO >^[+„] 




co+n+1 



W.l.o.g. let the positions of ITo (and 111) be maximal in the sense that for any p E Hq 
(or else p e ITi) and S C 'POS {u)r\{pN'^) we do not have wo^-H-<B,(no\{,)})us" (or else 
u^^+„+i,(ni\{p])uEWi) anymore. Then for each z ^ 2 and /? G IT,- there are {{li,p,ri^p),Ci^p) G R 
and iJi,p e SU'B(V,T{X)) with u/p^li^p/Ui^p, ri^pm^p^Wi/ p. Moreover, for each p G Ilo: 
/o,pGT(cons,VsiGWVc) and Co,p;Uo,p is fulfilled w.r.t. — Similarly, for each p G ITi: Ci^p/ui^p 
is fulfilled w.r.t. — Finally, for each / -< 2: Wi = u[p n^pHi^p \ pGlI;]. 
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Claim 5: We may assume Vp e 111 . /i^p ^ T (cons, VsigW ) . 

Proof of Claim 5: Define Z := {peUi \ /ipeT(cons,VsiGWVc) } and u' := 
u[p <— ri^p/ui^p I />eni\S]. If we have succeeded with our proof under the assumption of 

Claim 5, then we have shown vvo-H-^m+n+iO— v'*-^(^m' for some v' (cf. diagram below). By 
Lemma 13.2 (matching both its /j and v to our /Ji.p) we get V/?gS. h^pHi^p — ^^.n^pHi^p. Thus 
from v'^r^u'- 



we get v' — >^ o < — by confluence of 



co+n+l,ni\S 

== ro,no 

V 

WQ [] > O 



co+n+1 



a)[+n] 



V' 



CO 



CO 



CO 



* 

o 



CO 



V 



Q.e.d. (Claim 5) 



Define the set of inner overlapping positions by 

n(no,ni) := U { peUx.i \ 3^ en,-. VeN*. p=qq' }, 

and the length of a term by 'k{f{to, ...,tm-i)):— 1 +Ly^m^(0')• 
Now we start a second level of induction on ^ X{u/p') in ^. 

p'€n(no,ni) 

Define the set of top positions by 

— {penouni | ^3^enouni. VeN+.p=^^' }. 

Since the prefix ordering is wellfounded we have V/-<2. Vpell,. 3^e0. /?= 
qq'. Then V? ^ 2. Wi = Wi[q ^ Wi/q \q^@]=u[p^ ri,pl^i,p I P e n,] ^ Wi/q | ^ e 0] = 
u[q<^ Wi/ q I ^ e 0] . Thus, it now suffices to show for all ^ e 

because then we have 

Wo^u[q^Wo/q I '?G0]-H-^o)+«+iO^„[+„j o^^m[^^ wi/^ | qe&]=Wi. 

Therefore we are left with the following two cases for ^ e 0: 
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q^Hi: Then ^elTo. Define Il[ := { p \ qpeHi }. We have two cases: 
"The variable overlap (if any) case": Vp e U'^nTOS {lo,q). k,q/p& V: 

k,qm,q [] > ^i/^ 

(O+n+l 



* 



CO 



(0,0 /o,^V 



(0 



CO+n+1 



Define a function T on V by (;cG V): r(;c) := { (p'.p") \ kjp'^x A p'p" e }. 
Claim 7: There is some V G 5 'U® (V, T (X)) with 

■ \^ A Wp' edom(r{x)).xv^^xiJo,q[p" ^ ri^gp'p^f/Ji^gp'p" \ {p' ,p") er{x)] 
Proof of Claim 7: 

In case of dom(r(x)) = we define xv:=xiiiQ^q. If there is some such that dom(r(x)) = 
{p'} we define -^v := jc/jo,^[p" ^ ^i,^py'A'i,g/p" I {p' ,p") Er{x)]. This is appropriate since due 

to e r(;c). XflO^q/p" = h,qHQ,q/p'p" = u/qp'p" = h ,qp' p" ,qp' p" WC haVC 

XH0,q=XfJ0^q[p" ^ li^qp>p>>fJl^qp>p" \ {p' , p") er{x)]^^+„+i 
XMO,q[p" ^ n,qp'p"Ml,qp'p" I {p',P")^^x) ] =XV. 

Finally, in case of |dom(r(x))| >- 1, /o,^ is not linear in x. By the conditions of our lemma, this 
implies xeYc- Therefore xfio^qET {cons,Yc)- Together with 

yp' edom{r{x)). x/Jo^q^^^^^x/uo^qlp" ^ ri^qp>p,,IJi^qp>p,, \ p") ^ r(x) ] this implies 

Wp' edom{r{x)). xfuo^q^^xno^q[p" ^ ri^qp:p»/ji^qp>p>> \ {p' , p") eT{x)] eT(cons,Vc) 

by Lemma 2.10. By confluence of — and Lemma 2.10 again, there is some t e T (cons, V^) 

with 

Vp' e dom(r(x)) . x/uo,q[p" ^ ri^qpip„ni qp,p„ I (/?', p") G Y{x) ] ^J. Therefore we can de- 
fine jcv := ? in this case. This is appropriate since by 3/7'Gdom(r(x)). x^uo,^— 
xiM),q[p" ^ n^qpipnjji^qpip,, \ {p',p") G r(x) ] -^^xv wc havc x/jQ^q^^xv. Q.c.d. (Claim 7) 

Claim 8: lo,q^^^wi/q. 
Proof of Claim 8: 

By Claim 7 we get wi/q^u/q[p'p" ^ ri^qpfpf/Lii^qp'p" \ 3xGV. {p',p")er{x)]^ 

k,q[p' XHQ^q I h,q/ p' =X&y][p' p" ^ ri^qp,pnlAiqp,p„ \ 3xGV. (/?', p") G r(x) ] = 
k,q[p' ^X^Q^q[p" ^ri^qp,p„lli^qp,pn \ {p' , p") eT{x)] \ k^q/ p' =X EY]^^ 

k,q[p' I k,q/p'=xeY]=lo^qV. Q.c.d. (CMm 8) 

Claim 9: wo/q^^+„+iO-^^rQ^qV. 

Proof of Claim 9: Since wo/q — rQ qfjQ q, this follows directly from Claim 7. Q.e.d. (Claim 9) 
By claims 8 and 9 it now suffices to show ro,^V< — Jo,q'^, which again follows from Lemma 13.2 

since Vjc G V. x/iq,?— — ^a+n+i-^^ t>y Claim 7 and Corollary 2.14. 

Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Yl'-^HTOS (lo^q) with /o,^/p^V: 



^ (0+n+l,p 



> U 



co,0 



V 



a)+n+ l,n'i\{p} 



== co,n" 



V 



wo/?: 



wo/? 



CO 



co+n+1 



co[+m1 



V 
o 



Claim 10: p^^id. 

Proof of Claim 10: If p = 0, then OelTj, then ^elTi, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ G 5 (V, V) be a bijection with ^[l/ (((/i.^^, ri,^p),Ci,^p))] n 1^ (((/o,9,ro,^),Co,^)) = 0- 
Define Y:= ^['l^(((/i,,p,ri,^p),Ci,^p))] U '^^(((/o,„ro,,),Co,,)). 

if^e '^^(((/o,5,ro,^),Co,^)) 



Let p e 5 (V, T (X)) be given by xp 



•^^ 7^i,?pelse 



(xev). 



By h,qp^P = Vl,?p = u/qp = h,qHQ,q/p = k,qp/p = (kj p)P 

let o := mgu({(/i,^p^, kjp)}, Y) and cp e 5 « (V, T (X)) with y1 (a(p) = y1 p. 
Define u' := lo,qiJo,q[P ^ n,qplJi,qp]- We get 

u/q[p' ^n^qp'H\,qp' I yen;]=wi/?. 

If /o,^[p ^i,^p^]<7 = ro,^a, then the proof is finished due to 

ml q=r0,qlJ0,q = rQ^qO(Sf = l0^q[p ^ n^qp^](5(Sf = u' ^^+„+^^u\\{p]W\ / q. 

Otherwise we have ( {k,q[p ^ ri,^p^]o,Ci,^p^a, 1), (ro,^o, Co,^a, 0) , lo,qO,p) e CP(R) (due to 
Claim 5); (due to Claim 10); Ci,^p^O(p = Ci,^p;Ui,^p is fulfilled w.r.t. — Co,^ocp = 



CQ,qHQ,q is fulfilled w.r.t. 



Since R,X is CO-shallow confluent up to n (by our induction 



hypothesis), due to our assumed CO-shallow parallel closedness up to to (matching the definition's 
no to our n+1 and its ni to 0) we have u' = lo^q[p <— n,?p^]cf(p-H-^(o^o,?Cf9=^o,?j"o,? = wo/?- We 
then have WQ/q<-i+-a,,n"n'~^(s>+,i+i,n[\{p}Wi/q for some IT". We can finish the proof in this case 
due to our second induction level since 

Hu'/p") ^ £ Hu'/p") = £ Hu/qp") 

p"en(n",n;\{p}) p"en[\{p} p"eu[\{p} 

^ £ Xiu/qp") = £ Hu/p') = £ Hu/p') ^ £ Hu/p'). 
p"en\ p'(EqU\ p'en({^},ni) p'€n(no,ni) 

Q.e.d. ("The critical peak case") Q.e.d. ("? ^Oi") 
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^ e 111 : Define ITq := { p | qpEllo}. We have two cases: 

"The second variable overiap (if any) case": V/7enQnfP05(/i,^). h^q/peY: 



wo/q 



CO 



co+n+1,0 



ai+n+l 



Wi/q 



V 



CO 



Define a function T on V by (xG V): T{x) := { | hjp'=x A e n^, }. 

Claim 11: There is some V G 5 'U® (V, T (X)) with 

■ \^ A Vp' e dom(r(x)). ;c;ui,^[p" ^ ro^qp'p"Mo,qp'p" I (/^',/0 e r(j:) ] =j:v 
Proof of Claim 11: 



i^qp^pf we have 



In case of dom(r(x)) = we define XV :=x^\,q. If there is some p' such that dom(r(x)) = 
{p'} we define xv:= xiui,q[p" ^ rQ^pfpfffiQ^qpfpH \ {p' ,p") er{x)]. This is appropriate since due 

to y{p',p")er{x). Xpi^q/p" = h^qlJl^q/p'p" = u/qp'p" = lo^qp>pfflJo^, 

XMl,q^Xpi,q[p" ^ kqp'p"^0,qp'p" I {p' , P") ^'^ix)]' 

m,q[p" ^ rQ^qp'p"MO,qp'p" I (p' , P") ^^x)]=XV . 

Finally, in case of |dom(r(x)) | :^ 1 , h^q is not linear in x. By the conditions of our lemma, this 
contradicts Claim 5. Q.e.d. (Claim 1 1) 



Claim 12: wo/q = li^qV. 
Proof of Claim 12: 



qp'p 



"t^oMp'p" l^xeY. {p',p")er{x)] = 



By Claim 11 we get wq/ q — uj q[p' p" ^ tq. 

h,q[p' ^xm^q I h,q/p'=xeY][p'p" ^ ro^qp'p^^no^qp'p^^ \ 3xeY. {p' , p") er{x)]^ 

h,q[p' ^XHl^q[p" ^rQ^qpipiifjQqpip,, \ {p' ,p") eT{x)] \ lxJp'=X&Y] = 
Kq[p' I h^q/p'=xeY]=h^qV. 

^w\/q. 



Q.e.d. (Claim 12) 



Claim 13: ri,^v« 

Proof of Claim 13: Since r\^qij.\^q = w\/q^ this follows directly from Claim 11. Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show /i,^V — ^a)+«+i^i,9^' which 
again follows from Claim 11, Lemma 13.8 (matching its hq to and its n\ to our n) and our 
induction hypothesis that R, X is CO-shallow confluent up to n. 

Q.e.d. ("The second variable overlap (if any) case") 
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"The second critical peak case": There is some p e IVqC^'POS {h,q) with li^q/ p ^ V: 



co+n+1,0 



Wi/q 




wo/q 



co+n+1 



Let ^ eSU'B{Y,Y) be a bijection with ^[l^(((/o,^p,ro,^p),Co,^p))] n 1^(((/i,^,ri,^),Ci,^)) = 0. 
Define Y:= ^[l/(((/o,,p,ro,,p),Co,,p))] U 1/(((/i,„ri,,),Ci,,)). 



Let p e 5 « (V, T (X)) be given by xp 



A Vo,flpelse 



(xeV). 



By k,qp\p = k,qpkk' ^m,qp = U / qp = h,qH\,q / P = h,qp / P = {k ,q/ p)p 

let a := mgu({(/o,^p^,/i,^/i?)}, Y) and cp e 5 U'B{W,<T{X)) with y1 (ocp) = yIP- 
Define u' := h^qH\^q[p ^ ro^qpHo^qp]. We get 

WQ/q = u/q[p' ^ ro^qp'IJo,qp' I / ^ n^]^„^n;,\{p} 

u/q[p' ^ lo,qp'm,qp' I /en[)\{/?}][7? ^ ro^qpMO,qp] = u'. 

If ^ ro,^p^]o = ri^^o, then the proof is finished due to 

wo/q^«>,n'Q\{p}u' = h,q[p ^ ro,^p^]o(p = ri,^0(p = ri,^^i,^ = wi /<?• 
Otherwise we have ( ^ ro,^p^]o,Co,^p^o,0), (ri,^o,Ci,^a, 1), h,q<3,p) e CP(R) (due to 
Claim 5); Co,5p^a(p = Co^qpiiio,qp is fulfilled w.r.t. — Ci^^ocp = C\^qH\^q is fulfilled w.r.t. 
— Since R,X co-shallow confluent up to n (by our induction hypothesis), due to our 
assumed co-shallow [noisy] parallel joinability up to co (matching the definition's uq to and 



its n\ to our /i+l) we have u' = li q[p ^ ro,or,^]a(p 



co[+n] 



V2< 



(0 



r\,qO(^ = ri^qH\^q-- 



Tso+n+lVl ■ 

wi/^ for some vi, V2. We then have M;o/«7^-H-„.n'\Mw'-n-^to+n+i.n"Vi for some 11". Since 

Ku'/p") ^ £ X{u'/p") M«/?yO ^ Y^Ku/qp") = 

p"€n(n^,\{p},n") P"e%\{p} p"e^\{p} p"e% 

Y ^("/pO = 52 ^("/pO ^ 51 M^/p') due to our second induction level 

p'eq% p'ea{Uo,{q}) p'efl(no,ni) 

we get some V J with wo/^-h-^<o+„+iO-^^j^^jVj^^„vi. From the peak v^^ 
finally get v[^^,^,o^^^v2 by CD-shallow confluence up to 0[-|-n]. 



* * 

— co^^l — 



r, iV2 we 

a[+n] ^ 



Q.e.d. ("The second critical peak case") 



Q.e.d. (Lemma A.l) 
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Proof of Lemma A.2 

Claim 0: R, X is to-shallow confluent up to CO. 

Proof of Claim 0: Directly by the assumed strong commutation, cf. the proofs of the claims 2 and 
3 of the proof of Lemma A. 1 . Q.e.d. (Claim 0) 

Claim 1: If -^<o°^«.+ni°-^co+(„i^i) strongly commutes over -^„^„^, then — and — 
are commuting. 

Proof of Claim 1 : — o-h->^o), „, o— ^ , ,^ and — , are commuting by Lemma 3.3. Since 

CO lu+fj] (>)+(«] -1) oo+nQ o J 

by Corollary 2.14 and Lemma 2.12 we have — C ^^o^^+^^o^^^^^^^^ C ^„+„^, 
now — and — are commuting, too. Q.e.d. (Claim 1) 

For no ^ Hi -< (0 we are going to show by induction on no+^ni the following property: 




tO+(ni--l)' 
co+ni ^ ' 



108 



Claim 2: Let 5 -< to+co. If 



Wno,ni -<a). 



then 




wo 

Wo 



to+nj 



to+(ni^l) 



A 



»+«i°^oo+(„iM) strongly commutes over -^^„^ 
and R, X is co-shallow confluent up to 5. 

Proof of Claim 2: By induction on 5 in -< . First we show the strong commutation. Assume 
no ^ ni -< (0 with no+^ni r^5. By Lemma 3.3 it suffices to show that —^g,o-»-^a+n,°- * 



strongly commutes over 



Assume u"^ 



lO+no 



„M-H-^(o+«iVVl- 



to+(ni ^1) 

^ , / ,;W2 (cf. dia- 



gram below). By the strong commutation assumed for our lemma and Corollary 2.14, there are 



wq and Wq with u"- 
w[ with WQ^-^^^W3 



(B+ni ' 



(0+(no 



(0+«Q 



j^wo<-H-a)+„oM. By the above property there are some W3, 

wi. Next we show that we can close the peak 

'i<-^„,„ wi— ^ , ,.W2 according to w\^^ ,.w^^^,^.„W2 for some Wo. In case of 
ni = this is possible due to the to-shallow confluence up to to given by Claim 0. Otherwise 

we have no+„ (ni ^ 1 ) ^ n^^jii -< 5 and due to our induction hypothesis (saying that R, X is to- 
shallow confluent up to all 5' -< 5) this is possible again. By Claim again, we can close the peak 



00+ (ng 



i)Wo — >aVV3 according to Wq- 



00 3 



(0+(no 



j> W3 for some Wg. To close the whole 



diagram, we only have to show that we can close the peak 



0)+(n()^l 



wz 



oo+ni 



according to w\ 



«)+(«()- 1) 



In case of no = this is possible due 



to the strong commutation assumed for our lemma. Otherwise we have «o— 1 -<no^ni and 
(no^V)^ji\ -< no+o)"i ^ S, and then due to our induction hypothesis this is possible again. 



(04-no 



CO 



CO 



-> u 



co+ni 



Y 

WQ 



co+no 
* 



Y 



CO 

co+(no--l) 







CO 



W3 



Y 



co-fni 
a)+(no-l) 



CO 



-> Wl 



W2 



o 



co+(ni--lJ 



CO+(ni-^l 

co+no * 
* 

co+(ni--lf ^2 



Y 



CO+Mo 



co+(no--l) 



o 



-> o 



co+ni 



co+(ni^l 



Y 
^ o 



Finally we show co-shallow confluence up to 5. Assume UQ+^ni :<d and wo< — co+«o" — *'io+ni^i- 
Due to symmetry in no and ni we may assume no^ni. Above we have shown that 



WQ- 



* 



co+nj 



o — > . ,, Strongly commutes over 
— «+«o^i as desired. 



By Claim 1 we finally get 
Q.e.d. (Claim 2) 
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Note that for nQ = our property follows from <-»-a> Q ^ — a (^Y Corollary 2.14) and the 
assumption of our lemma that for each ni -< to: -H->Rx,o)+ni° — *'Rxto+(«i-i) strongly commutes 
over -^R_x.a,- 

The benefit of Claim 2 is twofold: First, it says that our lemma is valid if the above property 
holds for all no "1 -< w. Second, it strengthens the property when used as induction hypothesis. 
Thus (writing nt+l instead of nt since we may assume O^noz^^l) it now suffices to show for 
no^ni ^(H that 

together with our induction hypotheses that 

V5^ (no+l)+„("i + l)- R,X is (O-shallow confluent up to 5 
and (due to no^«i+l aad no+^{ni+l) -< {no+l)+^{ni+l)) 

,o^„+„j+iO^^^„^ strongly commutes over -^^„^ 



* 

to' 



implies 



* * 



H > wi 

co+ni+l,ni 

a)+Mo+l,no * co+Mo+1 

\^ * * V 

WQ > O [] > O > O 

CO " , co+wi 

co+ni+1 



Note that for the availability of our second induction hypothesis it is important that we have 
imposed the restriction "no in opposition to the restriction "no ^"i"- In the latter case the 
availability of our second induction hypothesis would require no+l^ni + 1 =^no^ni + l which 
is not true for no = ni . The additional hypothesis 

-^o.°^o>+ntO^^^„^^,) strongly commutes over ^„+„^+i 
of the latter restriction is useless for our proof. 

W.l.o.g. let the positions of Hi be maximal in the sense that for any p e IT,- and E C 
POS (M)n(j9N+) we do not have M-H-^(o+„,+i,(n,\{p})uEM^i anymore. Then for each / -< 2 and p e 11; 
there are {{li^p,ri^p),Ci^p) eR and e 5'y!B(V,T(X)) with u/ p = li^pHi^p, ri^pm^p = Wi/p, 
Ci,pHi,p fulfilled w.r.t. — >^^^. . Finally, for each i^2: w, = m[/7 n^piJi,p \ peUi]. 
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Claim 5: We may assume V/ -<2.ype IT,. ^ T (cons, VsigWVc ) . 

Proof of Claim 5: Define S; := {pell, | li^p e T {cons,YsiG^^c) } and u^ := 
u[p ^ ri^pldi_p I pGn,\S, ]. If we have succeeded with our proof under the assumption of 



Claim 5, then we have shown Mq- 



0^0 



(O+nj+r 



^„^^+yu\ for some vo, vi (cf. 



diagram below). By Lemma 13.2 (matching both its /j and v to our /j/ p) we get V? ^ 2. Vp G S;. 



and therefore \/i^2.u'r 



P — '^n,pl^i,p ana tnereiore mki.u] — >^Wi. Thus from vi^ — a,+«o+i'"r 
■^a^2'-—(Si+„Q+\'v^i for some V2 by (O-shallow confluence up to co (cf. Claim 0). For the same 



^wi we get 



* 

vi — 

reason we can close the peak wq^-^ji'^-^^vq according to wq-^^^v'q^-^^vq for some Vq. By 



the assumption of our lemma that -h-^.x. 



(O+ni+r 



Strongly commutes over 



0^0 



(o+nj 



vr 



V2 we can finally conclude Vq-h->o)+„j+iO- 



from 



V 



"0 



(0 



Wo 



Q.e.d. (Claim 5) 



a)+ni + l,ni\Ei 
co+no+l,no\So 

* 

^ vo H 



CO 



> o 



co+ni+1 



CO 



CO 



Vo 



co+ni+1 



-> Ml 



(0 



C0+«o + l 



co+ni 



CO 



co+ni 



(0+no+l 



V 

-> V2 
* 



CO 



V 

o 



Define the set of inner overlapping positions by 

n(no,ni):=U{peni_;| 3^en,-. VeN*./7=^^' }, 



and the length of a term by X(/(ro, • • • ,?m-i)) '•— 1 +Ly^m^(0)- 

Now we start a second level of induction on ^ X{u/p') in ^, 

p'€n(no,ni) 



Define the set of top positions by 

0:={penoUni | -BqeUQlMi.3q' e'S^.p = qq'}. 
Since the prefix ordering is wellfounded we have \/i^l.\/pETli.3qE(d.3q' &W . p- 
qq'. Then \/i^2. Wi = Wi[q^Wi/q \ qe&]=u[p ^ n^p/jj^p \ pelli][q ^ Wi/q \ qe&] 
u[q <— Wi/q I 0]. Thus, it now suffices to show for all ^ G 

because then we have 

Wo = u[q^Wo/q I ^e0]-^„o^„+„j+io^^^„^ o ^^^^^^^u[q ^ Wi/q \ ^G0]=wi. 
Therefore we are left with the following two cases for ^ G 0: 



Ill 



q^Hi: Then ^GlTo. Define Il[ := { p \ qpElli }. We have two cases: 

"The variable overlap (if any) case": Vp e Yl'^n^POS {k,q)- k,q/p& V: 

hql^O,q H > wi/q 

CO+«i + l 

co+no+1,0 /0,^V 

CO+MO + 1 

wo/q = ro,qHQ,q [] > ro^qV 

co+ni+l 

Define a function T on V by (xG V): r(x) := { {p',p") \ lo^q/p'=x A p'p" e n'^ }. 
Claim 7: There is some V eSWBiy.l (X)) with 

^ ■ V A Vp' e dom(r(j:)). =xiuQ^q[p" ^ n^qp'p"i^i,qp'p" I e r(jc) ] 

Proof of Claim 7: 

In case of dom(r(;c)) =0 we define jcv := x/Jo^q. If there is some p' such that dom(r(x)) = 
{p'} we define jcv := xiLio^q[p" <— r\ qpipiini qpipii \ {p',p") e r(x) ] . This is appropriate since due 
to y{p',p")er{x). xfio^q/ p" = lo,qfio,q/ p' p" = u/qp' p" = lugp'p"iJicip'p" wc havc 

XlilO,q=XIUO^q[p" h,qp'p"l^l,qp'p" I ^ r(;c) ] -H-^a)+„i+l 

■^W,^!/' ^ ri,qpfpnH]^^qp,pn \ {p' , p") eT{x)]=X\; . 

Finally, in case of |dom(r(jc)) | >- 1, /q,? is not linear in x. By the conditions of our lemma and 
Claim 5 this implies xG V^. Since there is some {p',p") G r(x) with x//o,?/p" = ^i,9pVj"i,9py 
this implies /i,^py//i,^py £ T (cons, V^c) and then /i^^^y/ e T (cons, VsigWVc) which contra- 
dicts Claim 5. Q.e.d. (Claim 7) 

Claim 8: lo.qV = wi/q. 
Proof of Claim 8: 

By Claim 7 we get wi/q^u/q[p'p" ^ ri^qp>pniii qp,p„ \ 3xG V. (p',/?") Gr(x) ] = 

k,q[p' ^WQ,q I h,q/ P' =xey][p' p" ^ n^qpipii^li^qpipii \ 3x6 V. er(x)] = 

k,q[p' ^^l^0,q[p" ^^hqp'p"l^hqp'p" I P") ^ r(x) ] | /q,,// =X G V] = 

/o,^[p' ^xv I lQ^q/p'=xeY]=lo^qV. Q.e.d. (Claim 8) 

Claim 9: wo/<?-h-^o)+«i+i'"o,?V. 

Proof of Claim 9: Since wo/q = ro,^//o,^ , this follows directly from Claim 7. Q.e.d. (Claim 9) 

By claims 8 and 9 it now suffices to show /o,^V — *-(o+„„+i^o,(?V, which again follows from 
Lemma 13.8 since R,X is (O-shallow confluent up to (ni + l)4-„«o by our induction hypothesis 
and since VxG V. x/Jo,g— ^(o+„j+i-^V by Claim 7 and Corollary 2.14. 
Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Yl'-^HTOS (lo^q) with /o,^/p^V: 



V 



wo/q 




(a+Mo+1,0 



co+ni+1 



CO+Ml 



Claim 10: p^^id. 

Proof of Claim 10: If /7 = 0, then OelTj, then ^elTi, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ G 5 (V, V) be a bijection with ^[l/ (((/i.^^, ri,^p),Ci,^p))] n 1^ (((/o,9,ro,^),Co,^)) = 0- 
Define Y:= ^['l^(((/i,,p,ri,^p),Ci,^p))] U '^^(((/o,„ro,,),Co,,)). 
Letpe5^«(V,'r(X))begivenby xp = ^ '^(((/o,„ro,,),Co,,))1 

By /l,9p^P = h,qp^^~^H\,qp = u/qp = h,qlUQ,q/p = k,qP / P = {k,q/ p)p 

let o :- mgu({(/i,^p^, kjp)}, Y) and cp e 5 « (V, T (X)) with y1 (a(p) = y1 p. 
Define u' := k,qm,q[P ^ fi,qplJi,qp]- We get 

u'^u/q[p' ^ h,qp'l^i,qp' I /en;\{p}][p ^ ri,^p^i,^p]^„+„j+i^n'i\M 
u/q[p' ^ri^qp>/ui^qp> I yen;]=wi/^. 
If /o,^[p ^i,^p^]<7 = ro,^a, then the proof is finished due to 

wo/q = ro^qluo,q = ro,q(y<?=k,q[P ^ ri,qp^](y<?=u'-h^^+„^+i^n[\{p}Wi/q- 
Otherwise we have ( {lo,q[p ^ ri,^p^]o,Ci,^p^a, 1), (ro,^a,Co,ga, 1), /o,^a, p) G CP(R) (due 
to Claim 5); P7^0 (due to Claim 10); Ci^^p^ocp = Ci^qp/Ji^qp is fulfilled w.r.t. 
— >^+„^; Co^qOf? ^ Co^qHo,q is fulfilled W.r.t. — Since V5-< (ni+l)+„(no+l)- 
R, X is to-shallow confluent up to 5 (by our induction hypothesis) due to our assumed to-shallow 
parallel closedness (matching the definition's no to our ni+l and its ni to our no+l) we have 

u' = lo,q[p^n^qp^]a(p-h^^„^+lVl^^„^V2^^ro^qO(p = ro^qlJO^q = Wo/q for SOmC Vl, V2. We 

then have vi^^+,^+i^n"u'^^+ni+i,n[\{p}Wi/q for somen". By 

£ Mu/p") ^ £ Ku'/p") = £ Mu/qp") < £ Ku/qp") = 

p"en(n",n'i\{p}) p"^^,\{p} p"6n'i\{p} p"en', 

£ X{u/p') = £ X{u/p') :< £ X{u/p'), due to our second induction level 
p'e^n; p'€n({^},ni) p'en(no,ni) 

we get some v'j with vi^^o^^„^+^o^^^^v\^^^^^^w\/q. Finally by our induction hypo- 



thesis that 
according to V2 



* * 

0-H->„,.„.i lO 



eo+nj 



Q.e.d. ("The critical peak case") 



strongly commutes over 



CO+ng 



. o- 



<o+«o 1 



the peak at vi can be closed 



Q.e.d. ("?^ni") 
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^ e 111 : Define ITq := { p | qpEllo}. We have two cases: 
"The second variable overiap (if any) case": V/7enQnfP05(/i,^). h^q/peY: 

h aUl a r-;: > W\lq 



= = to+no+1 

Define a function T on V by (xG V): T{x) := { {p' ,p") \ hjp'=x A p'p" e n^, }. 
Claim 11: There is some V G 5 WiS (V, T (X)) with 

Vx e V ( ■^V^+'~<o+«o+i-^A'l,<? 

■ \^ A Vp' e dom(r(x)). x^i,^[p" ^ ro^qp'p"Mo,qp'p" I (/^',/0 e r(x) ] =xv 
Proof of Claim 11: 

In case of dom(r(x)) = we define XV :=x/ji.^. If there is some p' such that dom(r(x)) = 
{p'} we define xv:= xiui,q[p" ^ rQ^pfpfffiQ^qpfpH \ {p' ,p") er{x)]. This is appropriate since due 

to y{p',p")er{x). XIJl^q/p" = h^qlJl^q/p'p" = u/qp'p" = lo^qp>pfflJo,qp'p" WC haVC 

m,q[p" ^^0,qp'p"I^O,qp'p" I ^ r(x) ] =XV. 

Finally, in case of |dom(r(x))| >- 1, h^q is not linear in x. By the conditions of our lemma and 
Claim 5 this implies xEYc- Since there is some (p'^p") E r{x) with x/Ji^q/ p" = lQ,qp'p"l-'o,qp'p" 
this implies lo,qp'p"fio,qp'p" ^ (cons, Yc ) then iQ^qpip" G "T (cons, VsiqW ) which contra- 
dicts Claim 5. ' ' Q.e.d. (Claim 11) 

Claim 12: wo/q — li^qV. 
Proof of Claim 12: 

By Claim 11 we get wo/q = u/q[p'p" ^ ro^qp'p"l^o,qp'p" \3xeY. ip',p")er{x)] = 

h,q[p' ^X/Jl^q I h,q/p' =XeY][p'p" ^ ro^qpfp'fpo^qpfp" \ 3xEY. (/,/')£ r(x) ] = 
h,q[p' ^ Xpi,q[p" ^ ro^qpfp"fjQ^qpfp» \ {p' , p") Er{x)] \ h^q/ p' =X EY] = 

lLq[p' ^xv\h^q/p'=xEY]=h^qV. Q.c.d. (Claim 12) 

Claim 13: n^qV^^^+„^+iWi/q. 

Proof of Claim 13: Since ri qidi q = w\/q, this follows directly from Claim 1 1. Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show l\^qV — *-a+„j+i''i,^V, which 
again follows from Claim 11, Corollary 2.14, Lemma 13.8 (matching its «o to our hq+X and its 
n\ to our n\), and our induction hypothesis that R, X is to-shallow confluent up to (no+l)+a,"l • 
Q.e.d. ("The second variable overlap (if any) case") 



114 



"The second critical peak case": There is some p e IVqC^'POS {h,q) with li^q/ p ^ V: 



(0+MO+1,P 



CO+ni+1,0 



* 



V 



wo/q 



(O+ni+l 
(a+no+l,n'Q\{p} 

* 

^ o — y — > o 



VI 

* 



co+ni 

to+no+1 

* 



>wi/q 

* co+no+1 

V 
V2 



(O+no+l 



to 



co+ni+1 



K)+«i 



v'l 



co+ni 



V 

o 



Let ^ e 5'y!B(V,V) be abijection with ^[l^(((/o,^p,ro,^p),Co,^p))] n 1^(((/i,^,ri,^),Ci,^)) = 0. 
Define Y:= ^[l/(((/o,,p,ro,,p),Co,,p))] U 1/(((/i,„ri,,),Ci,,)). 

Letpe5'y«(V,'r(X))begivenby xp = if ^ 1^(((/i,5,ri,,),Ci,^))1 

By /0,9P^P = ^0,?p^^" Vo,^p = U/ qp = h^qHl,q/ p = ll^qp / p = {ll^q/ p)p 

let a := mgu({(/o,^p^,/i,^/i?)}, Y) and cp e 5 ^i!3(V,'r (X)) with y1 (ocp) = yIP- 
Define u' := h^qH\^q[p ^ ro^qpHo^qp]. We get 

wo/q=u/q[p' ^ ro^qp'l^o,qp' \ / G n^]^a,+„o+i,n[,\w 

u/q[p' ^ lo,qp'm,qp' I /en[)\{/?}][7? ^ ro^qpMO,qp] = u'. 

If ^ ro,^p^]a = n.^o, then the proof is finished due to 

W0/q^<,+n^,+l.n'„\{p}U' = ll,q[p ^ ro,qp^]0(?^n^qG(?^n^q^l^q^Wl/q. 

Otherwise we have ( {h^q[p ^ ro,^p^]o,Co,^p^o, 1), (ri,^o,Ci,^o, 1), li,qO,p) G CP(R) (due 
to Claim 5); Co,^p^a(p = Co^qpiJo,qp is fulfilled w.r.t. — Ci,^a(p = Ci,^//i,^ is 
fulfilled w.r.t. — ^(o+„j • Since V5^ (no+l)+K,('^i + l)- R^X is co-shallow confluent up to 5 
(by our induction hypothesis) due to our assumed (O-shallow noisy parallel joinability 
(matching the definition's no to our no+l and its ni to our ni + l ) we have 

h,q[P ^ '"0,gp^]Cf9 
then have wo/q 



u = 



(0+«l +1 



Vl- 



V2< 



(0+nQ+ 



i'"i,?0(p = ri,5^i,^ = wi/^ for some vi, V2. We 



-co+«o+i.n{,\{ri" -n-^co+«i+i,n"Vi for some H". Since X(m7p' 

p"en(n;,\{p},n") 

£ X{u'/p") = £ ^ I Ku/qp") = £ ^(m/pO = 

p"^%\{p} p"en(,\{p} p"en;, p'e^n(, 

£ X{u/p) ^ £ X{u/p') due to our second induction level we get some Vj 
p'en(no,{?}) p'€n(no,ni) 

with wo/ ?^„o -H-^„+„j +1 o Vj ^^„+„jj+i VI . Finally the peak at vi can be closed according 
to v' — , „. o -s-^,, , „. , V2 by our induction hypothesis saying that R, X is to-shallow confluent 

Q.e.d. (Lemma A.2) 



1 co+nj (o+«o+l 

up to {nQ+\)+^ni. 

Q.e.d. ("The second critical peak case") 
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Proof of Lemma A.3 

For n ^ CO we are going to show by induction on n the following property: 



,M-H-^o)+«>Vl 




(0+n 



Claim 1 : If the above property holds for a fixed n -< to, and 

VA:-<n. (R,X is to-shallow confluent up to fc), then — *-ojO-H->o)+nO — *'o)[+(„^i)] strongly commutes 



over 



Proof of Claim 1 : By Lemma 3.3 it suffices to show that - 

mutes over — Assume u"< — ^i^' —^aU-H-^ay+nWi — 

the strong confluence of 
according to u"- 



-^«.°^co+«°-^a,|+(„.i)] Strongly com- 
^co[+(«-i)]^2 (cf. diagram below). By 



U 



Wq- 
t , 



*(o[+(«-l)]^l 



W 



co[+(«-l)] 



^ assumed for our lemma we can close the peak u"^ 
u for some wq. By the above property there is some w\ with 
^wi. We only have to show that we can close the peak 
~a)^2- [In case of « = : ] This is possi- 



W2 according to w\ - 



«)|+(n-l)| 



ble due to confluence of — [Otherwise we have n^l-<n and due to the assumed co-shallow 
confluence up to this is possible again.] 




(O+n 



> o 



-> o 



> W\ 7—, 7T> W2 



CO 



CO 



V 



co+n 



co[+(n-l)f ^1 co[+(n-l)f ° 



Q.e.d. (Claim 1) 



Claim 2: If the above property holds for a fixed n ^ to, and 

\/k^n. (R,X is to-shallow confluent up to k), then — and — >^ are commuting. 
Proof of Claim 2: '~~^m°~^'ii+n°~^si[+(n^i)\ ^^'^ ~~^(a commuting by Lemma 3.3 and 
Claim 1. Since by Corollary 2.14 and Lemma 2.12 we have — >^_^^ C — *-a,°-n->(o+„o— ^^^^^^^^^^ C 
— ^co+n' — and — >^ are commuting, too. Q.e.d. (Claim 2) 

Claim 3: If the above property holds for all n ^ m for some m -< to, then R,X is to-shallow 
confluent up to m. 

Proof of Claim 3: By induction on m in -<. Assume i-\-^n<m and wo'«-^j^+,m^->„+„wi. By 
definition of '-l-g,' and i+^n^V) w.l.o.g. we have j = and nz<m. By Claim 2 and our induction 
hypothesis we finally get wo — o < — ^wi as desired. Q.e.d. (Claim 3) 
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Note that our property for is trivial for n = since then by Corollary 2.14 we have 



1 1 \ii Q 



and 



is confluent. 



The benefit of claims 1 and 3 is twofold: First, they say that our lemma is valid if the above prop- 
erty holds for all n ^co. Second, they strengthen the property when used as induction hypothesis. 
Thus (writing n+ 1 instead of n since we may assume ^ n) it now suffices to show for n ^ to that 

together with our induction hypothesis that 

R, X is to-shallow confluent up to n 

implies 




co+n+1 



There are {{k,po,ro,po),Co,po) G R and //o,po ^ S'U'B{Y,T (K)) such that 
/o,poe'2'(cons,VsiGWVc), M/po = fe,poi"o,po' Co,poi"o,po is fulfilled w.r.t. — and wo = 

u[po^ ro,poA'o,po]- 

W.l.o.g. let the positions of 111 be maximal in the sense that for any p E Tli and E C 
^OS {u)r\{pN^) we do not have u-tt-^a,+n+i,(ni\{p})uz'Wi anymore. Then for each p eHi there 
are ((/i,p,ri,p),Ci,p) e R and ;Ui,p e 5 "W® (V, T (X)) such that u/p = h^pHi^p, n^pHi^p^wi/p 
, Ci^pH\,p is fulfilled w.r.t. — >^_^^, and w\ = u[p ^ n^p/ui^p | /? e ITi ] . 
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Claim 5: We may assume Vp e ITi . /i T (cons, VsigW ) • 

Proof of Claim 5: Define S := {peUi \ Zi T (cons, VsigWVc) } and u' := 
u[p <— ri^p/ji^p I jf?Gni\S]. If we have succeeded with our proof under the assumption of 

Claim 5, then we have shown vvq— — ^a)°~'^~^(B+n+iO— -^„,[+„i^'^~^to"' fo^" some v' (cf. diagram be- 



'a)[+n| 

low). By Lemma 13.2 (matching both its fj and v to our A'i,p) we get \/p G S. h,p/^i,p- 
Thus from v'^r^^u'^^^wi we get v'^^^o^r^^wi by confluence of — 



(0 



V 

wo 



(n+n+l,ni\S 



CO 



o 



CO+n+1 



(0[+n] 



v' 



CO 



CO 



CO 



-> Wl 

* 



CO 



V 

-> o 



Q.e.d. (Claim 5) 



Now we start a second level of induction on |ni| in -<. 

Define the set of top positions by 

e:={pe{po}UUi I ^3qe{po}UUi.3q'eN+.p = qq' }. 
Since the prefix ordering is wellfounded we have Vp e {polUlli . 3q e 0. 3q' e N* . p = qq'. It 
now suffices to show for all ^ e 

because then we have wo = wo[q ^ wo/q | ^ e 0] = u[po ^ ro,po/io,po ] ^ ^o/? \qe@] = 
u[q^wo/q I ^e0]-^„o^„+„+,o-^^j^^j o^^m[^^ Wi/^ | ^G0] = 
u[p ^ n,piJi^p \ peUi][q ^wi/q\ qe&]=wi[q^wi/q | ^e0]=wi. 

Therefore we are left with the following two cases for ^ e 0: 
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q^Hi: Then q = po. Define Il[ := { p \ qpeHi }. We have two cases: 



"The variable overlap (if any) case": ypeU[n'POS{lo,q)- h^q/peY: 



oo+n+l 



(0,0 



wi/q 
* 



CO 



V 



Wo/q 



CO 



rO,qm,q 



co+n+1 



o 



CO 



Define a function T on V by (xG V): r(jc) := { {p',p") \ IqJ p' =x A p' p" eU.[}. 
Claim?: There is some v G 5 'US (V, T (X)) with 



Vxe V. 



m+n+l ^ 



A Wp' G dom(r(x)) . xV^^xiJo,q[p" ^ ri^qp'p"l^i,qp'p" I {p'^p") e r(;c) ] 



Proof of Claim 7: 

In case of dom(r(x)) = we define j^:=x//o,^- If there is some such that dom(r(x)) = 
{p'} we define xv := xiJiQ_q[p" riqpi pii^iqpi pH \ [p' ,p") eY{x)]. This is appropriate since due 

to 'i{p',p") G r(jc). X^O^q/p" = h^qllQ^q/p'p" = u/qp'p" = h,qp' p"^Jl^qp' p" WC haVC 
XHO,q=Xm,q[P" ^ h,qp'p"fJl,qp'p" I {p' , P") ^'^{x)]^<^+n+\ 
XMO,q[p" ^fhqp'p"Ml,qp'p" I {p' , P") ^^x)] ^XV . 

Finally, in case of |dom(r(x))| >- 1, lo,q = h,pQ £ (cons, VsigWV,;) is not linear in x. By the 
conditions of our lemma, this implies x G . Therefore x/uo^q G T (cons, V,; ) . Together with 
y p' edom{r{x)). x/jQ^q^^^^^x/uo^qlp" ^ ri^qp,p,,IJi^qprp» \ {p' , p") er{x)] this implies 

y p' edom{r{x)). x^o^q^^x^io,q[p" ^ n^qp>pn/ui^qp>p" \ {p' , p") ETix)] G 'r(cons,Vc) 

by Lemma 2.10. By confluence of — >^ and Lemma 2.10 again, there is some t e T (cons, V^) 

with 

yp' edom{r{x)). xiuo^q[p" *-ri^qp^pfflui^qpfpff\{p',p")er{x)]^j. Therefore we can de- 
fine xv := t in this case. This is appropriate since by 3p' edom{r{x)). x/jo^q^^^^ 
xiM),q[p" ^ ri^qp'pffjiii^qpfp" \ {p' , p") G r(x) ] -^^xv wc havc x/^o^q^^xw. Q.e.d. (Claim 7) 

Claim 8: k^qV^^wx/q. 
Proofof Claim8: 

By Claim 7 we get w\/q = u/q[p'p" ^ n^qp'p"l^\,qp'p" \ 3xG V. {p',p")eT{x) ] = 

k,q[p' XHQ,q I k,q/ P' =X&y][p' p" ri^qpf pffjAi^qpf pu \ 3xGV. p") G r(x) ] = 

k,q[p' ^^^^Q,q[p" ^^iAP'p"t^^,qp'p" I (p''P")er(x)] I h,q/ p' =xe\]^^ 



k,q[p' ^XV I loq/p'=xey]=lo,qV. 



Q.e.d. (Claim 8) 



Q.e.d. (Claim 9) 



Claim 9: wo/<?-H-^a>+„+iO — ^a>'"o,?V. 

Proof of Claim 9: Since wo/q — ro^q/UQ^q, this follows from Claim 7. 
By claims 8 and 9 it now suffices to show ro,^V< — Jo,q'^, which again follows from Lemma 13.2 

since Vjc G V. x/iq,? — ^ei+n+iX'^ t>y Claim 7 and Corollary 2.14. 

Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Il\r\TOS {lo,q) with /q,^/ p^Y: 



^ co+n+1, p 



> U 



©,0 

wo/? - 



co+M+i,n'j\{p} 



CO 



CO 



V 



CO 



CO 



o 



co+n+1 



co[+n] 



V 

o 



Let p e 5 "U® (V, T (X)) be given by xp 



(xev). 



Claim 10: p^^O. 

Proof of Claim 10: If /7 = 0, then OelT'^, then ^elTi, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ e 5 WB (V, V) be a bijection with l^l/ {{{h^qp, ri,qp),Ci^qp))] n 1^ {{{lo,q, ro,q),Co,q)) = 0. 
Define Y:=^['l^(((/i,,p,ri,^p),Ci,,p))]U']/a(^,^,'-o,,),Co,,)). 

'xA/o,<? ifxe '^^(((/o,9,ro,^),Co,^)) 
J^'^Mhqp else 

By ^l,9P^P = h ,qp^^~ Vl,9P = = k,ql^O,q/ P = k,qp/ P = {hj p)p 

leta :- mgu({(/i,^p^,/o,Vp)},Y) and (p e 5'y!B(V,'r (X)) withy! (a(p) = Ylp. 

Define m' := k,qHQ,q[p ^ n^qp/Ji^qp]. We get 

U'^u/q[p' ^ h,qp'l^\,qp' I /en;\{/?}][p ^ n^qpH\,qp]^^+n+l,n\\{p} 

u/q[p' ^ n,qp'H\,qp' I e n; ] = wi/q. 

If ^.^[p ^ n,^p^]<3 = ^o,?C7) then the proof is finished due to 

>»'o/?='-o,?/io,?= '-0,909= /o,^[/7 ^ n,9p^]a(p=M'^^„+„+i,n'i\wwi/?- 
Otherwise we have ( {h,q[p ^ ri,^p^]o,Ci,^;,^o, 1), (ro,^a, Co,^a, 0) , lo,qO,p) e CP(R) (due to 



Claim 5); /?^0 (due to Claim 10); Ci.^p^acp = Ci.gp/Ji,^^ is fulfilled w.r.t. 



Co^q/LiQ.q is fulfilled w.r.t. 



Since R,X is CO-shallow confluent up to n (by our induction 



hypothesis), due to our assumed CO-shallow closedness up to CO (matching the definition's no to 
ourn+1 and its ni to 0) we have m' = /o,9[/7 ^ ri,^p^]a(p^„v^„ro,^a(p=ro,^jUo,9 = wo/? for 
some V. We then have v<-^j^M'-H->„+„+i n'j\{p}Wi/?. We can finish the proof in this case due to 
our second induction level since |nj\{/7}| -< \Tl[\ ^ |ni|. 

Q.e.d. ("The critical peak case") Q.e.d. Cq^Ui") 
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^elTi: If there is no p'q with qp'Q = po, then the proof is finished due to wo/q = 
u/q — >„+„+iWi/^. Otherwise, we can define pQ by qpQ—po- We have two cases: 

"The second variable overlap case": 

There are x e V and p', p" such that /i,^/ p' =x and p'p" = p'q : 



V 
WQ/q 



to 



co+n+1,0 



co+n+1 



V 



to 



Claim 1 1 : For V g 5 g (V, T fx) ) defined by jcv=x//i,^[p" <— ro,p(,//o,po] V3;eV\{x}.yv = 

we get V)^eV.3;//i,5-H-^„3;V. 
Proof of Claim 11: 



Due to xfiiq/p" = h,qiui,q/p'p" = u/qp'p" = u/qpQ^u/po = lo,PQluo,PQ 

Xm,q[p" ^ h,poft0,po] '^Xfll^qiP" ^ ^0,po/^0,po ] = ^ • 

Claim 12: wo/q-h-^Ji,qV. 
Proof of Claim 12: 



we have xiui^q = 
Q.e.d. (Claim 11) 



By Claim 1 1 we get wo/q = u/q[p'p" ro,^„A'o,po ] = 

Kq[p"' ^y^^u I Kq/p"'=y&^][p'f ^ ro,p,m,po] = 
Kq[p"'^yi^i,q I h,q/p'"^y^y ^x^y][p 

[p' ^ xnx^q[p" ^ ro^polJo,po ] ] = 

h,q[p'"^y'^\h,q/p'"=yeY Ax^y][p 
KqW^yy I /i,,/i^'"=jev Ax^3;][/7' 

Kq[p"'^yy I /i,,//"=yev]=/i,,v. 

Claim 13: n.^V^-H-(oWi/<?. 

Proof of Claim 13: Since ri^qH\^q = Wi/ q, this follows directly from Claim 11. Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2. 14 it now suffices to show h^qV — '^^^^^iri^qV , which again 
follows from Claim 11, Lemma 13.8 (matching its uq to and its n\ to our n) and our induction 
hypothesis that R, X is to-shallow confluent up to n. Q.e.d. ("The second variable overlap case") 



Xll,,q\hJp"'=xAp"'^p'] 

Xpi,q I h,q/p"'^XAp"'^p'][p'^XV' 
XV I h^q/p"'=xAp'"j^p'][p' ^XV] = 

Q.e.d. (Claim 12) 
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"The second critical peak case": p'q e fP05 {h,q) with h.q/p'o ^ V: 



CO 



V 



>^o/^ > ° [] > ° ; — ; — > ° 

CO , , CO +n 

co+n+1 ^ ' 



Let^e5'U!S(V,V)beabijectionwith ^[l/(((/o,po,ro,po),Co,po))] n 1^(((/i,^,ri,^),Ci,^)) = 0. 
Define Y:= ^[l/(((/o,po,ro,po),Co,po))] U '^^(((/l,„n,,),Ci,,)). 
Letpe51Z!S(V,T(X))begivenby xp = if ^ 1^ (((/i,^,ri,^),Ci,^))1 

By /o,po^P = h,pMr^l^Q..pa = U/PQ = lLqm,q/P0 = h,qp/Po = {h,q/ Po)p 

let a := mgu({(/o,po^, ^i,?/^o)}, Y) and cp e 5 ^i® (V, T (X)) with y1 (ocp) = y1 p. 
If h,q[p'Q ^ ro,pQ^]a= ri^^a, then the proof is finished due to 

wo/q = h,qm,q[pQ ^ ro^PQPO,pQ]=h,q[PO ^ '"0,/5o^ ]<'9 = H.^OCp = H ,^^1,^ = Wl /^. 

Otherwise we have { {li,q [^o^'"o,po^]<5,Co,po^(5,0), {n^qO,Cuqa,l),luq(5,p'Q) G CP(R) (due 
to Claim 5); Co,po^O(p = Co,po;Uo,po is fulfilled w.r.t. — Ci,^0(p = Ci,^^i,^ is fulfilled w.r.t. 
— . Since R, X to-shallow confluent up to n (by our induction hypothesis), due to our assumed 
to-shallow [noisy] weak parallel joinability up to to (matching the definition's no to and its ni to 
ourn+l)wehave wo/? = /i,^[po ^ ro,po^]a(p-^„o^^„+„+iO-^^j^^j0^^ri,^a(p = ri,^//i,^ = 
wi/q. 

Q.e.d. ("The second critical peak case") Q.e.d. (Lemma A.3) 
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Proof of Lemma A.4 

For n ^ CO we are going to show by induction on n the following property: 



(O+n 



Wl 



WQ- 



(0 



V 
wo 



(O+n 



(O+n 



-> o 



0)[+(n-l)l 
* 



(0 



«[+(«-!)] 



> o 



Claim 1: If the above property holds for a fixed n ^ co, and 
\/k -< n. (R, X is co-shallow confluent up to k) , then — ^e)+n°' 



(0[+(n-l)] 



Strongly commutes over 



Proof of Claim 1 : By Lemma 3.3 it suffices to show that 



„ ^^, strongly commutes 



over 



Assume wo< — ^u- 



o|+(«-i)l^' (cf. diagram below). By the above property 
there is some v' with wq—^,^^ o— ^ , , .mv'^^^.wi. We only have to show that we can close 

" OO+n a)[+(n^l)] (0 i J 

the peak v'^^-^.^wi— ^ ,„w' according to v'— ^ [In case of n = 0:]This 

r (0 i m+(n—i)\ o (0+ n— 1) co J 



is possible due to confluence of — [Otherwise we have n^l^n and due to the assumed 
to-shallow confluence up to n^l this is possible again.] 




(O+n 



(o[+(n^l 



Q.e.d. (Claim 1) 



Claim 2: If the above property holds for a fixed n -< co, and 
\/k-<n. (R, X is CO-shallow confluent up to k) , then — and 



are commuting. 



Proof of Claim 2: — >^^„c 

Since by Lemma 2.12 we have 
are commuting, too. 



a)[+(«-l)] 



and 

C - 



are commuting by Lemma 3.3 and Claim 1. 

now^„+„and^„ 
Q.e.d. (Claim 2) 



co[+(n-l)] 



Claim 3: If the above property holds for all n ^ m for some m ^ to, then R,X is to-shallow 
confluent up to m. 



Proof of Claim 3: By induction on m in -<. Assume i+^n<m and wq^ 



,wi. By 



definitionof '+(^' and i-\-ji^(Si w.l.o.g. we have / = and n:<m. By Claim 2 and our induction 



hypothesis we finally get wq- 



as desired. 



Q.e.d. (Claim 3) 
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Note that our property for is trivial for n = since — >^ is confluent. 

The benefit of claims 1 and 3 is twofold: First, they say that our lemma is valid if the above prop- 
erty holds for all n ^ to. Second, they strengthen the property when used as induction hypothesis. 
Thus (writing n+l instead of n since we may assume ^ n) it now suffices to show for n ^ to that 



Wl 



together with our induction hypothesis that 

R, X is to-shallow confluent up to n 

implies 




to+n+l 



Now for each i -< 2 there are ((/,,rj),Q) e R and yU,- G J li® (V, T (X)) with u/pi^Um, Wi = 
u[pi ^ TiHi], IqET (cons, VsigWVc), Cq/iq fulfilled w.r.t. — Ci//i fulfilled w.r.t. — 

Claim 5: We may assume h^T (cons, VsigWV^^ ) . 

Proof of Claim 5: In case of Zi G T (cons, VsigWVc) by Lemma 13.2 (matching both its /j and v to 
our^i)weget h/ui — ^^''^Mi- Then the proof is finished by confluence of — Q.e.d. (Claim 5) 



In case of ^o||j^i we have wt/ p\-i = u[pi ruji]/ pi-i = u/ pi-i = l\-iid\-i and therefore 
wo — ^(a+„+iM[pfe ^ r]^n I k-<2Y — ^wi, i.e. our proof is finished. Thus, according to whether 
pQ is a prefix of p\ or vice versa, we have the following two cases left: 
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There is some p[ with pQp[ = pi and p\^^ 

We have two cases: 

"The variable overlap case": 



There are ;c e V and p' , p" such that lo/p'=x A p'p" = p[ : 



0>+n+l,p\ 



-> wi/po 



(0,0 



/ov 



wo/po 



0) 



to+n+1 



Claim 6: We have jj^uq / p" = hfii and may assume x e Vsig- 

Proof of Claim 6: We have xijiq/p" = Iqijiq/p'p" = u/pqp'p" = u/pQp\ = u/p\ = hiJ.\. 

If xGVc, then xfjiQ^I {com,Nc), then x/Jo/p"eT(cons,Vc), then 

/i/Ji GT (cons, V^), and then /i e CT (cons, VsioWV^) which we may assume not to be the case 
by Claim 5. Q.e.d. (Claim 6) 

Claim 7: We can define v G 5 « ( V, T (X) ) by jcv = jc^uq [p" ^ ri^ui ] and My G V\ {jc} . y\ = j^uq . 



ft)+n+l 



XV. 



Q.e.d. (Claim 7) 



Then we have x^q- 

Proof of Claim 7: This follows directly from Claim 6. 

Claim 8: IqV = w\/ pQ. 

Proof of Claim 8: By the left-linearity assumption of our lemma and Claim 6 we may assume 



lo/p"'=x} = {p'}. Thus, by Claim 7 we get wi/po = u/po[p[ 
^yiuo I lQ/p"'=yeY][p[^niJi] = 
^yiJo I lo/p"'=yeY Ay^x][p' 
^yv I lQ/p"'=yey Ay^x][p' ^ 
^yv\lo/p"'=yeY]=loV. 

Claim 9: wo/po- 



{ P'" I 

W" 
Hp'" 

lo[p"' 
lo[p"' 



rm \ = 



-xiuo][p'p" 

■x/joIp" ^ n/ji 



Q.e.d. (Claim 8) 



(O+n+l 



roV. 



Proof of Claim 9: By the right-linearity assumption of our lemma and Claim 6 we may assume 

|{ p'" I fo/p'" =x }\ Thus by Claim 7 we get: wo/i?o = ^Oi"0 = 
ro[p"'^ym I ro/p"'=yeY\{x}][p"'^xi,o I ro/p"'^x] ^ 
ro[p"'^yi^o I ro/p"'=yeY\{x}][p'"^xv \ ro/p"'=x]-- 



eo+«+l 



ro[p"'^yV I ro/p"'^yeW\{x]][p"' ^xv \ ro/p'" ^x]=roV. 



Q.e.d. (Claim 9) 



By claims 8 and 9 it now suffices to show ro,^V< — Jo,q^i which again follows from Lemma 13.2 



since Vy G V. y/uo,q- 



a+n+l 



yv by Claim 7. 



Q.e.d. ("The variable overlap case") 
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"The critical peak case": p[ e ^OS (k) A lo/p[ ^ V: 




(O+n+l 



Let ^ e 5 '1/ « (V, V) be a bijection with ^ ['^^ ( ( (/i , ri ) , Ci ) )] n 't^ ( ( (/q, ro) , Co) ) = 0. 
Define Y:= ^[l/(((/i,ri),Ci))] U '^^(((/o,ro),Co)). 

Letpe5^^(V,T(X))begivenby = {^Jf-i^^ If ''^^^'"''^''''^^} (^^^)- 

By li^p^li^^-^jj^=u/pi=u/pop[=loiJo/p[=lQp/p[ = (/oM)P 

let a := mgu( { (/i^, /o/;5'i ) } , Y) and cp e 5 ?i « ( V, T (X) ) with y1 (ocp) = y1 P • 

If /o[pi ri^]a = roO, then the proof is finished due to 

wo/po = roiJo = roO(p = lo[p\ ^ ri^]ocp = /o//o[^i ^ n^ui ] =wi/po- 
Otherwise we have ( {lo[p'i ^ ri^],Ci^, 1), (ro,Co,0), /q, Cf, ) G CP(R) (due to Claim 5); 
p[^<d (due the global case assumption); Ci^O(p = Ci//i is fulfilled w.r.t. — CoOtp — Co/uo 
is fulfilled w.r.t. — Since R,X is co-shallow confluent up to n (by our induction hypo- 
thesis), due to our assumed to-shallow [noisy] anti-closedness up to to (matching the defini- 
tion's no to our n+l and its ni to 0) we have wi/^ = /o//o[Pi ^ ] =^o[Pi ^ — *-(o ° 
^a,[+„l °^a>+„+i '•ofJCp = ro/io = wo/q. 

Q.e.d. ("The critical peak case") Q.e.d. ("There is some p\ with p()p[ = p\ and p\ =^<d ") 
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There is some p'q with P\p'q = pq : 

We have two cases: 

"The second variable overlap case": 



There are jc e V and p', p" such that l\/p' =x /\ p'p" = p'q: 



km 



Wo/pi = 



co+n+1,0 



wi/pi 



/iv 



CO 



co+n+1 



riV 



We have x/ui / p" = /p'p" = u/pip'p" = u/pip'q = u/po = km- 

Claim 11: We can define V e S'U'B{Y,T (X)) by jcv =JCjUi [p" ^ ro^o] and Vj e V\{jc}. yv = 
yfii. Then we have x/ni — ^^^j^v. 

Proof of Claim 1 1 : This follows directly from the above equality and Lemma 2.10. 

Q.e.d. (Claim 11) 

Claim 12: wq/ pi=liV. 
Proof of Claim 12: 

By the left-linearity assumption of our lemma and Claim 5 we may assume { p'" \ h / p"'—x } = 
{p'}. Thus, by Claim 11 we get wo/pi = u/pi[p'q^ roiuo] = 
h[p"'^yixx I h/p"'=yeW][p'Q^rQfXQ] = 

h[p"' ^ ym I h/p"'=yCL\ ^y^x][p' ^ x/Ji ] [p'p" ^ roA/o] = 
h[p'"^yv I h/p'"=yeYA yy^x][p'^xiJi[p" ^ ro//o]] = 

h[p"' ^yv \h/p"'=yeY]^liV. Q.e.d. (Claim 12) 

Claim 13: nv-<r-h-aW\/pi. 

Proof of Claim 13: Since ri/ui = , this follows directly from Claim 11. Q.e.d. (Claim 13) 



By claims 12 and 13 using Corollary 2.14 it now suffices to show h^qV — ^a^„^iri,q^, which 
again follows from Claim 11, Lemma 13.8 (matching its no to and its ni to our n) and our 
induction hypothesis that R, X is to-shallow confluent up to n. 

Q.e.d. ("The second variable overlap (if any) case") 
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"The second critical peak case": p'q e 'POS (h) A h/p'o ^V: 



hui ri: > wi/pi 



CO,/?;, * 



0) 



Wo/ Pi ; > O ■ O 

'■^ (O+n+l (0[+n] 

Let ^ e 5 'US (V, V) be a bijection with ^['J^ ( ( (/q, ro) , Co) )] n 't^ ( ( (/i , ri ) , Ci ) ) = 0. 
Define Y:= ^[l/(((/o,ro),Co))] U 1/(((/i,ri),Ci)). 

Letpe5'U!B(V,T(X))begivenby = (''^ii ^ '^(((^I'^O'^^O) 1 (^gy)_ 



.jc^ ^/^o else 

By /o^p = /o^^" Vo = m/po = u/pip'q = hm /p'q = Zi p/p[) = {h / p'q) P 

let a := mgu({(/o^, /i/p^,)}, Y) and cp e 5 (V, T (X)) with y1 (ocp) = y1 p. 

If /i [po ^ ro^]a = ria, then the proof is finished due to 

WQ/p\=lm[p'Q ^ ropo]=h[pQ ^ ro^]a(p = ria(p = ri;Ui =wi/pi. 
Otherwise we have ( (/i[pq ^ ro^],Co^,0), (ri,Ci, 1), /i, o, pg) G CP(R) (due to Claim 5); 
Co^O(p = Cq/jq is fulfilled w.r.t. — CiG(p = Ci/Ji is fulfilled w.r.t. — Since R,X co- 
shallow confluent up to n (by our induction hypothesis), due to our assumed to-shallow [noisy] 
strong joinability up to to (matching the definition's no to and its ni to our n+l) we have 
wo/pi = lm[pQ ^ ropo] =h[p'o ^ ro^]a(p^„^„^j0^^j^^j o^^ria(p = ri^i = wi/pi. 
Q.e.d. ("The second critical peak case") Q.e.d. (Lemma A.4) 

Proof of Lemma A.5 

Claim 0: R, X is to-shallow confluent up to to. 

Proof of Claim 0: Directly by the assumed strong commutation of — ^Rx<a+n° — ^RX(a+(n^i) ^^^^ 
~~^RXa)' proofs of the claims 2 and 3 of the proof of Lemma A.4. Q.e.d. (Claim 0) 



Claim l:lf -^a,°^fi.+ni°-^co+(„i.i) strongly commutes over -^„^„^, then — >^„^ and — >^„^ 
are commuting. 

Proof of Claim 1 : —^o) °~'^co+"i °^^a)+(n -i) ~^m+nQ commuting by Lemma 3.3. Since 
by Corollary 2.14 and Lemma 2.12 we have — C -^^o^^^„^o^^^^^^^^ C -^„+„j, 
now — and — are commuting, too. Q.e.d. (Claim 1) 



For no ^ ni -< 0) VJQ are going to show by induction on no+^ni the following property: 

W0< o,+„oM^co+„iWl => W0^„O^„+„jO^^^^^^^j^O^^^„^Wl 




to+(ni-l) 
co+ni ^ ' 



128 



Claim 2: Let 5 -< to+co. If 



Wno,ni -<a). 



then 




wo- 



CO+WQ 



to+nj ' 



(0+(ni^l) 



A 



«0 Z^^l 



»+«i°^oo+(„iM) strongly commutes over -^^„^ 
and R, X is co-shallow confluent up to 5. 

Proof of Claim 2: By induction on 5 in -< . First we show the strong commutation. Assume 
no ^ «i ^ (0 with no+^n[ ^5. By Lemma 3.3 it suffices to show that 

strongly commutes over — ^a+nQ- Assume u'' 



tO+ng 



co+nj 



Wl- 



co+(ni 



to+(ni ^1) 

^l)W2 (Cf. 



diagram below). By the strong commutation assumption of our lemma there are wo and 



Wq with M 
with wo-^„W3 



(o+(«o 



.1)W0^ 



(B+ni 



M. By the above property there are some W3, 
"(o+«o^i" ^^^^ show that we can close the peak 
'i<-^,,,„ wi— ^ , ,.W2 according to w\^^ ,.w^^^„.„ W2 for some Wo. In case of 
ni = this is possible due to the to-shallow confluence up to to given by Claim 0. Otherwise 

we have no+„ (ni ^ 1 ) ^ riQ+^ni ^ 5 and due to our induction hypothesis (saying that R, X is to- 
shallow confluent up to all 5' -< 5) this is possible again. By Claim again, we can close the peak 



w 



Wn 



00+ (ng 



i)Wo — >aVV3 according to w'q- 



00 3 



(0+(no 



j> W3 for some Wg. To close the whole 



diagram, we only have to show that we can close the peak w'^^ 



a)+(ng 



-1)^3 



00+«] ' 



according to w'-, — ^„o-h-+„,,. o — > , ,^o< — , In case of no = this is possible 



since it is assumed for our lemma (below the strong commutation assumption). Otherwise we 
have no^l^no^ni and (no^l)+(o"i -<"o+o)"i ^S, and then due to our induction hypothesis 
this is possible again. 



CO+ng 



to 



CO 



u 



CO+ng 



V 
Wo 



V 



CO 

co+(no-l) 
* 



-> Wo 



CO 



co+ni 



W3 



V 



co+ni 

CO+(«g^l) 
* 



-> W3 



CO 



-> o 



Wl 



(B+(ni 

CO+ng 

* 



W2 



V 



CO+ng 



co+(ni-l) ^ co+(ni-lj ^ 



co+(ng^l) 



-> o 



-> o 



co+ni 



C0+(ni^l) 



V 



Finally we show to-shallow confluence up to 5. Assume no+to"i:^S and wo< — oo+ng" — ^o)+«i^i- 
Due to symmetry in no and ni we may assume noz^^i- Above we have shown that 

strongly commutes over — ^a+nQ- Claim 1 we finally get 

Wl as desired. Q.e.d. (Claim 2) 



WQ- 



0) 

* 



co+nj 



CO+ng 
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Note that for no = our property follows from the assumption of our lermna (below the strong 
commutation assumption). 

The benefit of Claim 2 is twofold: First, it says that our lemma is valid if the above property 
holds for all no ^ "1 -< K>. Second, it strengthens the property when used as induction hypothesis. 
Thus (writing n/+l instead of nt since we may assume 0-<no^ni) it now suffices to show for 
no ^ ni -< (X) that 

together with our induction hypotheses that 

V5^ (no+l)+(o(ni + l). R,X is co-shallow confluent up to 5 
and (due to no and no+^{ni+l) -< (no+l)+ja(ni+l)) 



implies 



-^„o^co+«i+i0^oa+«i Strongly commutes over -^^„^ 



H > wi 

co+no+l 



co+ni+l,ni 

CO+no+l,PO 

Wo > o [] > o > o 



00 , , 1 ro+ni 

co+ni+1 



Note that for the availability of our second induction hypothesis it is important that we have 
imposed the restriction "no ^'^i" in opposition to the restriction "no ^"i"- In the latter case the 
availability of our second induction hypothesis would require no+l^ni + l =^no^ni-|-l which 
is not true for no = «l • The additional hypothesis 

-^„°^co+„i o^^^^^^^jj Strongly commutes over 
of the latter restriction is useless for our proof. 

There are ((/o,po,^o,po).Co,po) ^ R and /io,po e 5'U!S(V,T(X)) with m//7=/o,po/^o,po> Co,poHO,po 
fulfilled w.r.t. — and wo = u[p^ ro^poHO,po]- 

W.l.o.g. let the positions of lIi be maximal in the sense that for any p E Tl\ and S C 
TOS {u)r\{pN^) we do not have M-H-^(o+„j+i,(n|\{/7})uE>vi anymore. Then for each p eHi there 
are ((/i,p,ri,p),Ci,p) e R and /ui^p e S U'B(Y,T (X)) with u/p^h^pHi^p, ri^pm^p^wi/ p, 
C\,pH\,p fulfilled w.r.t. — > . Finally, wi = u[p ^ n^pH\,p \peUi]. 
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Claim 5: 

We may assume Ig^p^ {cons,YsiG^^c) VpGlTi. /i^p^T(cons, VsigWVc). 
Proof of Claim 5: In case of /o,p,) G (cons, VsigWV^;) we get wq< — by Lemma 13.2 
(matching both its fj and v to our /Jo.po) ^hen our property follows from the assump- 
tion of our lemma (below the strong commutation assumption). For the second restriction 
define Si := {peUi \ /i,pGT(cons,VsiGWVc) } and u\ := u[p ^ n^p/ui^p \pEUi\Zi]. If 
we have succeeded with our proof under the assumption of Claim 5, then we have shown 



^0 — ^„o^„+„j+iO — >^^„vi< — a,+no+i"i ^1 diagram below). By Lemma 13.2 

(matching both its /j and v to our jui p) we get VpGSi. /i p/^i^p — *a^\,pHi,p and therefore 



w\ . Thus from vr < 



^wi we get vi- 



CO- shallow confluence up to co (cf. Claim 0). 



co+ng+l 



wi for some V2 by 



u 



V 



wo 



Q.e.d. (Claim 5) 



CO 



co+ni-l-l,ni\Ei 



(o+no+l,po 
* 



-> o 



-> o 



co+ni 



CO 

co+no+l 



-> VI 



CO 



co+no+1 



V 



Now we start a second level of induction on |ni | in . 

Define the set of top positions by 

®:={pe{po}uni I -<3qe{po}uni.3q'eN+.p=qq'}. 
Since the prefix ordering is wellfounded we have VpG {polUlTi. 3qe@. p = qq'. 

now suffices to show for aWq e@ 

because then we have wo = wo[q ^wo/q \ qe&]=u[po ^ rQ^pf^lLiO^PQ][q ^ wo/q \ qe@] 



It 



u[q 



wo/q I qe&] >„o-i^„+„j+,o o< ^^^^^^^u[q ^ Wi/q \ q^Q] 

t^iP ^ n,pfil,p I peni][q ^Wi/q \ qe&]=wi[q^wi/q \ qe&]=Wi. 
Therefore we are left with the following two cases for ^ e 0: 
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q^Hi: Then q = po. Define Ilj := { p \ qpElli}. We have two cases: 

"The variable overlap (if any) case": Vp e Yl'^n^POS {k,q)- k,q/p& V: 

hql^O,q H > wi/q 

CO+«i + l 

co+no+1,0 /0,^V 

CO+MO + 1 

wo/q = ro,qHQ,q [] > ro^qV 

co+ni+l 

Define a function T on V by (xG V): r(x) := { | lo^q/p'=x A p'p" e n'^ }. 

Claim 7: There is some V eSWBiy.l (X)) with 

^ ■ V A Vp' e dom(r(j:)). =xiuQ^q[p" ^ n^qp'p"i^i,qp'p" I {p',p") e r(jc) ] 

Proof of Claim 7: 

In case of dom(r(;c)) =0 we define jcv := x/Jo^q. If there is some p' such that dom(r(x)) = 
{p'} we define jcv := xiLio^q[p" <— r\ qpipiini qpipii \ {p',p") e r(x) ] . This is appropriate since due 
to y{p',p")er{x). xfio^q/ p" = lo,qfio,q/ p' p" = u/qp' p" = lugp'p"iJicip'p" wc havc 

XlilO,q=XIUO^q[p" h,qp'p"l^l,qp'p" I ^ r(;c) ] -H-^a)+„i+l 

■^W,^!/' ^ ri,qpfpnH]^^qp,pn \ {p' , p") eT{x)]=X\; . 

Finally, in case of |dom(r(jc)) | >- 1, /q,? is not linear in x. By the conditions of our lemma and 
Claim 5 this implies xG V^. Since there is some {p',p") G r(x) with x//o,?/p" = ^i,9pVj"i,9py 
this implies /i,^py//i,^py £ T (cons, V^c) and then /i^^^y/ e T (cons, VsigWVc) which contra- 
dicts Claim 5. Q.e.d. (Claim 7) 

Claim 8: lo.qV = wi/q. 
Proof of Claim 8: 

By Claim 7 we get wi/q^u/q[p'p" ^ ri^qp>pniii qp,p„ \ 3xG V. (p',/?") Gr(x) ] = 

k,q[p' ^WQ,q I h,q/ P' =xey][p' p" ^ n^qpipii^li^qpipii \ 3x6 V. G r(x) ] = 

k,q[p' ^^l^0,q[p" ^^hqp'p"l^hqp'p" I P") ^ r(x) ] | /q,,// =X G V] = 

/o,^[p' ^xv I lQ^q/p'=xeY]=lo^qV. Q.e.d. (Claim 8) 

Claim 9: wo/<?-h-^o)+«i+i'"o,?V. 

Proof of Claim 9: Since wo/q = ro,^//o,^ , this follows directly from Claim 7. Q.e.d. (Claim 9) 

By claims 8 and 9 it now suffices to show /o,^V — *-(o+„„+i^o,(?V, which again follows from 
Lemma 13.8 since R,X is (O-shallow confluent up to (ni + l)4-„«o by our induction hypothesis 
and since VxG V. jc/Jo,g— ^(o+„j+i-^V by Claim 7 and Corollary 2.14. 
Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Yl'-^HTOS (lo^q) with /o,^/p^V: 



* co+m+i.p 



> u 



(a+Mo+1,0 



V 



wo/q 



CO 



co+no+1 



V 
vi 



CO 



co+no 



V 



CO 



co+ni+l,n;\{p} 



-> o 



-> o 



o 



0)+ni+l 



co+ni+1 



co+ni 



CO+Ml 



co+no+1 



co+no 



V 

^ o 



Claim 10: p^^id. 

Proof of Claim 10: If /7 = 0, then OelTj, then ^elTi, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ G 5 (V, V) be a bijection with ^[l/ (((/i.^^, ri,^p),Ci,^p))] n 1^ (((/o,9,ro,^),Co,^)) = 0- 
Define Y:= ^['l^(((/i,,p,ri,^p),Ci,^p))] U '^^(((/o,„ro,,),Co,,)). 
Letpe5^«(V,'r(X))begivenby xp = ^ '^(((/o,„ro,,),Co,,))1 

By /l,9p^P = h,qp^^~^H\,qp = u/qp = h,qlUQ,q/p = k,qP / P = {k,q/ p)p 

let o :- mgu({(/i,^p^, kjp)}, Y) and cp e 5 « (V, T (X)) with y1 (a(p) = y1 p. 

Define u' := k,qm,q[P ^ fi,qplJi,qp]- We get 

U'^u/q[p' ^ h,qp'l^l,qp' I P'^^\\{P}][P ^ n,?pA^l,?p]^co+ni + l,n'i\M 

u/q[p' ^ri^qp>/ui^qp> I yen;]=wi/^. 
If /o,^[p ^i,^p^]<7 = rQ^qO, then the proof is finished due to 

wo/q = ro^qluo,q = ro,q(y<?=k,q[P ^ ri,qp^](y<?=u'-h^^+„^+i^n[\{p}Wi/q- 
Otherwise we have ( {lo,q[p ^ ri,^p^]o,Ci,^p^a, 1), (ro,^a,Co,ga, 1), /o,^a, p) G CP(R) (due 
to Claim 5); P7^0 (due to Claim 10); Ci^^p^ocp = Ci^qp/Ji^qp is fulfilled w.r.t. 
— >^+„^; Co,^0(p = Co,^^o,? is fulfilled w.r.t. — Since V5-< (ni+l)+„(no+l)- 
R, X is to-shallow confluent up to 5 (by our induction hypothesis) due to our assumed to-shallow 
closedness (matching the definition's no to our ni+l and its ni to our no+l) we have u' = 



hq[P ^ n,qp^]<^<?- 



co+no +1 



VI- 



(o+«o 



V2< — ai^o,q<39=^0,ql^O,q = wo/q for some VI, V2. We then 



have vi< — ^+^+iu'-h^^+„^+i^u[\{j,}Wi/q. By |n'i\{p}| ■< \n[\ ^ |ni|, due to our second in- 



duction level we get some v^ with vi 

induction hypothesis that — 

VI can be closed according to V2 
Q.e.d. ("The critical peak case") 



O- 



> V i ■< 
co+nj 1 



O- 



^eo+ni Strongly commutes over 

* * 
o > o 

co+nj 



<o+„o+iWi/?. Finally by our 
the peak at 



CO+ng 



Vi . 

to+«o 1 



Q.e.d. CV/^n,") 
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^elTi: If there is no p'q with qp'Q = po, then the proof is finished due to wo/q = u/q = 
h,q{Ji,q — ^(o+„j+i ri,q{Ji,q = w\/q. Otherwise, we can define p'^ by qp^ = pQ. We have two cases: 

"The second variable overlap case": 

There are x e V and p', p" such that l\^q/ p' =x /\ p'p" = p'q : 



CO+ni + 1,0 



wi/q 



co+no+l,Po 



WQ/q 



KqV 



co+ni+1 



= = CO+Mo + 1 

V 



Claim 11a: We have x/ui^q/ p" — Io^pq/jo^pq and may assume x E YgiG- 

Proof of Claim 11a: We have x/ui^q/ p" = h,qi^i^q/ p' p" = u/qp'p" = u/qp^ = u/po /o,poj"o,po • 
xeVc, then x/ii^^eT (cons,Vc), then x//i,^//7"eT(cons,Vc), then Zo,poi"0,po ^ (cons, V^), 
and then /o,po £ '2' (cons, VsigWVc) which we may assume not to be the case by Claim 5. 

Q.e.d. (Claim 11a) 

Claim 1 lb: We can define v e SU'B{Y,T (X)) by jcv=x//i,^[p" ro,po//o,po] VyG V\{x}. 
yy=yPLq- Then we have xpi^^ — ^ , jcv . 

Proof of Claim lib: This follows directly from Claim 11a. Q.e.d. (Claim 1 lb) 

Claim 12: wo/q — li^qV. 

Proof of Claim 12: By the left-linearity assumption of our lemma. Claim 5, and Claim 11a 
we may assume { p'" \ li^q/p'" =x} = {p'}. Thus, by Claim lib we get wo/q= 

w/^[Po^^O,poW,/5o] = 

'ym,q I h,q/p"' ^yeY][p'Q ^ ro^poHo,po] = 

I h,q/p"'^y&y ^y7^x][p' ^X^l^q][p'p" ^ro^PQHO,po] = 

■JV I h,q/p"'^yey Ayy^x][p' ^XMi,q[p" ^ro,PoHO,Po]] = 

■y^\h,q/p"'=yeY] = h,qV. 



Ill 



h,q[P 
h,q[p"' 
h,q[p"' 

h,q[P 



III 



Q.e.d. (Claim 12) 



Claim 13: n^qV'^^n^+iWi/q. 

Proof of Claim 13: Since r\^qii\^q = w\/q^ this follows directly from Claim lib. 

Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show /i^^v — ^<n+«i+i'"i,?'^» which 
again follows from Claim lib, Lemma 13.8 (matching its hq to our no+1 and its n\ to our n\), 
and our induction hypothesis that R,X is CO-shallow confluent up to (no+l)+co'^i- 
Q.e.d. ("The second variable overlap case") 
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"The second critical peak case": p'q e 'POS {h,q) A h,q/pQ ^ V: 



V 



(0+Mo+l,pd * 



co+no+1 



V 



'1^ ^ 

Wq/q > o 1] > o > o 

CO , , , tt>+«l 

CO+Ml+1 

Let ^ G ^'U!B(V, V) be abijection with ^['^(((/o,po''"o.A,),Co.po))] n '^^(((/i,^,ri,^),Ci,^)) = 0. 

Define Y:= ^['l^(((/o,po,ro,po),Co,po))] U a^(((/i,„ri,,),Ci,,)). 

Letpe J'y«(V,T(X))begivenby Jcp = j^^i'? if ^ ^ 'I^(((/i,^,ri,^),Ci,^))l 

By lo,pQ^p = lo,po^,^^^m,po = u/po = u/qp'Q = h^q^iJp'Q = h^qp/p'Q={h 

let o := mgu({(/o,po^' Y) and (p G 5 W« (V, T (X)) with y1 (atp) = y1 p. 

If /i,^[^Q ^ ro,p,)^]o = ri gO, then the proof is finished due to 

W0/q^h,qHl,q[P0 ^ ''0,pom,po]=h,q[Po ^ ro^p^,^]0(p = n^qOip = n^qPl^q = Wl / q. 

Otherwise we have ( ih,q[p'() ^ ro,po^]a,Co,po|a, 1), (ri,^a,Ci,^a, 1), h^qO, p'^) e CP(R) (due 
to Claim 5); Co,po^a(p = Co,poA'o,/5o is fulfilled w.r.t. — >„+„^^; Ci,^0(p Ci,^//i,^ is fulfilled 
w.r.t. — . Since V5^ {no+l)+^{n[ + l). R,X is co-shallow confluent up to 5 (by our induc- 
tion hypothesis) due to our assumed CO-shallow noisy weak parallel joinability (matching the 
definition's no to our no+l and its ni to our ni+1) we have wo/^ = /i,^A'i.<;/[Po ^ ''o,poMo,po] = 

Q.e.d. ("The second critical peak case") Q.e.d. (Lemma A.5) 

Proof of Lemma A.6 

Claim 0: R, X is to-shallow confluent up to to. 

Proof of Claim 0: Directly by the assumed strong commutation, cf. the proofs of the claims 2 and 
3 of the proof of Lemma A. 1 . Q.e.d. (Claim 0) 

Claim 1: If -^„o — ,^^^^o^^^^^^^^ strongly commutes over -^^+„^, then — and 
— ^a,+„o commuting. 

Proof of Claim 1 : o — >. o^U , ,^ and —^,,,„ are commuting by Lemma 3.3. Since 

by Lemma 2.12 we have — >^ C — — >^ . C , now — > and 

— ^a+riQ commuting, too. Q.e.d. (Claim 1) 



For no ^ «i ~< we are going to show by induction on no+^ni the following property: 

Wl 
co+no 




co+ni a)+(«i-^l) 
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Claim 2: Let 5 -< co+to. If 



Vno,ni -<(0. 



then 




WQ- 



(i)+n() 
O — 

(0 



O 



\/nQ,ni -<(i>. 



A 



^ — — K^j.„ ° — ,^ ,^ strongly commutes over — >,„ 
and R,X is co-shallow confluent up to 5. 

Proof of Claim 2: By induction on 5 in ~<. First we show the strong commutation. Assume 



no ^ ni ~< (0 with no+^ni ^5. By Lemma 3.3 it suffices to show that 



Assume u'' 



u 



strongly commutes over — ... 

diagram below). By the strong commutation assumed for our lemma, there are wo and 



co+ni <i)+(nj^l) 



Wq with 



with wo — >„W3 



a)+(ng 
O 



.l)Wo^ 



(fl+ng 



w 



wi- 



M. By the above property there are some W3, w\ 
- -■, ,,w', < — wi. Next we show that we can close the peak 
, , ,,W2 according to w', ,^w'',^^,^.„ W2 for some w^,. In case of 



1 (O+ng 

ni = this is possible due to the to-shallow confluence up to to given by Claim 0. Otherwise 

we have no+^{ni^l) -<no+^ni ^5 and due to our induction hypothesis (saying that R,X is to- 
shallow confluent up to all 5' ~< 5) this is possible again. By Claim again, we can close the peak 



Wn 



J. wo — >„W3 according to Wq- 



CO 3 



CO+(«g 



J. W3 for some W3. To close the whole 



diagram, we only have to show that we can close the peak w'^* 



(0+(ng^l 



W3- 



CO+nj 



according to w'y 



(0+(n]-l) 



Wj. In case of no = this is possible due 



to the strong commutation assumed for our lemma. Otherwise we have no—l-<no^ni and 
(no^l)+„ni ^no+^ni ^ 5, and then due to our induction hypothesis this is possible again. 



(0+«0 



CO 



0) 



-> u 



CO+ng 



wo 



to 

co+(ng^l) 







CO 



CO+«i 



W3 



V 



co+ni 
co+(ng--l) 

* 



CO 



o 



o 



-=> Wl 



C0+(. 
CO+ng 



W2 



co+(ni -=-!)' 



> w 



CO+«i 



o 



CO+ng 



co+(ni 



-If ^2 



CO+(ng--l) 



CO+(«i^l) 



V 
> o 



(0+«g' 



co+n 



Wl. 



Finally we show to-shallow confluence up to 5. Assume no+m"! S and wo* 
Due to symmetry in no and n\ we may assume noz^^i- Above we have shown that 

By Claim 1 we finally get 

Q.e.d. (Claim 2) 



wo- 



* 



to+nj 



O *r- 



ra+ng 



, , Strongly commutes over 

m+(ni-l) ° ■' 

Wl as desired. 



tO+ng • 
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Note that for no = our property follows from the strong commutation assumption of our lemma. 

The benefit of Claim 2 is twofold: First, it says that our lemma is valid if the above property 
holds for all no «i ^ Second, it strengthens the property when used as induction hypothesis. 
Thus (writing r,+1 instead of rij since we may assume O^noz^^l) it now suffices to show for 
riQ^ni ^(H that 



Wo* 



Wl 



together with our induction hypotheses that 

V5 (no+ 1 ) +0, ("1 + 1 ) • R) X is co-shallow confluent up to 5 

implies 



co+ni+l,pi 



* 



WO 



CO 



o 



(B+ni+1 



o 



co+ni 



* 

o 



co+no+1 



V 



Now for each / ^ 2 there are ((//,r/),Q) e R and //; e 5'U!B(V,T (X)) with m//?, = /;•//;, w; = 
u[pi^ nm], and Qm fulfilled w.r.t. — ^^+„.. 

Claim 5: We may assume V? -< 2. ^ T (cons, Vsig WV^ ) . 

Proof of Claim 5: In case of /(■€ (cons, VsigWVc) we get u — by Lemma 13.2 (matching 
both its // and V to our In case of "/ = 0" our property follows from the strong commutation 
assumption of our lemma. In case of "/= 1" our property follows from Claim 0. Q.e.d. (Claim 5) 



In case of poll Pi we have W(/pi_( = M[pi -s— r(/i/]/pi_i = M/pi_/ = /i_/jUi_/ and therefore 
Wi — ^a+„.+iu[pk <— rkfik I ^^2], i.e. our proof is finished. Thus, according to whether po is a 
prefix of pi or vice versa, we have the following two cases left: 
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There is some p\ with pop[ = pi and p[ ^ 

We have two cases: 

"The variable overlap case": 



There are e V and p' , p" such that lo/p' =x A p'p" = p\ 



km 



co+ni+l,yi 



Wl/PQ 



a)+no+l,0 



/ov 



wo/po 



rom 



to+ni+l 



co+no+1 



Claim 6: We have x/uq / p" = h/ui and may assume x e Vsig- 

Proof of Claim 6: We have x/iq / = hMo I p'p" = "/po p'p" = u/ pQp\ = u/ p\ = l\iJ.\. 

If xeVc, then xhq&T {com,Nc), then x/jq//'" £ "Z" (cons, V^), then 

/i/Ji G "T (cons, ) , and then /i e (cons, VsiqW ) which we may assume not to be the case 
by Claim 5. Q.e.d. (Claim 6) 

Claim 7: We can define v e SWBjN ,1 (X)) by jcv=jCjUo[p" ^ n^i] and VjG V\{jc}. jv^JjUq. 
Then we have j^^uq — >^+„^+yXV. 

Proof of Claim 7: This follows directly from Claim 6. Q.e.d. (Claim 7) 

Claim 8: IqV — w\/pq. 

Proof of Claim 8: By the left-linearity assumption of our lemma and claims 5 and 6 we may 
assume {p"' \ lo/p'" =x } = {p'}. Thus, by Claim 7 we get wi/po = w/po[Pi = 
lo[p"'^yiuo I lo/p"'=yey][p[^npi]^ 
k[p"' ^ ypo I lo/p"'=y eYAy^x][p'^ xiuo][p'p" ^ r,ii, ] = 
W" ^ I k/p'" ^ye\ Ay^x][p'^xnQ[p"^ ri^i ] ] = 
/o[y"^yv|/o//7'"=};eV] = /ov. 

Claim 9: wo/po- 



Q.e.d. (Claim 8) 



(B+nj +1 



roV. 



Proof of Claim 9: By the right-linearity assumption of our lemma and claims 5 and 6 we may 

assume |{ | r^/ p'" =x}\ Thus by Claim 7 we get: wq/ pQ = rQiJiQ = 



roiP 



^ yvo I ro/p 
^ y/uo I ro/p 
ro[p"' ^yv I ro/p 



III 



-ye\\{x}\\p'" ^x^o\ro/p"'=x 

--y^N\{x\\\f' ^xV\ro/p'"=x\ = 
y^y\{x\\\p"' ^xv I ro/ f =x\=ro\ 

By claims 8 and 9 it now suffices to show /qV 



/// . 
/// 



eo+«i+l 



Q.e.d. (Claim 9) 



roV, which again follows from 
Lemma 13.8 (matching its no to our ni+l and its n\ to our no) since R,X is quasi-normal 
and to-shallow confluent up to (ni-|-l)+„no by our induction hypothesis, and since Vye V. 



ym — ^co+ni+iJ^ by Claim 7. 



Q.e.d. ("The variable overlap case") 
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"The critical peak case": p\ e TOS (k) A lo/p[ ^ V: 



km 



V 



ro+ni+l,pj 



co+no+1,0 

wo/Po 



(O+no+1 



(0 



o 



(0+ni+l 



-> o 



co+ni 



* 

o 



V 



Let ^ e 5 « (V, V) be a bijection with ( ( (/i , ri ) , Ci ) )] n 1/ ( ( (/q, ro) , Co)) = 0. 
Define Y ■.= ^,[r{{ih,n),Ci))]U^{{{lo,ro),Co)). 

Letpe5^^(V,T(X))begivenby = {^J^^,^ If^^^^'"''"^'"'"^^} (^^^)- 

By /i^p = /i^^-Vi =w/Pi =w/PoPi = VoM =/oPM = (/oM)p 
leta:=mgu({(/i^,/oM)},Y) and cp G 5^/«(V,T (X)) withy! (o(p)=Ylp. 
If lo[Pi ^ ri^]a= roO, then the proof is finished due to 

wo/po = rofio = roO(p = lo[p[ ^ rl^,]o(p^lopo[p\ ^ ripi]=wi/ po. 
Otherwise we have ( {lo[p[ ^ ri^],Ci^, 1), (ro,Co, 1), /q, o, p[ ) G CP(R) (due to Claim 5); 
^j7^0 (due the global case assumption); Ci^acp = Cipi is fulfilled w.r.t. — ^^a+ni' ^oocp = 
Cq/jq is fulfilled w.r.t. — . Since V5 ^ (n i + 1 ) (no+ 1 ) . R, X is co-shallow confluent up to 5 
(by our induction hypothesis), due to our assumed to-shallow noisy anti-closedness (match- 
ing the definition's no to our ni+l and its ni to hq+I) we have wi/ po = loiiio[p[ ri//i] = 

k[p'i ^ n^]cT(p-^„+„^^^, o^^^„^o^^^^^^^o^^roO(p=ro^o = wo/^o• 
Q.e.d. ("The critical peak case") Q.e.d. ("There is some p[ with pop[ = pi and 7^0 ") 
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There is some p'q with piPQ = po : 

We have two cases: 

"The second variable overiap case": 



There are jc e V and p', p" such that li/p' =x A p'p" = p'q. 



to+ni+1,0 



Wl/Pl 



a)+no+l,Po 



Wo/ Pi 



to+no+1 



co+ni+1 



riV 



Claim 11a: We have x/ui / p" — Iq/jq and may assume xgVsig- 

Proof of Claim 11a: We have xfjix/ p" = hn\/ p' p" = u/ p\p' p" = u/ p\p'q = u/ pQ = Iqim) ■ 

If xeWci then x^ui G T (cons, V^), then x^i/p" G "T (cons, V^), then 

/o/Jo G "T (cons, ) , and then /q G (cons, VsiqW ) which we may assume not to be the case 



Q.e.d. (Claim 11a) 
and VjgV\{a:}. jv = 

Q.e.d. (Claim lib) 



by Claim 5. 

Claim 1 lb: We can define V e SU'B{Y,T (X)) by xV^xiJi[p" ^ ro^o] 
y/Ji. Then we have x/ui — >^+„^+iXV. 
Proof of Claim lib: This follows directly from Claim 11a. 

Claim 12: wo/pi=liV. 
Proof of Claim 12: 

By the left-linearity assumption of our lemma and claims 5 and 11a we may assume { p'" \ 
h/ p'" =x } = {p'}. Thus, by Claim 1 lb we get wo/pi = m/pi[po ro//o] = 

h[p"'^yiJl I h/p"'=yeY][p'Q ^ roiuo] = 

h [p'" ^yiuil h/p"'=y EY Ay^x][p'^xiui] [p'p" ^ rom ] = 

h [p'" ^ yv I h/p"'=yeY A y^x] [p' ^ [p" ^ ro//o] ] = 

li[p"' ^y\ \li/p"'=yeY]=hv. Q.e.d. (Claim 12) 

Claim 13: riV^<o+„o+i^i/Pi- 

Proof of Claim 13: Since rifii=wi/pi, this follows directly from Claim 1 lb. Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show l[V — ^(o+„j+i'"iV, which again 
follows from Claim 1 lb, Lemma 13.8 (matching its no to our no+l and its ni to our ni), and our 
induction hypothesis that R, X is (O-shallow confluent up to {no+ 1 ) +^^1- 
Q.e.d. ("The second variable overlap case") 
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"The second critical peak case": p'q e 'POS (h) A /i/pg ^ V: 



hui ri: > wi/pi 



V 



co+no+l,Po 



co+no+1 



V 



Wq/pi > o > o > o 

(0 (0+ni+l co+wi 

Let ^ e 5 « (V, V) be a bijection with ^[l/ ( ( (/q, ro) , Co))] n 1^ ( ( (/i , ri ) , Ci ) ) = 0. 
Define Y:= ^[l/(((/o,ro),Co))] U 'I^(((/i,ri),Ci)). 

Letpe5'y«(V,T(X))begivenby = if ^ (^.^y) 



xh, /vo else 

By /o^p = /o^^" Vo = m/po = u/pip'q = km /p'q = hp /p'q = (h /Pq) P 

let a := mgu({(/o^, Ii/p'q)},Y) and cp G 5 (V, T (X)) with y1 (ocp) = y1 p. 

If Ii[p'q<^ ro^]a= ria, then the proof is finished due to 

WQ/pi = lm[Po^ ropo ] = /i [^0 ^ ro^ ]o(p = n acp = ri^ui = /pi . 
Otherwise we have ( (/i[^o ^ ro^],Co^, 1), (ri,Ci, 1), /i, o, p'q) G CP(R) (due to Claim 5); 
Co^ocp = Co^c/o is fulfilled w.r.t. — ^^ta+ng; CiO(p = Ci^i is fulfilled w.r.t. — ^a+n^- Since 
V6 -< (ro+ 1 ) +0) 1 + ^ ) • ^ to-shallow confluent up to 5 (by our induction hypothesis) due to 
our assumed to-shallow noisy strong joinability (matching the definition's no to our no+l and its 
ni to our m+l) we have wo/pi =/i//i[po ^ ^o/^o] =/i[Po ^ ^O^]<y9-^co0^a.+„i+i°-^co+«i ° 

Q.e.d. ("The second critical peak case") Q.e.d. (Lemma A.6) 

Proof of Lemma A.7 For each literal L in C we have to show that Lv is fulfilled w.r.t. — ^ • 

Note that we already know that L/j is fulfilled w.r.t. — ^Rxeo+ni- '^'(C')CVc, then for all x 

in 'P'iC) we have ;c/jG "T (cons, V,;) and then by Lemma 2.10 xp^-^^^^_^_Qyp. Thus, by the 
disjunctive assumption of our lemma we may assume noz<ni. 

(50=^1 ): We have 5oV^R_x.co+«o^oA'^R,x,co+ni^o^R,x.co+„i^iA'^R.x,»+„o*i^ for some fo- By 
our (0- level confluence up to «i and no^^b we get some v with ^qV— ^jjxo,+„jV<-^^xeo+n/o 
and then (due to v^j, x,o>+„i *iA'^R,x,a,+„o^i^) ^-^R,x,a,+„i ° ^r,x,co+„i 
L = (Def*): We know the existence of ? G (^T (cons) with 5'V^^^j^^_^^^5//— ^j^xm+n/- 
to-level confluence up to Ri and no^ni, there is some with ^—^^x<o+nj'''^RXa+ni^- 
Lemma 2. 10 we get t' EQT (cons) . 

L={sQ^si): There exist some ?o,?i G (cons) with V«^2. '^;V^^x,(o+„o'^''"~^R,x,(o+n/' ^i^^ 
^oiR,x,a>+«/i- Just like above we get G ^T(cons) with Vj^2. ^iV^^^^^^^^/^^x.co+^/^- 
Finally ?^^R,x,co+«i ^oiR,x,co+„i ^1 ^R.x.co+„i 4 impUes t'^i^^ ^^^^ 4 • Q.e.d. (Lemma A.7) 
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Proof of Lemma A.8 

Claim 0: R, X is to-shallow confluent up to CO. 

Proof of Claim 0: Directly by the assumed strong commutation, cf. the proofs of the claims 2 and 
3 of the proof of Lemma A. 1 . Q.e.d. (Claim 0) 

Claim 1: If ^^o^„+„o^^ strongly commutes over then — ^„^„ and — are 

commuting. 

Proof of Claim 1 : -—^u,°~^o^+"°~~^(s, ~^(o+n commuting by Lemma 3.3. Since by 
Corollary 2.14 and Lemma 2.12 we have — ^„^„ C -l^^o^^„+„o-^^ C ^„+„, now — 
and — are commuting, too. Q.e.d. (Claim 1) 

For n ^ to we are going to show by induction on n the following property: 

u H > Wl 

CO+n 




(0+n 



Claim 2: Let 5 ^ CO. If Vn^5. Vwo,wi,m. 



Wo 

wo 



(B+n 
O 

CO 



o ; 



then 



strongly commutes over 



(O+n 



and R,X is co-level confluent 



up to 5. 

Proof of Claim 2: First we show the strong commutation. Assume n:<8. By Lemma 3.3 
it suffices to show that 



u 



es+n 



U 



_ „o — >^ strongly commutes over — >^^^. Assume 
^W2 (cf. diagram below). By the strong commutation assumed 



for our lemma and Corollary 2.14, there are wq and Wq with m" 
above property there are some W3, w\ with wq — ^a^3-^a>+n°- 
we can close the peak w[^^^^wi^^^W2 according to Wj- 



to+„M. By the 
a,+„wi. By Claim 



(B+n 



W2 for some w'2. 



By Claim again, we can close the peak w'q^ 



according to Wq- 



,^3 



for some w'^. To close the whole diagram, we only have to show that we can close the peak 
^H'3-H->(o+„o^->^W2 according to W2-»-^a,+n°—^a° "^a^i^ which is possible due to the 



strong commutation assumed for our lemma. 



CO+M 



CO 



0) 



-> u 



Wo 



0) 



Wo 



co+n 

* 



CO 



CO 



W3 



00 



W3 



co+n 



co+n 



oo+n 



o 



-> o 



CO 



Wl 



V 
w'. 



co+n 



CO 



CO 



CO 



-> W2 



V 

* 



co+n 



CO 



V 

o 
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Finally we show to-level confluence up to 5. Assume no,ni -< CO with max{no,ni}:<5 and 
WQ<r-^,^^ wi. By Lemma 2.12 we get wo<-^ , , ,m— ^ , , iWi. Since 

max{no, "i} ^ 5, above we have shown that ^->(oO-H->(a+max{no,«i}°~^to strongly commutes over 
— ^ r T By Claim 1 we finally get wq^-^ , , , r ,wi as desired. 

Q.e.d. (Claim 2) 



Note that for /i = our property follows from <-h-(o C < — ^ (by Corollary 2.14) and Claim 0. 

The benefit of Claim 2 is twofold: First, it says that our lemma is valid if the above property 
holds for all n ^ oo. Second, it strengthens the property when used as induction hypothesis. Thus 
(writing n+ 1 instead of n since we may assume ^ n) it now suffices to show forn -< CO that 

1^0 ^^^~a)+«+ 1 ,no W ~H— >'u)+„+ 1 ^ 1 

together with our induction hypotheses that 

R, X is co-level confluent up to n 

implies 



Wq- 



(O+n+P 



(O+Jlj+l 



Wl. 



co+M+i,ni 



v 
wo 



to+n+l,no 
* 



CO 



o 



o 



(O+n+l 



CO 



* 

o 



co+n+1 



W.l.o.g. let the positions of II; be maximal in the sense that for any p e n, and S C 

'POS (M)n(/7N+) we do not have M-H->(B+„+i,(n;\{p})usW/ anymore. Then for each / -< 2 and p e IT, 
there are ((/;-p,r,,p),Q,p) G R and /j^^p e S 'UCB{Y,T (X)) with u/p = lipHi^p, ri^pmp = Wi/p, 
Q,pMi,p fulfilled w.r.t. — Finally, for each / -< 2: = u[p ^ ri^pHi,p | P e IT,- ] . 
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Claim 5: We may assume V/ -<2.ype IT/, li^p ^ T (cons, VsigWVc ) . 

Proof of Claim 5: Define := {peUj \ Z/peT (conSjVsioWV^) } and u^ := 
u[p <— ri^p/ji^p I peIli\Ei]. If we have succeeded with our proof under the assumption of 



Claim 5, then we have shown Uq — ^aVo-»-^a,+n+i° — ^^^i^ — a+n+i^'i some vq, vi (cf. 
diagram below). By Lemma 13.2 (matching both its p and v to our /j, p) we get V/ -<2.\/pE S,-. 

h,pMi,p — '^ri,pl^i,p and therefore Vz ^2. m^-h-^^.e.w,. Thus from w 



^wi we get 



vr 



<>)+«()+ 1 



wi for some V2 by (O-shallow confluence up to co (cf. Claim 0). For the same 



reason we can close the peak wo< 
the assumption of our lemma that -h-^.x,(b+«i+i< 



according to wq- 



^vq for some Vq. By 



R.X.O) 



strongly commutes over — from 



0^0 



(O+ni + l 



o^„vi^^„V2 we can finally conclude Vg-H-^oj+ni+iO— ^„ o ■ 



V 
"0 



V 

wo 



a)+n+l,ni\Ei 
(B+«+l,no\Eo 



0) 

CO, So 

* 



CO 



V 



to 



Vq 



co+n+1 



-> o 



co+n+1 



CO 



CO,£,i 

co+n+1 



V 
VI 



CO 



CO 



to+n+1 



CO 



V 

o 



Q.e.d. (Claim 5) 



Define the set of inner overlapping positions by 

^{Uo,Ui) -.^[JipeUi.il 3qeUi.3q'eN\p^qq'}, 

i-a 

and the length of a term by 'k{f{to, . . . ,?m-i)) := 1 +Ly•-<m^(0')• 
Now we start a second level of induction on ^ Xiu/p) in 

p'en(no,ni) 

Define the set of top positions by 

0:= { pGDoUni I ^3^GnoUni. 3q' e'^^.p = qq' }. 
Since the prefix ordering is wellfounded we have 'ii-<2.\/pEYli.3qE@.3q' . p = 
qq'. Then V/-<2. w/ = ^ W;/^ | qe@]^u[p ^ n^ppi^p \ peYli\[q<^Wi/q \ ^e0] = 
Wi/q I 0]. Thus, it now suffices to show for all ^ e 

because then we have 

wo = u[q^WQ/q I qe@]^^o^^„+,o^^o^^_^^_^^u[q^Wi/q \ qe&]=w\. 

Therefore we are left with the following two cases for ^ e 0: 
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q^Hi: Then ^ G ITo. Define Il[:={ p \ qpElli}. We have two cases: 



"The variable overlap (if any) case": Vp e Il^n^OS {lo,q) ■ k,q/p e V: 



wi/q 



co+n+1,0 



wo/q 



k,q^ 
co+n+1 

V 
rO,qV 



oo+n+l 



Define a function T on V by (xG V): r(x) := { {p',p") \ h,q/p' =x A p'p" e n'^ }. 
Claim 7: There is some V e SU'S{Y,T (X)) with 

^ ■ V A Vyedom(r(jc)).j;v=x//o,9[y ^n,9py'i"i,9P'p" I {p',p")^Hx)] 
Proof of Claim 7: 

In case of dom(r(;c)) = we define jcv:=x//o,^- If there is some such that dom(r(x)) = 
{p'} we define xv ■.= xiiio^q[p" ^ riqp>p»iJigp>p» \ {p' ,p") er{x)]. This is appropriate since due 

to y{p',p")er{x). XHQ^q/ p" = lQ^qHQ^q/ p' p" = U/ qp' p" = ll^qp> piijAl^qpi pif WC haVC 



XHQ,q=XIUQ^q[p" ^ ll^qpipnlJiqp,p„ \ ^ r(jc) ] -H-^oi+n+l 

XHQ,q[p" ^ ri^qp'pfffll^qpfpff \ {p' , p") er{x)] =XV . 

Finally, in case of |dom(r(jc)) | >- 1, /o,^ is not linear in x. By the conditions of our lemma and 
Claim 5 this implies xG V^. Since there is some {p',p") e r(x) with x^o,?/p" = ^i,5P'p"j"i,5P'p" 
this implies /i,^py//i,^p'p" £ T (cons, V^) and then / 1 ^^py / e T (cons, VsigWV^) which contra- 
dicts Claim 5. Q.e.d. (Claim 7) 

Claim 8: lo.qV = wi/q. 
Proof of Claim 8: 



By Claim 7 we get wi/ q^u/ q[p' p" ^ n^qp>pniui qp,p» | 3x6 V. {p',p")eT{x) ] = 

hq[p' ^XHQ^q I lo,q/ p' =XeY][p'p" ^ ri^qp>p»IXl^qpy' \ 3xeY. [p' , p") er{x)]^ 
k,q[p' ^ ^/^0,q[P" ^ ri,qp'p"Pl,qp>p" I {p' , P") ^^x)] \ loJp'=xeY] = 

lo,q[p' ^xv I lQq/p'=xeV]=lo^qV. Q.c.d. (Claim 8) 

Claim 9: wo/^-H-^a)+«+i'"o,^V. 

Proof of Claim 9: Since wo/^ = ro,^//o,^5 this follows directly from Claim 7. Q.e.d. (Claim 9) 

By claims 8 and 9 it now suffices to show /o,^V — ^to+n+i^o,^V, which again follows from 
Lemma A. 7 (matching its no to our n+l and its ni to our n) since R,X is co-level confluent 
up to n by our induction hypothesis and since Vxe V. x//o,?— — >^to+„+i^V by Claim 7 and Corol- 
lary 2.14. 

Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Il\r\TOS {lo,q) with /q,^/ p^Y: 



V 



wo/q 




co+n+1,0 



(O+n+l 



Let p e 5 "U® (V, T (X)) be given by xp 



Claim 10: p^id. 

Proof of Claim 10: If /7 = 0, then OelT'^, then ^elTi, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ e 5 WS (V, V) be a bijection with ^['U {{{h,,^p, ri,gp),Ci,^p))] n (((/q,^, ro,^),Co,^)) = 0. 
Define Y:=^['l^(((/i,,p,ri,^p),Ci,,p))]U']/a(^,^,'-o,,),Co,,)). 

Vo,<? if^ e '^^(((/o,9,'-o,^),Co,^))l . 
,4"Vi,gp else J 

By h,qp^P = h ,qp^^~ Vl,9P = u/qp = k,ql^O,q/ P = k,qp/ P = {hj p)p 

leta :- mgu({(/i,^p^,/oVp)},Y) and (p e 5'y!B(V,'r (X)) withy! (a(p) = Ylp. 

Define m' := k,qHQ,q[p ^ n^qp/Ji^qp]. We get 

U'^u/q[p' ^ h,qp'l^\,qp' I P'^^\\{P}][P ^ n^qpl^l^qp]^^+n+l,n\\{p} 

u/q[p' ^ n,qp'H\,qp' I e n; ] = wi/q. 

If ^.^[p ^ n,^p^]<3 = ^o,?C7) then the proof is finished due to 

wo/ q = ro,qlJQ,q = rQ^qCi(Sf=lQ^q[p ^ n^qp^]Ci(Sf=u' ^^+„+^^u\\{p}W\ / q. 

Otherwise we have ( {lQ,q[p ^ ri,^p^]a,Ci,gp^o, 1), (ro,<^a, Co,^a, 1), k,qO,p) G CP(R) (due 
to Claim 5); /?7^0 (due to Claim 10); Ci^^p^ocp = Ci^qpiJ\,qp is fulfilled w.r.t. — 
Co,^0(p = Co^q/UQ^q is fulfilled w.r.t. — Since R,X is (O-level confluent up to n (by 
our induction hypothesis) and co-shallow confluent up to CO (by Claim 0) due to our as- 
sumed to-level parallel closedness (matching the deflnition's n to our n+l) we have u' = 

^[P^ ^i,9P^]^9-n-^co+«+iVi^„V2^„ro,ga(p=ro,^jUo,g = M^o/? for some vi, V2. We then 
have vi^„+„+i,n"M'^a>+«+i,n'i\{p}Wi/^ for some n". By Ku / p") ^ 

p"en(n",n;\{p}) 

E Ku'/p") = Ku/qp") -< 

P"€n'i\{p} P"€n'i\{p} 

^ X{u/qp") = ^ X{u/p') = ^ X{u/p') :< ^ X{u/p'), due to our 
P"€n'i p'e^n'i p'€n({^},ni) p'eQ(no,ni) 



second induction level we get some v[, V3 with vi- 
Claim we can close the peak at vi according to V2 
assumption of our lemma that -f^^ x. 



0^3 



(B'O " to+n+l 

* 

V4^ 



to+n+l 



(0 



V3 can be closed according to V4 
Q.e.d. ("The critical peak case") 



(O+nj+l 



R,X,(0 



wi/q. By 
V3 for some V4. Finally by the 
the peak at 



strongly commutes over 



-0.^1- 



Q.e.d. ("^^ni") 
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^ e 111 : Define ITq := { p | qpeHo}. We have two cases: 

"The second variable overlap (if any) case": Vp e 11^0^03 {h,q)- h,q/p e V: 



= = tO+n+1 
V 

Wo/'? ^=^= h oV ; > r\ aV 



V 



Define a function T on V by (A;e V): Y{x) := { {p',p") \ hjp'=x A p' p" e n^, }. 
Claim 11: There is some V G 5 (V, T (X)) with 

g Y ( •^^^~'^~£0+;i+l-'''A'l,i3' 

^ ■ V A V/edom(r(x)).x^i,^[/'^ro,^py/;Uo,^py/ | {p\p") eT{x)]^x\ 
Proof of Claim 11: 

In case of dom(r(x)) = we define xN :=x/Ji,q. If there is some p' such that dom(r(jc)) = 
{p'} we define xv : = xn\^q[p" ^ rQ^qpipupQqpipH \ {p' ,p") eT{x)]. This is appropriate since due 

to \/{p' ,p")eT{x). Xpi^q/p^' = ll^qlAl^q/p'p" = u/qp'p'' = lQ^qpfp„PQ^qp,p„ WC haVC 
XMl,q^Xpi,q[p" ^ ^0,qp'p"f^O,qp'p" I {p' , p") er{x)]^^+„+i 

m,q[p" ^^o,qp'p"i^o,qp^p" I (p' , p") er{x)] =XV . 

Finally, in case of |dom(r(x))| :^ 1, /i,^ is not linear in x. By the conditions of our lemma and 
Claim 5 this implies xEYc- Since there is some {p',p") E r{x) with xfii^q/ p" = loqp'p"ijQqpipff 
this implies lo,qp'p"Mo,qp'p" ^ (cons, ) and then lo^qp'p" £ T (cons, VsigWV;; ) which contra- 
dicts Claim 5. ' ' ' Q.e.d. (Claim 11) 

Claim 12: wo/q = li^qV. 
Proof of Claim 12: 

By Claim 11 we get wo/q = u/q[p'p" ^ rQ^qp'p"l^o,qp'p" | 3xe V. (p' ,p") er{x)] = 

h,q[p' ^X/Jl^q I h,q/p' = XeY][p'p" ^ r^^qp' p" HQ,qp' p" \ 3jCGV. {p' ^ p") eT{x)] = 
h,q[p' ^ XfUl^q[p" ^ ro^qp^pf'lUQ^qpfpff \ {p' , p") er{x)] \ h^q/ p' =X EY] = 

h,q[p' ^xv \h,q/p'=xeY]^h,qV. Q.c.d. (Claim 12) 

Claim 13: n^qV^^^+„+iWi/q. 

Proof of Claim 13: Since ri qiA\ q = Wi/q, this follows directly from Claim 1 1 . Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show h^qV — >(a+„+i?"i,^V, which again 
follows from Lemma A.7 (matching its no to our n+l and its n\ to our n) since R,X is to-level 
confluent up to n by our induction hypothesis and since VxG V. xm^q — >^j^„+ixy by Claim 11 
and Corollary 2.14. 

Q.e.d. ("The second variable overlap (if any) case") 
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"The second critical peak case": There is some p e nQpiiPO^ {h,q) with li^q/ p ^ V: 



C0+M+1,P 



to+n+1,0 



W\/q 



to+n+1 



VI 



co+n+1 



V 



wo/q 



(n+n+l,n()\{p} 
* 



(0 



CO 



o 



o 



(O+n+l 



(0 



V 



co+n+1 



(B+n+1 



CO 



V 

o 



Let ^ e 5 U-B (V, V) be a bijection with ^['J^(((/o,^p, ro,^p),Co,^p))] n 1^ (((/i,^, ri,^),Ci,^)) = 0. 
Define Y:= ^[l/(((/o,,p,ro,,p),Co,,p))] U'J^(((/l,„ri,,),Ci,,)). 

if^e l^(((/i,^,ri,^),Ci,^)) 



Let p e 5 'U® (V, T (X)) be given by xp 



x^ Vo,«pelse 



(xeV). 



By /0,?p^P = k,qp^k'' ^m,qp = u/qp = h ,q^l],,q/p = h,qP/p={h ,q/p) P 

let a := mgu({(/o,gp^, /i,^/;?)}, Y) and cp e 5 ^/(S (V, T (X)) with y1 (ocp) = yIP- 
Define u' := ^ ro^qpMO,qp]- We get 

wq/ q = u/ q[p' ^ rQ^qpfHQ^qp> \ / Gn^]^„+„+i,n(,\M 

^ h,qp>HQ,qp' I /en(,\{/?}][p ^ ro^qplJQ,qp] ="'• 

If <— ro,^p^]a = ri,^a, then the proof is finished due to 

Wo/?^co+«+Ln(,\MM' = ^l,?[;? ^ '•0,^p^]<7(p = n,?<'9 = '"l,?A'l,<? = >^'l/?- 
Otherwise we have ( {li^q[p ^ ro,^p^]o,Co,^p^o, 1), (ri,^o,Ci,^o, 1), h,q<3,p) e CP(R) (due 



to Claim 5); C^^p^acp = Co^qp^io,qp is fulfilled w.r.t. 



Ci,^o(p = Ci,^//i,5 is fulfilled 



w.r.t. — Since R,X is (O-level confluent up to n (by our induction hypothesis) and co- 
shallow confluent up to (0 (by Claim 0) due to our assumed co-level parallel joinability (match- 
ing the definition's n to our n+l) we have u' = h^q[p ^ ro,^p^]a(p-H-^a,+„+iVi^„V2^„+„+i 
ri,qO(^^n^q/ui^q^wi/q for somc vi, V2. We then have H'o/<?^+t-a,+„+i,n^\{p}w'-n-^(o+«+i.n"Vi for 

somen". Since £ Hu/p") ^ £ Hu/p") = £ Hu/qp") ^ 

p"€a{%\{p},n") p"Gn[,\{p} p"^%\{p} 

£ X{u/qp") = £ liu/p') = £ l{u/p') ^ £ due to our 

p"en'o p'eqn'a p'ea{UQ,{q}) p'ef2(no,ni) 

second induction level we get some Vj with wq/*?— ^(^o-tt-4^_|_„^iO— %^Vj^^j^_^^_^jVi. Finally the 
peak at vi can be closed according to v^— o <-^j^_^„_^jV2 by Claim 0. 

Q.e.d. ("The second critical peak case") Q.e.d. (Lemma A.8) 
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Proof of Lemma A.9 

Claim 0: R, X is to-shallow confluent up to to. 

Proof of Claim 0: Directly by the assumed strong commutation, cf. the proofs of the claims 2 and 
3 of the proof of Lemma A. 1 . Q.e.d. (Claim 0) 



Claim 1: If — 
commuting. 
Proof of Claim 1 : 



strongly commutes over 



then 



and 



are 



and 



Corollary 2.14 and Lemma 2.12 we have 
and — ^^.^ are commuting, too. 



are commuting by Lemma 3.3. Since by 

WnO-^co ^ now 

Q.e.d. (Claim 1) 



For n ^ to we are going to show by induction on n the following property: 




(O+n 



eo+n 



Wl. 



(B+n 



Claim 2: Let 5 ^ to. If Vn^6. Vwo,wi,m. 



Wo* 



o > o < 



then 



Vn^6. ^(o°~^^^o)+n°'~^a) strongly commutes over — ^„+„ j , and R,X is to-level confluent 
up to 5. 

Proof of Claim 2: First we show the strong commutation. Assume n^8. By Lemma 3.3 
it suffices to show that —^^o-H-^g^„o—^^ strongly commutes over — >^_^_^. Assume 
u"< — ((,+„«'— —>(a"~n~^to+n>vi—^^H'2 (cf. diagram below). By the strong commutation assumed 
for our lemma, there are wq and Wq with u" 
are some W3, w[ with wq^-^^ws 



f«^i— ^00^2 according to w\- 



,1 



0) 1 



— co^o*— (n+«"- By the above property there 
-(o+„>vi . By Claim we can close the peak 
,,W2 for some Wj. By Claim again, we 



can close the peak w'q< 



according to w'q- 



for some w'^. To close 



the whole diagram, we only have to show that we can close the peak w'^< — a^'i^^a+n° — ^,0^2 
according to w'-^^^^o^ri-^y^^o^-^^ o which is possible since it is assumed for our lemma 

(below the strong commutation assumption). 



CO 



u 



co+n 



V 

wo 



to 



CO 



V 

Wq 



CO 



CO 



W3 



CO 



V 

W3 



(O+n 



co+n 



00 



-> o 



CO 



o+n 



V 
Wj 



-> o 



CO 



CO 



CO 



-> W2 



(B+n 



V 
w'2 



CO 



V 

-> o 
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Finally we show to-level confluence up to 5. Assume no,ni -< CO with max{no,'^i} and 
WQ'<r^,^^ wi. By Lemma 2.12 we get wo<-^ , , ,u^^ , , ,wi. Since 

" co+ng eo+«i i -' o u (i)+max{n(),n[ } (0+max{no,nj } 

max{no,«i}^8, above we have shown that ^^„o-H->o)+max{n().ni}0— strongly commutes over 
— ^ , r By Claim 1 we finally get wo , r 1°^-— , , ,wi as desired. 

Q.e.d. (Claim 2) 



Note that for n = our property follows from Corollary 2.14 and Claim 0. 

The benefit of Claim 2 is twofold: First, it says that our lemma is valid if the above property 
holds for all n ^ to. Second, it strengthens the property when used as induction hypothesis. Thus 
(writing n+l instead of n since we may assume -< n) it now suffices to show for n -< to that 

together with our induction hypotheses that 

R, X is to-level confluent up to n 

implies 



WQ- 



a°~H~^to+n+l°" 



to+n+1 



Wl. 



u 



WQ 



co+n+l,po 
* 



co+ni+l,ni 



CO 



-> o 



-> o 



CO+M+1 



CO 



-> Wl 



* 
o 



co+n+1 



V 



There are ((/o,po,^o,po)'<^o,po) ^ R and /io,po ^ 5^Z!B(V,T(X)) with m//7=/o,po/^o,po> <^o,po/^o,po 
fulfilled w.r.t. — >^^„, and wo = u[p ^ ro,po//o,po ] • 

W.l.o.g. let the positions of 111 be maximal in the sense that for any p E TLi and S C 

TOS{u)r\{pN^) we do not have M-H->(o+„+i,(ni\M)uE>^i anymore. Then for each p Elli there 
are ri,p),Ci,p) G R and pi^p E S WBiY.T (X)) with u/p = h^pHi^p, ri^piui^p = wi/ p, 

Ci,p/Ji,p fulfilled w.r.t. — Finally, wi^u[p ^ n^p/ji^p {pEUi]. 
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Claim 5: 

We may assume Ig^p^ {cons,YsiG^^c) VpGlTi. /i^p^T(cons, VsigWVc). 
Proof of Claim 5: In case of /o,p,) G (cons, VsigWV^;) we get wq< — by Lemma 13.2 
(matching both its fj and v to our /Jo.po) ^hen our property follows from the assump- 
tion of our lemma (below the strong commutation assumption). For the second restriction 
define Si := {peUi \ /i,pGT(cons,VsiGWVc) } and u\ := u[p ^ n^p/ui^p \pEUi\Zi]. If 
we have succeeded with our proof under the assumption of Claim 5, then we have shown 
o — >^vi< — for some vi (cf. diagram below). By Lemma 13.2 (match- 
ing both its // and V to our /iip) we get VpeSi. /i p/ii^p — ^e}^i,pMi,p and therefore u[-»-^a,s.iWi. 



Thus from v 



(0+no+l"r 



we get VI- 



fluence up to CO (cf. Claim 0). 



CO+ng+l 



wi for some V2 by co-shallow con- 



u 



V 
wo 



to+n+l,po 
* 



CO 



a)+n+l,ni\Si 



-> o 



-> o 



ro+n+1 



CO 



-> u 
* 



1 H — > wi 

CO, Si 

co+n+l * co+n+1 



Y 

-> VI 



CO 



V 



Q.e.d. (Claim 5) 



Now we start a second level of induction on |ni | in ^ . 

Define the set of top positions by 

&:^{pE{po}UUi I -n3qE{po}uni.3q'eN+.p = qq'}. 
Since the prefix ordering is wellfounded we have VpG {polUlli. 3qE&. p = qq' . It 

now suffices to show for all G 

because then we have WQ = WQ[q ^ wq/ q\ qE@]=u[pQ ^ rQ^PQldQ^p^^][q WQ/q\ qE®] = 
u[q^Wo/q I ^G0]^„o^„+„+iO-^^o^^^^^jM[^^ Wl/^ | qe@] = 
u[p^ri,p^l^p I peYli][q^wi/q \ qe@]=Wi[q ^ Wi/ q \ qE@]^Wi. 

Therefore we are left with the following two cases for ^ G 0: 
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q^Hi: Then q = po. Define Ilj := { p \ qpElli}. We have two cases: 
"The variable overlap (if any) case": Vp e Yl'^n^POS {k,q)- k,q/p& V: 

h,ql^O,q H > Wl/q 

co+n+l,nj 

CO+n+1,0 iQ^qV 

CO+M+1 

wo/q = ro,qHQ,q [] > ro^qV 

(0+n+l 

Define a function T on V by (xG V): r(x) := { | lo^q/p'=x A p'p" e n'^ }. 

Claim 7: There is some V eSWBiy.l (X)) with 

^ ■ V A Vp' e dom(r(j:)). =x/io,? [p" ^ n,qp'p"i^i,qp>p" I e r(jc) ] 

Proof of Claim 7: 

In case of dom(r(;c)) =0 we define jcv := x^uq,^. If there is some p' such that dom(r(x)) = 
{p'} we define jcv := x//o,9[p" ^ fi,qp'p"Mi,qp'p" I ip'iP") ^ r(x) ] . This is appropriate since due 

to V(/7',/7") er(x). XHQ^q/ p" = lQ^qHQ^q/ p' p" = U/ qp' p" = h^qpi piilJl,qp> pu WC haVC 
XMO,q=XIJO,q[p" ^ h,qp'p"IJl,qp'p" \ , ^ r(x) ] -H-^a,+„+l 
-«A'0,</[/?" ^ ri^qp^p^/Ul^qp'pn I er(x)] =XV. 

Finally, in case of |dom(r(jc))| >- 1, /q,? is not linear inx. By the conditions of our lemma and 
Claim 5 this implies xG V^. Since there is some {p',p") G r(x) with x//o,?/p" = ^i,9pVj"i,9py 
this implies /i,^py//i,^py £ T (cons, V^c) and then /i^^^y/ e T (cons, VsigWVc) which contra- 
dicts Claim 5. Q.e.d. (Claim 7) 

Claim 8: lo.qV = wi/q. 
Proof of Claim 8: 

By Claim 7 we get wi/q^u/q[p'p" ^ ri^qp>pniiiqp,p„ \ 3xG V. {p\p") eT{x)]^ 

k,q[p' ^WQ,q I h,q/ P' =xey][p' p" ^ n^qpipii^li^qpipii \ 3x6 V. er(x)] = 

k,q[p' ^^l^0,q[p" ^^hqp'p"l^hqp'p" I P") ^ r(x) ] | /q,,// =X G V] = 

/o,^[p' ^xv I lQ^q/p'=xeY]=lo^qV. Q.e.d. (Claim 8) 

Claim 9: wo/<?-h-^o)+«+i^o,^V. 

Proof of Claim 9: Since wo/q = ro,^//o,^ , this follows directly from Claim 7. Q.e.d. (Claim 9) 

By claims 8 and 9 it now suffices to show /o,^V — ^a+n+i''o.q^i which again follows from 
Lemma A. 7 (matching its no to our n+l and its ni to our n) since R,X is (O-level confluent 
up to n by our induction hypothesis and since VxG V. x^uo,^— ^„^_„^_iXV by Claim 7 and Corol- 
lary 2.14. 

Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Yl'-^HTOS (lo^q) with /o,^/p^V: 



^ co+n+l,p 



> u 



a)+n+l,0 



wo/q 



CO 



co+n+1 



V 
vi 



CO 



V 



(0 



(0 



-> V3 



CO 



V 



(o+n+l,n'i\{p} 



co+n+1 



to 



o 



-> o 



to+n+1 



to 



Wl/^ 



CO 



to+n+1 



to 



V 

o 



Claim 10: p^0. 

Proof of Claim 10: If /7 = 0, then OelTj, then ^elTi, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ G 5 (V, V) be a bijection with ^[i/ (((/i.^^, n^qp),Ci^qp))] n 1^ (((/o,9,ro,^),Co,^)) = 0- 
Define Y:= ^['l^(((/i,,p,ri,^p),Ci,^p))] U '^^(((/o,„ro,,),Co,,)). 

if^e '^^(((/o,5,ro,^),Co,^)) 



Let p e 5 (V, T (X)) be given by xp 



7^i,?pelse 



(xeV). 



By /l,^p^P = /l,^p^^" Vl,?p = u/qp = h,qHQ,q/p = k,qp/p = ik,q/p)P 

let o := mgu({(/i,^p^, kjp)}, Y) and cp e 5 « (V, T (X)) with y1 (a(p) = y1 p. 
Define u' := lo,qiJo,q[P ^ n,qplJi,qp]- We get 

u'^u/q[p' ^ h,qp'Hi,qpi I /en;\{/?}][p ^ ri,^p^i,^p]^(,+„+i_n'i\w 

u/q[p' ^n^qp'H\,qp' I yen;]=wi/^. 

If /o,^[p ^i,^p^]<7 = ro,^a, then the proof is finished due to 

ml q=r0,qlJQ,q = rQ,qCi(Sf = l0,q[p ^ ri,^p^]a(p = M'^B,+„+l,n;\{p}Wl/^. 

Otherwise we have ( {h,q[p ^ ri,^p^]o,Ci,^p^a, 1), (ro,^a,Co,ga, 1), /o,^a, G CP(R) (due 
to Claim 5); Pt^^ (due to Claim 10); Ci.^p^acp = Ci^qpHi^qp is fulfilled w.r.t. 
— Co,?*'^ = Co^q/UQ^q is fulfilled w.r.t. — Since R,X is CO- level confluent up 
to n (by our induction hypothesis) and co-shallow confluent up to CO (by Claim 0) due to 
our assumed co-level closedness (matching the definition's n to our n+l) we have u' = 
h,q[P ^ n,qp^]c!(?^^_^„^iVi^^V2^^ro^qa(p = ro^qljQ,q = wo/q for somc VI, V2. We then have 
vi^^+„+y-h-^a>+n+i,n\\{p}Wi/q. By |n'j\{p}| -< \n[\ ^ |ni|, due to our second induction 



level we get some v[ with vi — >^o-H-^^„_f_io — >^v[< — „,_,.„+ iWi/<?. By Claim we can close 
the peak at vi according to V2^-^(j,V4^^^^V2 for some V4. Finally by the assumption of our 
lemma (below the strong commutation assumption) the peak at V3 can be closed according to 



co+n^l- 



V4 ^a'^-rr^a+n 

Q.e.d. ("The critical peak case") 



Q.e.d. Cq^nn 
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^elTi: If there is no p'q with qp'Q = po, then the proof is finished due to wo/q = u/q = 
h,qH\,q — ^„+„+i ri,q/Ji,q = vvi /^. Otherwise, we can define pQ by qpQ = po. We have two cases: 

"The second variable overlap case": 

There are x e V and p', p" such that l\^q/ p' =x /\ p'p" = p'q : 



ro+n+1,0 



wi/q 



co+n+l,Po 



WQ/q 



KqV 



co+n+1 



V 

n,qv 



co+n+l 



Claim 11a: We have x/ui^q/ p" — Io^pq/jo^pq and may assume x E YgiG- 

Proof of Claim 11a: We have x/ui^q/ p" = h,qi^i^q/ p' p" = u/qp'p" = u/qp^ = u/po /o,poj"o,po • 
xeVc, then x/ii^^eT (cons,Vc), then x//i,^//7"eT(cons,Vc), then Zo,poi"0,po ^ (cons, V^), 
and then /o,po £ '2' (cons, VsigWVc) which we may assume not to be the case by Claim 5. 

Q.e.d. (Claim 11a) 

Claim 1 lb: We can define v e SU'B{Y,T (X)) by jcv=x//i,^[p" ro,po//o,po] VyG V\{x}. 

}'V=yA'i//- Then we have x/Ji^^ — ^co+«+i-^^- 

Proof of Claim lib: This follows directly from Claim 11a. Q.e.d. (Claim 1 lb) 

Claim 12: wo/q — li^qV. 

Proof of Claim 12: By the left-linearity assumption of our lemma. Claim 5, and Claim 11a 
we may assume { p'" \ li^q/p'" =x} = {p'}. Thus, by Claim lib we get wo/q= 

w/^[Po^^O,poW,/5o] = 

'ym,q I h,q/p"' ^yeY][p'Q ^ ro^poHo,po] = 

I h,q/p"'^y&y ^y7^x][p' ^X^l^q][p'p" ^ro^PQHO,po] = 

■JV I h,q/p"'^yey Ayy^x][p' ^XMi,q[p" ^ro,PoHO,Po]] = 

■y^\h,q/p"'=yeY] = h,qV. Q.e.d. (Clami 12) 

-^+„+iWi/q. 



jii 



h,q[P 
h,q[p"' 
h,q[p"' 

h,q[P 

Claim 13: n^qV 

Proof of Claim 13: Since ri^qiiii^q = wi/q, this follows directly from Claim lib. 

Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2. 14 it now suffices to show h^qV — >oo+n+i ''i.q^^ which again 
follows from Lemma A. 7 (matching its no to our n+1 and its ni to our n) since R,X is (O-level 
confluent up to n by our induction hypothesis and since VjcG V. xm^q^-^^^^-^^xV by Claim 1 lb. 
Q.e.d. ("The second variable overlap case") 



154 



"The second critical peak case": p'q e 'POS {h,q) A h,q/pQ ^ V: 



wo/q - 



co+n+1,0 



Wi/q 



CO 



o 



o 



co+n+1 



CO 



* 

o 



co+n+1 



V 



Let ^ ESWBiY.Y) be abijection with ^['^(((/o,po''"o,A,),Co.po))] n '^^(((/i,^,ri,^),Ci,^)) = 0. 

Define Y:= ^['l^(((/o,po,ro,po),Co,po))] U a^(((/i,„ri,,),Ci,,)). 

Letpe J'y«(V,T(X))begivenby Jcp = j^^i'? if ^ ^ 'I^(((/i,^,ri,^),Ci,^))l 

By k,pQ^P = lQ,paklr^tlQ,p^,=u/ pQ = u/ qp'Q = ll^qldl^q/ p'Q = ll^qp 

let o := mgu({(/o,po^' Y) and (p G 5 W« (V, T (X)) with y1 (atp) = y1 p. 
If /i,^[^Q ^ ro,p,)^]a = ri gO, then the proof is finished due to 

WQ/q^h,qHl,q[p'Q ^ ro^pom,po]=h,q[Po ^ ro,po^]acp = ri,gO(p = ri,^jUi,g = wi/^. 
Otherwise we have ( {h,q[p'() ^ ro,po^]a,Co,po|o, 1), (ri,^a,Ci,^a, 1), h^qO, p'q) e CP(R) (due 
to Claim 5); Co^poio^) = Co,po//o,po is fulfilled w.r.t. — Ci,^0(p = Ci,^^i,^ is ful- 
filled w.r.t. — Since R,X is co- level confluent up to n (by our induction hypothesis) and 
co-shallow confluent up to CO (by Claim 0) due to our assumed co-level weak parallel join- 
ability (matching the definition's n to our n+l) we have wo/q = li,qfJi,q[pQ ^ ro^pQfio^pQ] = 

h,q[PO ^ ^0,po^]^^^»°^<»+«+l°-^co°^co+„+l^l,?<^^=^l,?/^l,9 = ^l/^- 

Q.e.d. ("The second critical peak case") Q.e.d. (Lemma A.9) 
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Proof of Lemma A.IO 

Claim 0: R, X is to-shallow confluent up to CO. 

Proof of Claim 0: Directly by the assumed strong commutation, cf. the proofs of the claims 2 and 
3 of the proof of Lemma A. 1 . Q.e.d. (Claim 0) 

Claim 1: If -^^^o — ^aH-n°~^o} strongly commutes over — ^„+„, then — is confluent. 
Proof of Claim 1 : — o — i^,^, o— — and are commuting by Lemma 3.3. Since by 

Lemma 2.12 we have — ^„^„ C — ^„+„o-^^ C ^„+„, now — ^„^„ and — are com- 
muting, too. Q.e.d. (Claim 1) 



For n -< CO we are going to show by induction on n the following property: 




<a+n 



co+n 



Claim 2: Let 5 ^ CO. If Vn^5. Vwo,wi,m. 



wo* 



eo+M 



(O+n 
O 



strongly commutes over ^^„+„ ^ , and R, X is CO-level con- 



then Vn ^ 5. 
fluent up to 5. 

Proof of Claim 2: First we show the strong commutation. Assume n^5. By Lemma 3.3 
it suffices to show that — >^o — )-^^^o — >^ strongly commutes over — Assume 
-^^u — >^(a,„wi^->^W2 (cf. diagram below). By the strong commutation assumed 



lO+n 



for our lemma, there are wo and Wq with u 
are some W3, w\ with wo^->„W3^^j^_^ 
Wi^„+„wi-^„W2 according to w\- 



1/ * I * 

' Wn-s „W0-f 



> Wi 



.,Wo 



^^u. By the above property there 
oj+n^i • By Claim we can close the peak 
,W2 for some Wj. By Claim again, we 



can close the peak Wq- 



* * 

—^WQ — 



^W3 according to Wq- 



/ * 

m 3 



^W3 for some w'y To close 



the whole diagram, we only have to show that we can close the peak Wg^ — j^W3- 



CO z 



according to W3 



/ = 



O >• O i Wt , 

ft) CO 2' 

sumed for our lemma or due to Claim 0. 

u > u 



which is possible due to the strong commutation as- 



0) 



co+n 



co+n 



wo - 

* CO 



V 
..// 



CO 



Wo 



CO 



CO 



W3 



CO 



V 
W3 



co+n 



co+n 



oo+n 



-> o 



o 



CO 



V 



co+n 



CO 



CO 



-> W2 



co+n 



0) 



V 



* CO 

V 

o 
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Finally we show to-level confluence up to 5. Assume no,ni -< CO with max{no,ni}:<5 and 



to+nj 



wi. By Lemma 2.12 we get wq< 



max{no,«i} ^5, above we have shown that 



over 



a)+max{«Q,n^} ' 



By Claim 1 we finally get wq- 



0)+max{wQ,n^ } 
K)+max{nQ,«j } 
a)+max{nQ,n^} 



0)+max{nQ,n^} 



wi . Since 



— >^ strongly commutes 

f ,wi as desired. 
Q.e.d. (Claim 2) 



Note that for n = our property follows from Claim 0. 

The benefit of Claim 2 is twofold: First, it says that our lemma is valid if the above property 
holds for all n ^ to. Second, it strengthens the property when used as induction hypothesis. Thus 
(writing n+l instead of n since we may assume ^ n) it now suffices to show for n ^ to that 



together with our induction hypotheses that 

R,X is to-level confluent up to n 

implies 



WQ- 



m+n+l 



lo+n+l 



Wl. 



V 



K)+«+l,pi 



co+n+l,po 
* 



co+n+1 



wo 



to 



-> o 



(O+n+l 



-> o 



to 



V 

o 



Now for each / ^ 2 there are ((/,,r,),Q) e R and m & SWBiy ,1 (X)) with u/pi^li/Ui, Wi = 
u[pi<^ niLii], and Qm fulfilled w.r.t. — 

Claim 5: We may assume Vz -< 2. ^ T (cons, Vsig WV^ ) . 

Proof of Claim 5: In case of /;■€ T (cons, VsigWVc) we get u — by Lemma 13.2 (matching 
both its fi and V to our /ui). In case of "/ = 0" our property follows from the strong commutation 
assumption of our lemma. In case of "/= 1" our property follows from Claim 0. Q.e.d. (Claim 5) 



In case of po\\pi we have wi/ pi-i^u[pi^ rmi]/ pi_i^u/ pi-i^h-mi-i and therefore 
Wi — *-(o_,.„_,.im[pa: ^ ^klJ^k I ^^2], i.e. our proof is finished. Thus, according to whether pQ is a 
prefix of p\ or vice versa, we have the following two cases left: 
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There is some p\ with pop[ = pi and p[ ^ 

We have two cases: 

"The variable overlap case": 



There are e V and p' , p" such that lo/p' =x A p'p" = p\ 



km 



co+n+l,p'i 



Wl/PQ 



a)+n+l,0 



/ov 



wo/po 



rom 



co+n+1 



co+n+1 



Claim 6: We have x/uq / p" = h/ui and may assume x e Vsig- 

Proof of Claim 6: We have x/iq / = hMo I p'p" = "/po p'p" = u/ pQp\ = u/ p\ = l\iJ.\. 

If xeVc, then xhq&T {com,Nc), then x/jq//'" £ "Z" (cons, V^), then 

/i/Ji G "T (cons, ) , and then /i e (cons, VsiqW ) which we may assume not to be the case 
by Claim 5. Q.e.d. (Claim 6) 

Claim 7: We can define \ e SWBjN ,1 (X)) by jcv=jCjUo[p" ^ n^i] and VjG V\{jc}. jv^JjUq. 



(O+JJ+l 



jcv. 



Q.e.d. (Claim 7) 



Then we have x^q- 

Proof of Claim 7: This follows directly from Claim 6. 

Claim 8: /oV = wi/j!?o- 

Proof of Claim 8: By the left-linearity assumption of our lemma and claims 5 and 6 we may 

assume {p"' \ lo/p'" =x } = {p'}. Thus, by Claim 7 we get wi/po = w/po[Pi = 

lo[p"'^yiuo I lo/p"'=yey][p[^npi]^ 

k[p"' ^ ypo I lo/p"'=y eYAy^x][p'^ xiuo][p'p" ^ r,ii, ] = 

W" ^ I k/p'" ^ye\ Ay^x][p'^xnQ[p"^ ri^i ] ] = 

^iy^yv I /o/p'"=yeV]=/oV. Q.e.d. (Claim 8) 

Claim 9: wo/po— ^a>+«+i^oV. 

Proof of Claim 9: By the right-linearity assumption of our lemma and claims 5 and 6 we may 

assume |{ | r^/ p'" =x}\ <\. Thus by Claim 7 we get: wq/Pq- 
ro[p"'^ypo I ro/p"'=yeY\{x}][p"'^xiJo \ ro/ p'" =x]^^„^, 
ro[p"'^ym I ro/p'"=yeY\{x}][p"'^xV \ ro/p"'=x] = 

ro[p"' ^ yv I ro/p'"^ye Y\{x} ] [p'" ^ XV \ ro/f'^x] = roV. 

By claims 8 and 9 it now suffices to show IqV — ^gy^„+iroV, which again follows from 
Lemma A.7 since R,X is to-level confluent up to n by our induction hypothesis and since Vy e V. 



roMO- 



Q.e.d. (Claim 9) 



eo+n+l 



yv by Claim 7. 



Q.e.d. ("The variable overlap case") 
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"The critical peak case": p\ e TOS (k) A lo/p[ ^ V: 



([)+n+l,p[ 



co+n+1,0 



V 



wo/Po 



CO 



-> o 



co+n+1 



-> o 



CO 



* 

o 



co+n+1 



V 



Let ^ e 5 « (V, V) be a bijection with ^[1/ ( ( (/i , ri ) , Ci ) )] n 1/ ( ( (/q, ro) , Co)) = 0. 
Define Y ■.= ^,[r{{ih,n),Ci))]U^{{{lo,ro),Co)). 

Letpe5^^(V,T(X))begivenby = {^J^^,^ If^^^^'"''"^'"'"^^} (^^^)- 

By /i^p = /i^^-Vi =w/Pi =w/PoPi = VoM =/oPM = (/oM)p 
leta:=mgu({(/i^,/oM)},Y) and cp G 5^/«(V,T (X)) withy! (o(p)=Ylp. 
If lo[Pi ^ ri^]a= roO, then the proof is finished due to 

wo/po = rofio = roO(p = lo[p[ ^ rl^,]o(p^lopo[p\ ^ ripi]=wi/ po. 
Otherwise we have ( {lo[p[ ^ ri^],Ci^, 1), (ro,Co, 1), /q, o, p[ ) G CP(R) (due to Claim 5); 
p'l^Q (due the global case assumption); Cit,0(p — Ci/ui is fulfilled w.r.t. — CoOf^ — Co/uo 
is fulfilled w.r.t. — Since R,X is co-level confluent up to n (by our induction hypo- 
thesis) and to-shallow confluent up to to, due to our assumed to-level anti-closedness (matching 
the definition's n to our n+l) we have wi/po = loiiio[p[ <— riiiii]=lo[p[ <— ri^jatp — ^a+n+i ° 

Q.e.d. ("The critical peak case") Q.e.d. ("There is some p'-^ with pQp'i = pi and p\^(d ") 
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There is some p'q with piPQ = po : 

We have two cases: 

"The second variable overiap case": 



There are jc e V and p', p" such that li/p' =x A p'p" = p'q. 



co+n+1,0 



wi/pi 



(0+n+l,pQ 



Wo/ Pi 



co+n+l 



co+n+1 



riV 



Claim 11a: We have x/ui / p" — Iq/jq and may assume xgVsig- 

Proof of Claim 11a: We have xfjix/ p" = hn\/ p' p" = u/ p\p' p" = u/ p\p'q = u/ pQ = Iqim) ■ 

If xeWci then x^ui G T (cons, V^), then x^i/p" G "T (cons, V^), then 

/o/Jo G "T (cons, ) , and then /q G (cons, VsiqW ) which we may assume not to be the case 
by Claim 5. Q.e.d. (Claim 11a) 

Claim 1 lb: We can define V G 5 'U® (V, T (X)) by xv^xn\[p" 



(O+n+l 



XV. 



Then we have x/ui ■ 
Proof of Claim lib: This follows directly from Claim 11a. 

Claim 12: wo/pi=liV. 
Proof of Claim 12: 



ro/iio] and VjG V\{a:}. jv = 
Q.e.d. (Claim lib) 



By the left-linearity assumption of our lemma and claims 5 and 11a we may assume { p'" \ 
h/ p'" =x } = {p'}. Thus, by Claim 1 lb we get wo/pi = m/pi[po ro//o] = 

h[p"'^yiJl I h/p"'=yeY][p'Q ^ roiuo] = 

h [p'" ^yiuil h/p"'=y EY Ay^x][p'^xiui] [p'p" ^ rom ] = 

h [p'" ^ yv I h/p"'=yeY A y^x] [p' ^ [p" ^ ro//o] ] = 

li[p"' ^y\ \li/p"'=yeY]=hv. Q.e.d. (Claim 12) 

Claim 13: riV^<o+„+iWi/pi. 

Proof of Claim 13: Since ri/ii=wi/pi, this follows directly from Claim 1 lb. Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show /iV — ^to+n+i^i^' which again 
follows from Claim lib, Lemma A. 7 (matching its no to our n+l and its ni to our n), and our 
induction hypothesis that R, X is co-level confluent up to n. 
Q.e.d. ("The second variable overlap case") 
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"The second critical peak case": p'q e 'POS (h) A /i/pg ^ V: 



im 



to+n+1,0 



Wi/pi 



(O+n+l, p'q 



V 



Wo/ Pi 



(0 



o 



(O+n+1 



o 



CO 



* 

o 



co+n+1 



V 



Let ^ e 5 « (V, V) be a bijection with ^[l/ ( ( (/q, ro) , Co))] n 1^ ( ( (/i , ri ) , Ci ) ) = 0. 
Define Y:= ^[l/(((/o,ro),Co))] U 'I^(((/i,ri),Ci)). 

Letpe5^^B(V,T(X))begivenby = {l^-ij^^^^^ ^^^^''''^'^'^^] (^^V). 

By /o^p = /o^^" Vo = m/po = m/piPo = hl^i /Pq = hp/p'o = (h /Pq) P 

let a := mgu({(/o^, Ii/p'q)},Y) and cp G 5 (V, T (X)) with y1 (ocp) = y1 p. 

If Ii[pq<^ ro^]a= ria, then the proof is finished due to 

WQ/pi = lm[Po^ roi^o ]=h[Po^ ro^]<y(p= n acp = n^i =wi/pi. 
Otherwise we have ( {h[pQ ^ ro^],Co^, 1), (ri,Ci, 1), /i, o, Pq) G CP(R) (due to Claim 5); 
Co^O(p = CojUq is fulfilled w.r.t. — Ciocp = Cifxi is fulfilled w.r.t. — Since R,X is 
co-level confluent up to n (by our induction hypothesis) and to-shallow confluent up to CO, due to 
our assumed to-level strong joinability (matching the definition's n to our n+l) we have wo/pi = 

Q.e.d. ("The second critical peak case") Q.e.d. (Lemma A.IO) 



Proof of Lemma B.l 

Due to T -monotonicity of > and > C >, it is easy to show by induction over (3 in -< that 
VP ^ to-l-a. — >^ X B ^ "si^g Lemma 2. 12. 
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Proof of Lemma B.2 

Claim 0: \/u e T'E^liM S iC).\/ueT (sig^X). u/x^u =^ uviu )• 
Proof of Claim 1 : We get the following cases: 

Ifj > uju: uv^r^un^^u implies uv[u by the assumed confluence below w/i. 
M//^dom( — >): uv^r^un^^u implies uv = un=u. 

['^'(m) C V,;: By Lemma 2.10 we get VxG (m). x/i— ^(^jcv. Thus from uv<r^^ufi^^u due to 

the assumed < — rxm ° — ^'rx ^ i we get uviu. ] Q.e.d. (Claim 0) 

By Lemma 2.7 it suffices to show that Cv is fulfilled. For each L in C we have to show that Lv is 
fulfilled. Note that we already know that L/u is fulfilled. 

L={u=v): There is some u with un^^u^r^vn- By Claim there is some v with 
mv— ^v<-^M<-^v//. Thus, by Claim we get uv-^v\.vv. 

L= (Defw): We know the existence of w e ^T(cons) with un — >u. By Claim we get 

uv-^u'^^u for some m'. By Lemma 2.10 we get u' E T (cons) . 

L = (u^v): We know the existence of u,v E gT (cons) with m^— ^m|v<-^VjU. Just like above 

we get m',v' e (cons) with uv^^u'*^u and v^^-v'^-^vv. Due to u{v we finally get 
u'\.v'. Q.e.d. (Lemma B.2) 



Proof of Lemma B.3 

First notice that the usual modularization of the proof for the unconditional analogue of the the- 
orem (by showing first that local confluence is guaranteed except for the cases that are matched 
by critical peaks (the so-called "critical pair lemma")) is not possible here because we need the 
confluence property to hold for the condition terms even for the cases that are not matched by 
critical peaks. Now to the proof: For all s e T (sig, X) we are going to prove confluence below s 
by induction over 5 in <. Let s be minimal in < such that — > is not confluent below s. Because 
of — ^ C > (by Lemma B.l) and minimality of s, — > is not even locally confluent below .v. 
Let p,q G TOS{s)\ to< — ^^^^s — >a+a>Ji'' ^ol^i- Now as one of p,q must be a prefix of the 
other, w.l.o.g. say that ^ is a prefix of p. As s>s/q, by the minimality of s we have ^ = 0. We 
start a second level of induction on p in <^s. Thus assume that p is minimal such that there are 



p e TOSis) and?o,?i e T(sig,X) with — co+co,p* — W^/^ ^oi^i- 
Now for A; < 2 there must be {{h, n),Ck) G R; //A; £ 5 (V, T (X)); with Ckfik fulfilled; s= 
liPi; s/p = Iqijlq; ?o = ^iA'i[p ^ ''Oj"o]; h = r\iJ.\. Moreover, for ^ < 2 we define A^; := 
/ if4G'r(cons,VsiGWVc) \ 




otherwise 
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Claim 0: We may assume that yqe(POS{s). ( &y^q p ^ dom( — ) ) . 
Proof of Claim 0: Otherwise there must be some q e TOS{s); ((/a, ^2)5^2) e R; ^2 e 
S 'U'B{Y,T {X)); with fulfilled; s/q = l2iU2; and (d^q P- By our second induc- 
tion level we get lipi[q ^ r2iH2]—^wi*^r\iLi\ for some wi; cf. the diagram below. Next 

we are going to show that there is some wq with ^ ro/Jo]— ^1^0^-— ^lA'ii'? ^ '"2A'2]- 

Note that (since — > C > implies s>liiJi[q <— r2;U2]) this finishes the proof of Claim since 
then wo'r^liiJi[q ^ r2P2]—-^wi by our first level of induction implies the contradictory 
?o— ^woiwi<-^?i. 

to s h 



CO+CO,p 



V 



co+co,^ 

v 

lm[q'^r2H2] 



CO+CO,0 



V 



In case of p\\q we simply can choose wq := l\pi[p rQHQ][q ^ r2P2]- Otherwise, there must 
be some p, p,q, with p = pp, q — pq, and {p — %\/q — %). Now it suffices to show 

s/p[p ^ roiJQ]^w'Q^s/p[q ^ r2H2\ 
for some w'q, because by T (sig,X)-monotonicity of — > we then have 

lm[p ^ rQHQ] =s[pp ^ rQHQ]=s[p ^ s/p][pp ^ roijQ]=s[p ^ s/p[p ^ ro//o] ]^ 
s[p^w'q] 

^s[p ^ s/p[q ^ r2M2]] =s[p ^ s/p][pq ^ r2H2] =s[pq ^ r2M2]=lm[q ^ ^2/^2]- 
Note that 

In case of PT^O 
s/p[p^roixo]^w'f^ 

^ — 0, our disjunction from above means {p = Q\/q = <d). Since we have <dy^q by our ini- 
tial assumption, we may assume q = q^% and p = p = p = %. Then the above divergence reads 



s/p[p ^ VQHQ 

(since then 
■^s/p[q ^ r2H2 



P^/P ^o)+a,,«Vp[4^'-2^2]- 

implies s > s/p) we get some w'q with 
by our first level of induction. Otherwise, in case of 



s/p[p ^ ro/UQ] 
induction level due to q P- 



(o+co,0 



s/p[q^ r2P2 ] and we get the required joinability by our second 

Q.e.d. (Claim 0) 
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Claim 1 : In case of < — ^ o — > C J, we may assume s ^dom( — 

Proof of Claim 1 : Assume < — ^ o — > C j. If there is a t2 with s — then we get some tg, t[ 
with -^^o'*~^2— — Due — s-^^, C — > C > by our first level of induction we get the 
contradictory fo— J- Q.e.d. (Claim 1) 



Claim 2: In case of < — „ o — > C J, for each A: ^ 2 we may assume: 
Imk ^ "I (cons, VsiG WVc ) and 

( /^^T(cons,VsiGWVc) V T2;5(.5Vf5(QA'fc)^'2'(cons,VsiGWVc) ). 
Proof of Claim 2: By Lemma 2.10 and l]^iX]^ — ''rkl^k-, ^A'fcG '2' (cons, VsioWV^) implies 
hl^k — ''ij^k which we may assume not to be the case by Claim 1. In case of 
/ytGT (cons,VsiGl±'V^) and 'rE3(,fW5(CytA'yt)^'7'(cons,VsiGl±'V^) by Lemma 2.10 C^tA'yt is ful- 
filled w.r.t. — and then Corollary 2.6 implies — ^(o^fa"A: again, which we may assume not 
to be the case by Claim 1. Q.e.d. (Claim 2) 



Now we have two cases: 



The variable overlap case: p — q^qi ; li/qo = x eY : 

We have xfjii/ q\ = lin\/ qQqi=s/ p = Iqi^q. By Lemma 2.10 (in case of jcGV^), we can define 

^^^1 .M„^.„,„l iO-^ jandge. for,. V. By Corollary 2.8: 

tQ = lm[qQqi^rQHQ\=h[qQ^Xs;][q' ^yH\ \ l^/q' = y eW A q' ^qo] 
h[q'^yvJh/q' = yeY]=hv; 

?l = rijUi — *riV. It suffices to show ZiV — ^nv, which follows from Lemma B. 2 because of 
o — ^ C J,,] li/xi =s and our first level of induction. Q.e.d. (The variable overlap case) 
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The critical peak case: p e TOS (/i); l\/p : Let ^eswB (V, V) be a bijection with 



k['V{lQ=rQ^CQ)]n'V{h=rx^Ci) = (b. Define Y := ((/o=ro^Co)^, /i=ri^Ci) . 



s/p = hni/p = h^/p = {h/p)p let o := mgu({(/o^,/i//7)},Y) and (p e J 'r(X)) 
with y1 (ocp) =y1P- 

Claim A: We may assume ( p = V VyG '^'(/i).jO(p^dom( — ). 

Proof of Claim A: Otherwise, when p^% holds but Vye '^'(/i). _yo(p^dom( — >) is not the 
case, there are some x e '^'(/i), ve5'y!B(V, T (X)) with xacp — >XM and Vye V\{x}. y/ii = 
3^. Due to h/Lii/p < /i/ii =5 by our first level of induction from ro^a(p< — lob,a(p = liO(p/p= 
hfii/p^^liv/p we know that there must be some u with ro^ocp^^M^^/iV/p. Due to 
/i^i-^/iV and — > C > we get ZiV < /i/Ji =5. Thus, by our first level of induction, 
from liv[p ^ u]'r^liv — >riv (which is due to Lemma B. 2, [^^^ o C |,] l^m=s and 
our first level of induction) we get tQ — lifx\[p <— ro^O(p]^->/iV[p <— ro^O(p]^^/iv[/? ^ m] i 
nv^^ri^ui = t\ . Q.e.d. (Claim A) 

If l\[p ro^]o = ria, then we are finished due to tQ — l\[p <— ro^]o(p = riO(p = ?i. Otherwise 
((/i[;?^ro^],Co^,Ao), (ri,Ci,Ai), Zi, o, p) is a critical peak in CP (R). 

Now (Co^Ci)o(p = Co;UoCijUi is fulfilled w.r.t. — >. Due to l\<3(^ = l\p = l\n\ = 
s, by our first level of induction we get Vm <l /lacp. ( — is confluent below m). 
[By Claim 1 we get /iacp^dom( — ^^).] By Claim we get G^P 05 (/lOcp). 
( &^q<^iia(pP ^ /iocp^dom( — J ). This means li(5(p^A{p). [Define Dq := Co^ and 
Di := Ci. If Ayt = for some k ~<2, then l^ET {cons, YsiG^^c)^ which by Claim 2 implies 
T'E'KMS {DkO^))^r (cons, VsigWVc), and then I'E'KMS {DkO)^T (cons, V^). ] Thus, in case 
of Vye V. 3;(p^dom( — >), by Claim A and the assumed [>-weak joinability w.r.t. R,X besides 
A we get to = li[p ^ roi,]a(p i ria(p=ti. 

Otherwise, when Vye V. 3;(p^dom( — >) is not the case, by — C [> and the Axiom of 
Choice there is some (p'e5'^i®(V,'r (X)) with \/ye\.y(p^^y(p' ^dom{ — >). Then, of course, 
VyG V. y^ocp^^y^acp' and VyG V. jocp— ^jacp'. By Lemma B.2 (due to o C |;] 
/o^ocp, /iOcp<5^.y; — — ' and our first level of induction) we know that Q^ocp' and Ciocp' 
are fulfilled. Furthermore, we have ^ ro^]ocp— ^ ro^jocp' and riocp'^^riocp. 
Therefore, in case of /iO(p = /lOcp' the proof succeeds like above with cp' instead of cp. Otherwise 
we have /locp— ^^/locp'. Then due to — > C > we get 5=/ia(pi>/ia(p'. Therefore, by our 
first level of induction, from /i [p ro^]a(p'< — h [p <— /o^]o(p' = /locp' — >ria(p' (which is due 
to o — ^ C J,;] /o^acp, /i<7(p<5^5'; C <; and our first level of induction) we conclude 
to = h[p ^ ^o^]<59— — ^o^]<59' i ria(p''«-^ria(p=?i. Q.e.d. (The critical peak case) 



Let p be given by 




Q.e.d. (Lemma B.3) 
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Proof of Lemma B.4 and Lemma B.5 

Since the proofs of the two lemmas are very similar, we treat them together, indicating the differ- 
ences where necessary and using 'a' to denote to in the proof of Lemma B.4. 



For (5,5) ^<l we are going to show that R,X is a-shallow confluent up to 5 and 5 in <l by 
induction over (8,5) in ^<l . Suppose that for no,"i -< (0 we have {nQ\ni,s) ^< (P,*) and 

o • 



/ * 

^0^ a+riQ^ 



*a+«, 4- have to show t'^- 



a+ni 



a+ng 1 ■ 



In case of 3 j -< 2. r • = s this is trivially true. 



Thus, for 



'0 a+riQ 



a+nQ,p 



* I 
^1 ^a+ni h 



using the induction hypothesis that 

V(5,>v') -<< (no+^ni,*). R,X is a-shallow confluent up to 5 and w' in < 
we have to show 



Note that due to Lemma B.l we have 



a+«l 



Claim 0: Now it is sufficient to show Iq- 



a+n() 



t\ for some u. 



Proof of Claim 0: Due to — C > we have s\>tQ,ti. Thus by our induction hypo- 
theses a+„Q^i— ^a+«/i ('^f- diagram below) implies the existence of some v with 



u- 



a+ni 



t[ and then 



V implies t'^- 




a+no 



a-l-no 



V. 



a+ni 



Q.e.d. (Claim 0) 



In case of p\\q we have t^/ q = s[p Iq/ p]/ q = s/ q and ti/ p = s[q t\/ q]/ p = s/ p and 



therefore Iq- 



,qS[p^tQ/p][q^h/qy 



f«0 



pt\, i.e. our proof is finished. Otherwise one 



of p^q must be a prefix of the other, w.l.o.g. say that ^ is a prefix of p. In case of q^^ due 
to l>g.p C > we get s/q<s and the proof finished by our induction hypothesis and T (sig,X)- 
monotonicity of — ^a+n,,- Thus we may assume q = d. We start a second level of induction on p 
in <^s . Thus we may assume the following induction hypothesis: 
yq e ^POS (s). Wq, t[ . Wq, n\. 



a+n'^yq^ ^^a+n'j ,0^1 



Now for A; ^ 2 there must be {{lk,n),Ck) eR; & S 'U'B{Y,T (X)); with Q^u^t fulfilled w.r.t. 

s = hn\; s/p = Iqhq\ tQ = lxjj\[p ^ vqiiq]; ti^r\px; and Akd^rik and a = =^ 

if/;tG'r(cons,VsiGWVc) \ 



a+(n^-l) 

A Afc = 



for Ajs- := 



1 otherwise 
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Claim 1: We may assume that Mqe'POSis). %^q<^sP =^ 50dom( — ). 
Proof of Claim 1 : Otherwise there must be some q e 'POS{s)\ ((/2,^2),C2) e R; ^2 & 
5 'U!S(V,T(X)); with C2//2 fulfilled w.r.t. s/q = hn2\ Q^q P- By 



a+min{nQ ,« ^ } ''l^ 1 



for some 



our second induction level we get hl^i[q r2iU2]- 

wi; cf. the diagram below. Next we are going to show that there is some wo with 
/i//i[p^ro//o]-^„+^„^„g,„jWo^„+„g/i//i[?^r2/i2]. Note that (since — C > implies 

s\>liiui [q <~ r2//2]) this finishes the proof since then wo<^„+„g/i//i[? <— r2//2]^a+„jWi by our 
first level of induction implies 



^0 *'a+min{no,«l}^0 ° '* 

to S 



a+riQ 



a+min{nQ,nj} 



h. 



/i//i[/7^ro//o] ^ 



V 



a+no,p 



a+min{no,ni} 
* 



V 



a+ni,0 
a+min{«o,ii},? 



wo ^ 



a+no 



* a+min{no,ni} 
V 



a+ni 



a+ni 



a+no 



In case of we simply can choose wq := ro/io][? '"2j"2]- Otherwise, there must 
be some p, p, q, with p = pp, q = pq, and (p = V ^ = 0) . Now it suffices to show 



for some w'q, because by T (sig,X)-monotonicity of — 

^ '"oA'o] ='^[PP ^ '•qA'o] =s[p ^ s/p][pp ^ vqiaq]-- 



s[p ^ s/p[p ^ ]-^„+„,„^,,„jj^[p ^ w'q] 



, we then have 

s/p[q 



r2P2\^s[pq 



r2M2]^hMl[q 
,s/p- 



r2P2\ 



s[p^s/p][pq 
Note that 

s/p[p^rofio]^ 
In case of p^^ (since then 
s/p[p ^ rofio]^^^^^^^^^^w'Q^^^^s/p[q 
in case of p = 0, our disjunction from above means (/7 = 0V^ = 0). Since we have &^q by 
our initial assumption, we may assume q = q^& and p = p = p = %. Then the above divergence 



a+nQ,p 



a+mi„{„o.ni}.«*/'P[^^^2//2]. 

implies s > s/p) we get some Wq with 
r2//2] by our first level of induction. Otherwise, 



reads s/p[p ^ ro/uo] 

by our second induction level due to q P- 



a+ng,© 



a+mm{nQ,ni},q 



s/p[q 



r2i^2 ] and we get the required joinability 

Q.e.d. (Claim 1) 



Claim 2 of the proof of Lemma B.4: We may assume that for some / -< 2: 
= ^ ni-i\ k e T (cons, VsigWV^: ); (cons, VsigWV^); 

and ( /i_;^T(cons,VsiGWVc) V TE^iW^ (Ci_,//i_,)^T (cons, VsioWVc) ). 
Proof of Claim 2 of the proof of Lemma B.4: If V/^2. s — ^^^i-i, then the whole proof is fin- 
ished by confluence of — Thus there is some i -< 2 with s-/-^^t[-i. Then we get 
0-<ni-i. The case of O^n,- is empty, since then due to P ^ CO -< no+^^ni the globally sup- 
posed ordering property (no+f^ni^s) ^^{^,s) cannot hold. Thus we get ni = 0^ni-i. Due 
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A(^«/ = we get /,e T (cons,VsiGWV<:). By Lemma 2.10 and h-iH\-i — .ri-(jUi-!, 
/i-f/ii-iGT (cons,VsiGWVc) would imply the contradictory h-i/ui-i — >^ri_;/ii_;. Finally, 
/i-j-GT (cons,VsiGl±lVc) and T2;5?.5lf5(Ci_;jUi_,)CT (cons,VsiGWVc) by Lemma 2.10 would 
imply that Ci-i/Ji-i is fulfilled w.r.t. — >^ and then Corollary 2.6 would imply the contradictory 
h-i/ui-i — >^ri_iHi-i again. Q.e.d. (Claim 2 of the proof of Lemma B.4) 

Claim 2 of the proof of Lemma B.5: For each ^ ^ 2 we may assume: -< n^; 

a=0 ^ /;teT(cons,VsiGWV^); and 

a = (0 ^ / /A;^'r(cons,VsiGWVc) 

\ \y T'EHUsiCkUkj^T {cons, WsiG^Yc) 
Proof of Claim 2 of the proof of Lemma B.5: In case of a=0 we have Q^n^ due to 

l^Uk and have Ik&l {cons^N^iQ'SNc) due to A;t = 0- Now we treat the case of 
a = (0 : We may assume \/k-<2. s ^^^t^, since otherwise the whole proof is finished 
by (O-shallow confluence up to (0. Thus we have 0-<no,ni. By Lemma 2.10 and 
kn — \+n/m, 4j"yte'r(cons,VsiGWVc) would imply the contradictory hnj, — ^nnj,. 
Finally, /A;e'r (cons,VsiGWVc) and TE^iTlfi (C;^A;)CT (cons, VsigWVc) by Lemma 2.10 
would imply that CkH^ is fulfilled w.r.t. — >^ and then Corollary 2.6 would imply the con- 
tradictory l]jj.k — >^r]jj.k again. Q.e.d. (Claim 2 of the proof of Lemma B.5) 

Claim 3: For all ^ -< 2 we may assume: 
(a=Q^ /;feeT(cons,VsiGWVc) ); 

( min{no,«i}d(«A:^l) V ((/;t,r;^),Q) is a-quasi-normal w.r.t. R,X ); 
and R,X is a-shallow confluent up to min{no,'^i}+a('^jt^l)- 

Proof of Claim 3 of the proof of Lemma B.4: The first property is trivial due to a = 
03. By Claim 2 we get min{no,"i} = 0^ as well as mm{nQ,n\}-\-^{nk^\) = 

0+^(%^l) = -< inax{l,n;t} ^ max{no,«i} ='?o+o)'^i- Thus R,X is to-shallow confluent 

up to min{no5«i}+io(%^l) by our first level of induction. 

Q.e.d. (Claim 3 of the proof of Lemma B.4) 
Proof of Claim 3 of the proof of Lemma B.5: The first property follows from Claim 2. Since 
R,X is a-quasi-normal, ((4, '"yt),Q) is a-quasi-normal w.r.t. R,X. By Claim 2 we have 
\mn{nQ,n\W{nk^\) -< mm{no,ni}\nk^no+^ni. Thus Claim 3 follows from our first level of 
induction. Q.e.d. (Claim 3 of the proof of Lemma B.5) 

Claim 4: For any A: -< 2 and V e SWB{Y,T{X)), if Qv is fulfilled w.r.t. — ^a+in^^iy ^^^^ 

Proof of Claim 4 of the proof of Lemma B.4: By Claim 2 we have O^n^ or 
nk = A Ik^l' (cons, VsigW ) . In the first case Claim 4 is trivial due to (%^ 1 ) + 1 = In 
the second case Qv is fulfilled w.r.t. — >^ and 4 G T (cons, VsigWV;;). Thus, by Corollary 2.6, 
we get IkV — ^to^feV, which completes the proof of Claim 4 due to nk = in this case. 

Q.e.d. (Claim 4 of the proof of Lemma B.4) 
Proof of Claim 4 of the proof of Lemma B.5: By Claim 2 we have 0-<% and a = ^ 
/it e T (cons, VsigW V(; ) . Thus Claim 4 is trivial due to (%^ 1 ) + 1 = 

Q.e.d. (Claim 4 of the proof of Lemma B.5) 



Two cases: 
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The variable-overlap case: There are q'^, q\ such that p = qQq[ ; /i /^q = x e V : 



a+no 

\ 



V 



a+ni 



a+ni 



/iV 



a+ni 



* a+no 

\/ 

riV 



We have xiJi\/q\ = hn\/ q'^q'^ =s/p = Iq/uq . 
Claim A of the proof of Lemma B.4: 

In case of "z = 1" for the 'f of Claim 2 we may assume x E Vsig- 

Proof of Claim A of the proof of Lemma B.4: Otherwise we would have xG V^, which implies 
x/Lii e T (cons, Yc) then Iq/liq e T (cons, V^). We may assume /i_,7Ji , ^ T (cons, V^) for the / 
of Claim 2. Q.e.d. (Claim A of the proof of Lemma B.4) 



Claim A of the proof of Lemma B.5: 



We may assume 



( a = ^ /i GT (cons, Vsig WVc) ) 
A ( a = ff) =^ xgVsig ) 
Proof of Claim A of the proof of Lemma B.5: The first statement follows from Claim 2. 
The second is show by contradiction: Suppose we would have xGVc which implies 
x/Ji G T (cons, V(;) and then Iq/jq G (cons, V^). By Claim 2 we can assume that this is not the 
case for a = CO. Q.e.d. (Claim A of the proof of Lemma B.5) 

By Lemma 2. 10 (in case of x G V^), we can define V G 5 « (V, T (X)) by (y G V): 

By T (sig,X)-monotomcity of — we get ri//i ri v and 

ImWoq'i ^rofio] = 

h[q'o^xV][q"^yiJl \ h/q"^yeY A q"^q'o] = 

h[q'Q^xv][q" ^XfJi I h/q"^x A q"^qo][q"^yV \ x^h/q"=yEY A ^'V?o] 



* 



h[q"^yv\h/q" = yeY] = hv. 



Claim B: h/ji [p ^ ro//o ] ^„+„i v. 
Proof of Claim B of the proof of Lemma B.4: By case distinction over the '/' of Claim 2: 
"/ = 0": nn = 0^ni implies — >^+„^^ ^ — \,+„^ by Lemma 2.12. 

1": In this case we have hET (cons, VsigW ) . By Claim A we may assume x E Vsig- Then 
h is linear in x. Thus { q" \ l\/q"=x A q"^q'Q } = 0, which means that the above reduction 
takes steps, i.e. l\n\ [p <— ro//o ] = ^iV. Q.e.d. (Claim B of the proof of Lemma B.4) 

Proof of Claim B of the proof of Lemma B.5: By Claim A and the assumption of our lemma we 
know that /o is linear in x. Thus { q" \ l\/q"=x A q"y^q'Q } = 0, which means that the above 
reduction takes steps, i.e. [p <— ro^uo] = /iV. Q.e.d. (Claim B of the proof of Lemma B.5) 
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Claim C: /iV^„+„^riV. 

Proof of Claim C of the proof of Lerrnna B.4: By case distinction over the of Claim 2: 

"/ = 0": Due to nQ = 0^ni this follows directly from Lemma 13.8 (matching its no to our no = 
and its ni to our ni^l) (since O^ni^l and R,X is co-shallow confluent up to ni^l by our 
induction hypothesis). 

= 1": In this case we have ni=0 and /i e T (cons, VsigWVc). Thus, since Ci//i is fulfilled 
w.r.t. — by assumption of the lemma we know that ( (/i , ri ) , Ci ) is quasi-normal w.r.t. R, X and 
that for all M G T'E5f.5W5(Ci) we have u^i or M;Ui^dom( — >) or 'V{u)<Z\(^. In the latter 

case, since we may assume xgVsig by Claim A, we get \/yE'V{u).yni=yv and, moreover, 
\/h-<nQ-\-^n\. R,X is co-shallow confluent up to 5 by our induction hypothesis. In the first case, 
due to hm = s our induction hypothesis even implies that R, X is CO-shallow confluent up to 
«0+(o«l and u/Lii in <l. Thus Lemma 13.8 (matching its no to our no and its ni to our ni) implies 
that CiV is fulfilled w.r.t. — ^a+n^- Now since ni=0, Corollary 2.6 implies ZiV — ^a)+„jnv. 

Q.e.d. (Claim C of the proof of Lemma B.4) 
Proof of Claim C of the proof of Lemma B.5: Directly Lemma 13.8 (matching its no to our hq 
and its ni to our ni ^ 1) (by Claim 2 and since R, X is a-quasi-normal and a-shallow confluent up 
to no+a (ni ^ 1 ) by our first level of induction due to ni ^ 1 ni by Claim 2). 

Q.e.d. (Claim C of the proof of Lemma B.5) 

Q.e.d. (The variable-overlap case) 



The critical peak case: /7efP0j(/i); /i/p^V: Let £ SWS{Y,Y) be a bijection with 
^o[l^ {lo=ro^Co)] n 'U (/i=ri^Ci) = 0. Define Y := ^ {{lo=ro^Co)^oJi=n^Ci). De- 

e T , • . f-^Mi if xe 'I' (h=n< — Ci)l , 

fine := v1id. Let p be given by xp = < > (xgV). 



x^o ;Uoelse 

By lo^op = lo^o^Q^m = s/p = hiiii/p = hp/p={li/p)p let a := mgu({(/o^o,/i/p)},Y) and 
(peSU'S{y,T {X)) with Y1(o(p)=Y1p• 
ClaimA: We may assume /7 = V Vye'^^(/i).);acp^dom( — ^„+„,„{„^„jj) 
Proof of Claim A: Otherwise, when p^& holds but V_yG '^'(/i). yO(p^dom( — ^■a+min{«o 
is not the case, there are some x e 1^ (h), v e SU'B{N ,1 {X)) with xm — ^ci+min{noni}^^ 
and \/y&N\{x}.yiJ\_—yV. Due to h/ui/p < liiJi=s by our first level of induction from 
ro^o<59^ — a+«o^o^o<59=^i<y9/p = ^ij"i/p^a+n,i„{„o,„i}^i^/P wc know that there must be some 
u with ''o^o<59-^„+min{«o.ni}"^a+«o^i^/^- CMm 3, by Lemma 13.8 (matching its 

no to our min{no,«i} and its ni to our (ni^l)) CiV is fulfilled w.r.t. — ^a+{ni^i)' 
Claim 4 implies /iV^„+„jriV. Due to lm^^+^,,^„^^„^}hv and — C > we get 
hv <hixi=s. Thus, by our first level of induction, from h'^[p ^ n]^-—a+nji^ — ^^a+nj^v 
we get to = lm[P ^ '•o^oGcp]-^„^^„^„^_„^j/iv[p ro^oacp]^„^^„^„^_„^j/iv[p ^ m]-^„+„j o 
^„+„/iV^„+^^„^„^jri^i=ri. Q.e.d. (Claim A) 
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If li[p <— rQE,o]G = ri<5, then we are finished due to to = li[p <— rQ^o]<J(f = riO(p = ti. Other- 
wise we have ( (/i [p ^o^o ] , Cq^o, Aq) , (ri , Ci^i , Ai ) , /i , a, p ) e CP(R) with the following 
additional structure: 

In the proof of Lemma B.4: By Claim 2 the critical peak cannot be of the form (1,1). More- 
over, if it is of the form (0,0), then we have VA:-<2. 4 GT (cons, VsigWV^), which by 
Claim 2 for some / -< 2 implies T2;!^iW5 (Ci_;^i_;a(p)^'r (cons, VsigWVc), and then 
1'E%MS (Ci_;^i_,-a)^T (cons, Vc), i.e. 1'E%MS (Co^o<5Ci^ia)^T (cons, V^). 
In the proof of Lemma B. 5: For all ^ ^ 2 we have: a = ^ ^k = ^- If cx = a) and 
Ayt = for some k ~< 2, then l^E'T {com, Ysig^^c)^ which by Claim 2 implies 
T2;5?,fAfj(Q^^:0(p)^T(cons,VsiGtb)Vc), and then T£5(.fAfj(Q^fcO)^T(cons,Vc). 

Now Co^oO(p = Co//o is fulfilled w.r.t. — ^„+(«o-i)' Ci^ia(p = Ci/ii is fulfilled w.r.t. — ^„+(„j^i)- 
Since haip — h/ui—s, by our induction hypothesis we have V(5,5') ^<l (/^o+a"l)^lC^9)• 
(R,X is a-shallow confluent up to 5 and s' in <). By Claim 1 we get \/q et'OS {ho(p). 

(d^q<^l,^^p =^ /iO(p^dom( — >^^^^„^^„^^J y This means /iO(p^A(/7,min{no,Ri}). 
Furthermore, (no+„ni, /lOcp) = {no+^ni,s) ^<{^,s). Therefore, in case of VyeV. 
y(p^dom{ — ^c(+min{„y „|})5 by Claim A and by the assumed form of a-shallow joinability up to [3 



and 5 w.r.t. R,X and O [besides A], we get tQ = li[p ro^o]<^9- 



a+ni 



riO(p = ti. 



Otherwise, when Vye V. j(p^dom(- 



a+min{/iQ.n ] } > 



is not the case, by 



a+min{nQ,«| } 



and 



the Axiom of Choice there is some (p'G5li«(V, T (X)) with VyeV. ycp- 

dom(^„^^,„^„^„^j). Then, of course, V/-<2. VjG V. 3;^,-0(p-^„^^^„^_„^jj^,-0(p'. Due to 
Claim 3, by Lemma 13.8 (matching its hq to our min{no,"i} and its ni to our (rj^I)) 
we know that V/ ^ 2. Q^;a(p' is fulfilled w.r.t. — ^ci+(«-i)- Claim 4 implies V/^2. 

/;^;a(p' — >„+„.r;^;a(p'. Furthermore, we have ^ ro^o]a(p-^„^^,„^„^„^j/i[/7 ^ ro^o]a(p' 
and — „+min{«o«i}'^i^^' diagram below. Therefore, in case of /ia(p=/ia(p' 

the proof succeeds like above with cp' instead of (p. Otherwise we have /iO(p— ^^^^^/lOcp'. 
Then due to — C > we get s=ho<p> lia<p'. Therefore, by our first level of in- 
duction, from h[p^roE,o]a(p'< — ^^„^Ji[p ^ lo?;,o]a(p' = ho<p' — ^„+„j 0^iO(p' we conclude 

h[p^ro^o]o(?'^.^^„^ 



a+«o 



^0 



h[p ^ rot,o]o<p 



a+no,p 



/lacp 



V 



a+min{no,ni} 



a+ni,0 



V 



a+inin{no,ni} 



* a+tmn{no,ni} 



/i[p^ro^o]o(p' ^ 



a+no,p 



a-l-ni,0 



a+«i 



V 



a+no 



Q.e.d. (The critical peak case) 



Q.e.d. (Lemma B.4 and Lemma B.5) 
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Proof of Lemma B.6 



For (5,5) ^< we are going to show that R,X is to-level confluent up to 5 and j in < by 
induction over (5,s) in ^<1 . Suppose that for no,«i ^ to we have (max{no,/ii},5) :<< (P,*) 



and ?o 



t{ . We have to show tL- 



ra+max{no,'»i} 1' 



to+iio'^ to+ni'r »»<^ iiivt I.W aiiww iq o)+max{no,ni} 

In case of 3/ -< 2. = s this is trivially true by Lemma 2. 12. In case of no = ni = this is true by 
confluence of — Using symmetry in and 1, w.l.o.g. we may assume no «i • 



0' 



* / 
^1 ^m+riyh 



Thus, assuming nQ^n\)^Q, for 
using the induction hypothesis that 

V(m,w') ^<l (max{no,ni},5). R,X is to-level confluent up to m and W in < 
we have to show 



eo+nj 



* I 



(B+nj 



[0+n| 



?i for some u. 



Claim 0: Now it is sufficient to show Iq- 
Proof of Claim 0: By Lemma B.l we have s[>tQ,ti. Thus, due to"^^ (max{ni,ni},?i) -<< 



(max{no,«i},5), by our induction hypotheses u< — a+nih- 



plies the existence of some v with u- 



lo+ni M 



(o+«i "^1 

and then 



(cf. diagram below) im- 
V implies 



(O+KQ 



(0+nj 



'0" 



lO+fll 



to+nj 



V. 




co+ni 



co+ni 



Q.e.d. (Claim 0) 



Defining n:— ni^l and using Lemma 2.12 we can now restate our proof task in the following 
symmetric way: 

For CO, tQ< — a+n+\.p^ — ^(s>+n+\J^ using the induction hypothesis that 



V(m,w') -<<! (n+1,5). R,X is to- level confluent up to m and w' in <l 
we have to show 



m+n+l 



0)+«+l 



h. 



In case of p\\q this is trivial. Otherwise one of p,q must be a prefix of the other, w.l.o.g. say that 
c7 is a prefix of p. In case of q^^^ due to Og^ C > we get s/q<iS and the proof finished by 
our induction hypothesis and T (sig,X)-monotonicity of Thus we may assume q — ^. 

We start a second level of induction on p in <^^. Thus we may assume the following induction 
hypothesis: 

q P 



t' 

m+n+rl 



■'^Note that it is this change from no to ni in max{no,ni} that makes a two level treatment similar to that for 
co-shallow confluence (i.e. considering ho+^hi instead of no+ni) impossible because then for no = 0-<ni we would 
get max^ {no,ni} -<(xi< max^^, {hi, hi) and thus would not be allowed to apply our induction hypothesis here. 
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Now for A; < 2 there must be ((/^, r^),Q) e R; //^ G 5 'W® (V, T (X)); with C^Hk fulfilled w.r.t. 
s = hn\; s/p = loiLio; to = liiui[p ro/jo]; t\ = r\n\. Moreover, for ^ < 2 we define 

if4G'r(cons,VsiGWVc) 

1 otherwise 



eo+n' 



Claim 1: We may assume that \/q&TOS{s). ( (dy^q^sP =^ 5^dom( — ^a>+n+i,q) )• 

Proof of Claim 1 : Otherwise there must be some q e TOS{s); {{12,^2), C2) e R; //2 e 

S'U(B{Y,T{X)); with C2//2 fulfilled w.r.t. — >„^„; s/q = l2^i2; and %i-q P- By 

our second induction level we get ^ ''2/^2]— — >^(o+„+i>^i^— m+n+i^iA*! for some w\; 

cf. the diagram below. Next we are going to show that there is some wo with 
/iA/i[/?^roA'o]^(o+„+iW'o^„+„+i/iA'i[^^'-2A'2]- Note that (since — > C [> implies 
s^hmlq ^ r2^^2]) this finishes the proof since then wo^„+„+i/iA'i[? ^ ^2j"2]^a)+n+i^i by 
our first level of induction implies ?o^a)+n+i^oioj+«+i^i^(o+n+i^i- 



im[p ^ nm] ^ 



ro+n+l,p 



CO+M+l 

V 

wo < — 



to+n+1,0 



(O+n+1 



im[q 



(O+n+1, 9 
^2i"2] - 



co+n+1 



to+n+l 



co+w+l 



co+n+1 



In case of p\\q we simply can choose wq := /i/^i [p ^ tq/jo] [<? ^ ^2/^2]- Otherwise, there must 
be some p, p, q, with p = pp, q = pq, and (p = V ^ = 0) . Now it suffices to show 

S/P[P ^ '•0A'0]-^<o+„+i<^to+«+lV^[^ ^ '•2A'2] 

for some Wq, because by T (sig,X)-monotonicity of — *ay+n+i then have 
hn\[p ^ ro/io] =s[PP ^ foi^o] =s[P ^ s/p][PP ^ ^Oi"o] = 



to+n+l 



s[p- 



Wn 



s[p^s/p[p^rofio] 
s[p ^ s/p][pq ^ r2H2] =s[pq ^ ^2/12] =/lj"l[? ^ ^2j"2 
Note that 

s/p[p^roiJo 
In case of p^^ (since then 



(O+n+l 



to+n+l 



,pS/p- 



s[p^s/p[q^r2lU2] 



^^+n+i4s/p[q^r2H2]- 
implies s[>s/p) we get some Wq with 

s/p[p <r- ro^o]^co+«+i^o^co+«+i'^/^[^ ^ ^"2^/2] by our first level of induction. Otherwise, in 
case of p=0, our disjunction from above means (/7=0V^ = 0). Since we have ^^q by 
our initial assumption, we may assume q = q^^ and p = p = p — &. Then the above divergence 



reads s/p[p^roijQ] 
our second induction level due to q P- 



(0+n+ 1 ,( 



to+n+l, ij 



s/p[q-^ r2//2] and we get the required joinability by 

Q.e.d. (Claim 1) 



Claim 2: We may assume: 3/ -< 2. li ^ t (cons, VsigW V^; ) . 

Proof of Claim 2: Since C,/// is fulfilled w.r.t. — "r^^^^, by Lemma 13.2 (matching both its n and 
Vtoour//i) GT (cons, VsigWV,^) implies li^i — ^J'm and then s — Thus, if the claim 
does not hold, we have tQ< — — ^tji and the proof is finished by confluence of — 

Q.e.d. (Claim 2) 
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Now we have two cases: 



The variable overlap case: p = c/oqi; l\/q() = x £ V : 

We have xn\/q\ = l\n\/qQq\ =s/ p = Iqim)- By Lemma 2.10 (in case of xG V^), we can define 

ve5'y25(V,T(X))by OvGV): 

^^^1 ..,|„^.o.ol -f^-^^ }a„dge. for..V. By corollas 2.8: 

tQ = hni[qQqi^rQidQ]=li[qQ^x\][q' \ l^/q' =y ^ q' ^q^] 

h[q' ^yv I /i/^' = 3;GV]=/iV; 

t\ = r\ij.\ — >^„+„+iriV. It suffices to show hv — riV, which follows from our first level of 
induction saying that R,X is to-level confluent up to n by Lemma A.7 (matching its hq to our n+l 
and its n\ to our n). Q.e.d. (The variable overlap case) 



The critical peak case: p e 'POS{h); h/p^Y : Let e S WB {W ,W) he a bijection with 
U^{k=ro^Co)] n ^ (/i^n^Ci) =0. Define Y :^ ^ {{lo=ro^Co)^,h=n^Ci) . 

Let p be given by ^P= {^^-i^^ '^^^'^''^^'^} (^e V). By /o^p = /o^^-Vo = 

s/p=hnx/p = hp/p={h/p)p let a := mgu({(/o^,/i /;?)}, Y) and (p e 5 T(X)) 
withy! (a(p) = Ylp. 

Claim A: We may assume ( p=0 V Mye'U {h).ycs<^^dora{ — >„+„+i) ). 
Proof of Claim A: Otherwise, when p^^ holds but V)^G )^0(p^dom( — ^(o+„+i) is 

not the case, there are some x G '^'(/i), VG5'U®(V, T(X)) with xacp — \+„+x^ ^"^^ 
\/y&V\{x}.yiJ\=yv. Due to lipi/ p <\ l\p\=s by our first level of induction from 
ro^O(p< — /o^<3(p = /lOcp/ = hm/ p—^^+n+i h^/p we know that there must be some u with 
ro^O(p-^„^„^iM^„^„^j/iV/p. Due to /i^i -^„+„+i /i V and — ^C> we get /iV</i^i = 

s. Thus, by our first level of induction, from hv[p ^ u]^^^^^^_^^liv — ^a+n+inv (which is due 
to Lemma A.7 and our first level of induction saying that R, X is to-level confluent up to n) we 
get tQ = lm[p ^ rQ^<5(S?]^^„^,l\V[p ^ rQ^<5(S?]^^„^,hv[p ^ u]i^^^,riV^^^^^,n^i = 
h. Q.e.d. (Claim A) 

If <— ro^]a = ria, then we are finished due to tQ = l\[p ^ rQ^](3(^ — ri<3(^ — t\. Otherwise 
^ ro^],Co^,Ao), (ri,Ci,Ai), Zi, o, p) is a critical peak in CP (R). Furthermore, due to 
Claim 2, this critical peak is not of the form (0, 0). 

Now (Co^ Ci )o(p = Co/Jo Ci/Ji is fulfilled w.r.t. — ^^^^^^.Dueto l\<3(^ — l\p — l\ix\ — s, byourfirst 
level of induction we get V(5,5') -<< (n-|-l, Ziocp). (R,X is to-level confluent up to 5 and s' in 
<). By Claim 1 we get V^G!P05(/ia(p). ( ^i-q<^ho<^p /ia(p^dom( — ^„+„+i J ). This 
means liO(p^A{p,n+l). Furthermore, (n+lJiO(p) — (max|no,ni|,^) -«i (^,s). Thus, in case 
of VyG V. j(p^dom( — ^(o+„+i), by Claim A and the assumed by co-level joinability up to (3 and 
s w.r.t. R,X and <l [besides A] (matching the definition's no and ni to our n+l) we get to = 
/i[p^'-o^](5cpio.+„+ino(p = ?i. 
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Otherwise, when \/yeY.y(p^dom{ — ^a+n+i) is not the case, by — >Q> and the Axiom 

of Choice there is some <p' eS11'S(V,'r (X)) with \/ye\.y<p^^^_^_j<p'^dom{ — ^^+„+i)- 

Then, of course, Vye V. y^acp— ^^^^^jy^acp' and ^y eY . yc!(p^^^_^_^_^_^ycs(p' . By Lemma A. 7 
(due to our first level of induction saying that R,X is co-level confluent up to n) we 
know that Co^ocp' and CiOCp' are fulfilled w.r.t. — Furthermore, we have 

h[p ^ rQ^,]o(p^^^^^Ji[p ^ rot,]o(p' and riOip'^^^^^^riOip. Therefore, in case of ha(p = 
/lOcp' the proof succeeds like above with cp' instead of cp. Otherwise we have /lOcp—'^/iacp'. 
Then due to — > C > we get s — ho^) > /lOcp'. Therefore, by our first level of induction, from 
k[p ^ rot,]a(p'< — ^+„+Ji[p ^ /o^]a(p' = /ia(p' — ^„+„+iria(p' (which is due to Lemma A.7 and 
our first level of induction saying that R,X is to-level confluent up to n) we conclude tQ = 

Q.e.d. (The critical peak case) Q.e.d. (Lemma B.6) 



Proof of Lemma B.7 

1.: Since the direction "D" is trivial we only have to show "C" and begin with the first equation. 
For?' e >st[T] there are some t G T and p G (POSit) with t/p = t'. Now, in case of =^ by 
sort-invariance and T-monotonicity of =^ we get t = t[p t'] z^t[p ^ t"]ET, which implies 
t" ^ ^st[T]- Thus we have shown ° ^ ^ t>^^[T]1id o ^ o ^stI'^]^^^' ^^^^ t' 

we can choose p = % and get f"GT, which proves x1ido^ ^ xlido^ojlid. 

2^ For T 3 t>^jt' =^ t" there is a p G TOS{t); p^% with t'^t/p. By sort-invariance and 
T-monotonicity of ^ we get t = t[p'^ t'\ ^ t[p <- t"]\>^^t" and t[p t"] gT. 

3.: The subset relationship is simple: 

~^^^[T]1ido (=rU>sT)+ C <3^0Tlido>3^o (=^U>st)^ ^ o xlid o (^ U^s^)^- 
The first equality follows from (1) and >^^[x]1id o = > ^[xjlid o [>g^ o ^ ^jjjlid . For the 
second equality consider the following subset relationships as a word rewriting system over the 
alphabet {xlid, (containing three letters): 

Tlido[>g^o=^ C xlid o =^ o xlid o ; 

C>sT ° >ST ^ >ST ; 

x1ido=^o|>g^ C x1id o =^ o x1id o ; 

x'|ido^o=^ C xlid o =^ o x1id o =^ 

First note that the system is sound: The first rule was proved in (2). The second is transitivity of 

>s^. The third and fourth are implied by (1). Since the number of substrings from {=^, >g^}^ 

is decreased by 1 by each of the rules, the word rewriting system is terminating. Thus, since 

all normal forms from x1id{^,>sx}^ are in {x1id>5^} U {x1id=^}+[{xlidl>3^}], we get 
x1ido (^u>s^)+ C ( x1ido><,^ ) u ( ( xlid o ^)+o( xlid o>5^)= ). Using (1) again 
as well as >5^" C >g^, this implies the one direction; the other direction as well as the special 
case are trivial. 
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VieN. 



V 



A r,-/p,-+i = r;+i 
-rn+l]- 



4.: By the first equation of (3) we conclude > C [T] x >st[T"] well as transitivity of >. 
Suppose that > is not terminating. By the first equation of (3) there is some r : N — [T] with 
VieN. ( r/=^r,+i V r,>j.^r,+i ). There is some to and some po £ 2'05(?o) with ?o/po = ^0- 
Moreover, there is also some ;? : N+ N* such that 

n =t n+i 
A pi+i=& 

Define (?„)„eN inductively by tn+i := ?„[po • • -Pn+i 

( tn,tn+l&T 

tn/PQ---Pn = r„ 

tn+l/PO---Pn+l=rn+l 

V V V ^ rn>sTrn+i 

Proof of Claim 2: We have ?„GT and tn/ po ■ ■ ■ Pn = rn in case of n = by our choice 
above and otherwise inductively by Claim 2. In case of r„=^r„4_i A Pn+i=&, since =^ is 



Claim 2: For each n e N we get 



A 
A 

A 



/ 



t„[po...p„ <- r„+ij = 



sort- invariant and T-monotonic, we thus get: tn — tn[po---Pn ^ fn] 
tn[po...PnPn+l^rn+i]=t„+ieT. Otherwise we have r„l>s.j,r„+i and r„//7„+i = r„+i and 

get: T3tn = tn[po...pn^rn]=tn[po...Pn^rn[pn+l^rn+l]] = 

- tn 



In both cases we 
Q.e.d. (Claim 2) 



tn[PO---Pn ^ rn][po...PnPn+l ^ r„+i]=t„[po . . . p„p„+l ^ r„+i 

have tn+l/po...Pn+l=tn[PO---Pn+l rn+l]/po...Pn+l=rn+l- 

Since is terminating, Claim 2 contradicts ^ being terminating (below all t E T). 

If =^ and T are X-stable, additionally, then > is X-stable too, because ^st[T]. >5^[T]1id, and ^^.j. 

are. 

Here is an example for > not sort-invariant and not T-monotonic: Let A, 5 be two different sorts. 
Let a(a) = A , a(f) =A^B, a(g) = A A . Define =^:= and T := T . Then we have 
and therefrom: f(a)>a (hence not sort- invariant); and g(a)l>a but f(g(a)) i;?^ f(a) 
(hence not T-monotonic). 

5.: Take the signature from the example in the proof of (4). Define =^ := {(a, f (a))} and T := T . 
Now =^ is a T-monotonic (indeed!), terminating relation on T that is not sort-invariant; whereas 
> is not irreflexive: a =^ f (a) a . If one changes a(f) to be a(f) = A — > A , then =^ is a sort- 
invariant, terminating relation on T that is not T-monotonic but 0-monotonic; whereas neither > 

Q.e.d. (Lemma B.7) 



nor U>5^)^ (in contrast to >g^[0]1ido UOg^)^) are irreflexive. 
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Proof of Lemma B.8 

For the proof of Claim 3 below, we enrich the signatures by a new sort 5new and new constructor 
symbols eq^ for each old sort s e S with arity ss — > Snew and _L with arity Snew We take (in 
addition to R) the following set of new rules (with G Vsig.v for s e S): 

R':={eq,iX,,X,) = ±\seS}. 
Since the sort restrictions do not allow — > „, ^ . to make any use of terms of the sort i'new when 

KUK ]A,p 

rewriting terms of an "old" sort, we get 

VB^to+to. — „. „n(T(sig,X)xT) = — >„^o,-, 

— RUR',X,p \ \ at / ) R,X,p/sig/cons 

(the latter being defined over the non-enriched signatures). Thus, T := [{*}], t1 — ^5 and 
>[T]1 — do not change when we exchange the one — > with the other. We use 'Og^' to denote 
the subterm ordering over the enriched signature. For keeping the assumptions of our lemma valid 
for this subterm ordering (instead of the subterm ordering on the non-enriched signature) we have 
to extend > with eq^(?o,?i) if 3j-<2. ti^^n^t' for some 5 G S and ?o,^i G (sig, Vsig^V,^)^. 
This extension neither changes >[T] nor >[x]1 — Thus, since >[x]1 — is not changed by 
any of the extensions, it now suffices to show its confluence after the extensions. Since the sort 
restrictions do not allow a term of the sort s^^-^ to be a proper subterm of any other term, it is 
obvious that after the extension of > we still may assume either that xl — ^ ^ is terminating 
and > = l>s^ or that >[x]1 — ^rur'x — I>st — and > is a wellfounded ordering on -T . 
Moreover, again due to the sort restrictions not allowing a term of the sort 5new to be a proper 
subterm of any other term, if w {< — U <)'*' {t/p)o<p holds for the extended — > and > and if t is 
an old term, then this also holds for the non-extended — > and >. Therefore, (as no new critical 
peaks occur) the critical peaks keep being >-quasi overlay joinable. 

We define := — for any ordinal p with p ~< to+co; and — > := := 

Since — > is sort-invariant, T-monotonic (cf. Corollary 2.8), and terminating below all ? G T, by 
Lemma B. 7(4), >' := [>^^[x]1ido( — ^Ul>g^)^ is a wellfounded ordering on >st[T]. Incase 

of l> = l>g^, we define >:=!>'. Otherwise, in case that >[x]1 — ^rx — ^^st — ^ 
is a wellfounded ordering, we define > := > n (>[T] x >[T]) . In any case, > is a wellfounded 
ordering on >[T] containing >[x]lido( — )• U [>g.j. U >)"'". This means in particular that >[T] is 
closed under — \>^j, and >. 



We say that P{v,u,s,t,lT) holds if for v,u,t G 'r(sig,X) and s G >[T] with v< — u; and 
s— nc ^os{u) with yp,qen. { pj^q ^ p\\q) and VoGlT. m/o = s; we have v J, 
u[o^t I o G n] . Now (by O := {0}) it suffices to show that P(v, m, 5, IT) holds for all appropri- 
ate v, m, 5, IT. We will show this by terminating induction over the lexicographic combination of 
the following orderings: 

1. > 

2. y 

3. y 

using the following measure on (v, u,s,t,Ii): 

1. s 

2. the smallest ordinal P :< (H+O) for which v^^^u 

3. the smallest n G N for which v<-^pM for the P of (2) 
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For the limit ordinals 0, to, to+to in the second position of the measure, the induction step is 

trivial ( C id ; ^„ C U;eN ; ^to+«, ^ U/eN ^«,+,- )• Thus, as we now suppose a 
smallest (v, w, 5, ? , 11) with P(v, u,s,t, IT) not holding for, the second position of the measure must 
be a non-limit ordinal |3+1. 

As P{v, u,s,t, n) holds trivially for u = v or s = t we have some u', s' with 



,M (n G N) (with Vm e N. (v^ 



p+i"- |3+r 
contradiction it is sufficient to show 



p+i' 



Claim: There is some z with v — >z^ 

because then we have z i u[o ^ t \ o eTI] by P{z,u[o < 
than (v, M, 5, ? , n) in the first position of the measure by s- 



m)^n)) and s — >s' — >t. Now for a 

—u[o ^ 5' I o G n]. 

- / I o G n],5',f,n), which is smaller 



P+i 



co+co,n 



-> u[o ^ i'' I o Gil] 



v 

o 



Claim 0: We may assume ^p^' e'POS{s)\{%}. s/p" ^dom{ — >). 

Proof of Claim 0: Otherwise there are some p" G 'P05 {s)\{^} and some s" with s/ p" — >s'' 



V ^ 



V 
v' 



y 



n+l 



P+1 



co+a),n 



== co+co.np" 
V 

u[o^s[p" ^s"] I oeU] ■ 



-> m[o<— 5' I oGll] 



V 



Then, by P{s',s,s/p",s"j{p"}), which is smaller in the first position of the measure by 
s>s^s/p", we get s'^s"'^s[p" ^ s"] for some Similarly, by P(v,m, 5//', 5", 11/') 
we get V — >v'^^m[p ^ s" \ peTlp"] —u[o s[p" s"] \ oGll] for some v'. Finally, by 
P{v', u[o ^ s[p" s"] I o G n], s[p" ^ s"], s'", n ), which is smaller in the first position of 

oeu]. 
Q.e.d. (Claim 0) 



the measure by s — ^s[p" <— s"], we get v' I u[o s'" \ oEll]< — u[o <— s' 



By Claim there are some ((/q, ro),Co) G RUR'; ^uq G J WBiy, T (X)); with s = /qA'o; s' = rQ/uo; 
and Cq/jq is fulfilled w.r.t. — Furthermore, we have some q G rP05 (w); ((/i, ri),Ci) G RUR'; 
//I G 5'U!B(V,'r (X)); with u/q = hii\; u' = u[q-^ r\n\]; Ci/ii fulfilled w.r.t. — )-p;andifCi 
contains some inequality (m^v) then to^p. By Claim we may assume that q is not strictly 
below any p G 11, i.e. that there are no p, p' with pp' = q, p' ^ 0, and p G 11. 
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Define 



n' 



= n\(^N*) 



: {p' \ qp'eU h {p'e'Pos{h)^h/p'ey)} ; 

: {p'\qp'^I]\{qW)} 

Define a function T on V by (jcG V): T{x) := { p" \ V- {h/p' A p'p" e W) }. Since for 
p" e r(;c) we always have some p' with li/p'=x; x/ui/p" — J p'p" = uj qp'p" = s; we have 

yxeY.\/p"er{x).xiui/p"=s. (#0) 

Since the proper subterm ordering is irreflexive we cannot have >s'I>st'^5 therefore get 

yxeY.yp',p"er{x).{p'=p"v p'Wp"). (#1) 
Due to (#0) and (#1) we can define by (x e V): 

xij'^:=xiJi[p"^s'\p"er{x)]. 



0^ { p'p" I 3x. {w/p'^x A p"er{x)) }. 

Mwei .\/p' e@yv-wni/p'=s (#01) 
Vw e T . 'ip'.p" e 0M>. ( p' = V p' II y ) (#02) 



Define for w G T : 
By (#0) we get 
and by (#1) 
and 

ywet .wiJ^=wnx[p' ^s' I p'e0M>]. (#03) 
Note that for A := 0/j \n' we have 

0/j=n'WA. (#2) 

By (#01) and (#2) we get 

Vp' en'uAun"./i^i//7'=5 (#3) 

and by (#02) and (#2) 

yp',p" e n'uA. ( p' = p" V p' II p" ). (#4) 

Since 

V/en'uA. (p'Gfp 05 (/i) ^ h/p'eN); 
Wp"en".{p"e^pos{h) a h/p"^N) (#5) 

we get by (#3) 

V/en'uA. V/7"en"./7"||/7' (#6) 

and then together with (#2) and (#4) 

V/?',p"Gn'wAwn". V /||/'). (#7) 

Now due to (#2) and (#03) we have 

hn\ = im [p'^s\p'e n'uA] (#8) 

and then by (#6) and (#3) 

yp"en".hij[/p"=s. (#9) 
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Summing up and defining we have: 



(by (#8)) 



(by (#6), (#8)) 



MO 
Ml 

U2 

) 

m' 

MO 



(by Claim 2) 



Ui+i := 



u[q 

u[q 

u[q 

u[q 

u[q ' 

u[q 

u[q 

u[q 

u[q 

u[q 



im[p' 

Vi] 

im[p' 

im[p' 

iMp' 

rm] 

mo] 

Mi+l] 



s'\p'^Ti']] 

s' I p'en'uA]] 

s' I p'eU'uYl"]] 
s' I p'Gn'uAun"] 

s'\p'eU"]] 



[o <- 


- s' 


o e 


M 


[o <- 


- s' 


o e 


H 


[o <- 


- s' 


o e 


M 


[o <- 


- s' 


1 o e 


H 


[o <- 


- s' 


o e 


H 


[o <- 


- s' 


o e 


H 


[o <- 


- s' 


1 o G 


M 


[o ^ 


- s' 


1 o e 


H 


[o 


- s' 


o e 


H 



M 



= = a)+co,Su(^n') 
V 

"0 H — 

CO+CO, (qA) 
03+0), [qn") 

M2 y — 



Ml 



0)+a>,q 



CO+CO, (^n") 



V 



oo+co, (?A) 



M 



P+1 



= = CO+CO, E U (^0rj ] 



CO+CO, ^po 



V 
Ml 



-> M„ 



* 

WO 



-> wi 



Due to (#3) we have M2<-H— a)+eo,(^n")MO~H— >(o+(o,(jA)Mi. 

Thus by (#6): M2-H-^co+co,(eA)W3^fi,+co,(9n")"i- 
We get Ml — ^a+aq^o by Lemma 2.7 and 
Claim 3: Ci//'i is fulfilled. 

Moreover, we get mq-^wq^-^v for some wo by (#01), (#©2), (#03), and 
P(v, m', 5, 5', S U {q@ri ) ) , which is smaller in the second or third position of the measure. 

Claim 1 : We may assume that there is some p e IT" with /i//j [p <— 5' ] 7^ rifi'i . 

Claim 2: There are some w g N; p : {0, ...,«-l} ^N*; m : {0, ...,«} ^ 'r(sig,X); such that 

l^^[[p"^s'\p"en"]^un; 

Ui+l=Ui[pi ^ Ui+l/pi] 
A M;+i/ Pi^Ui/ Pi < S 



; and uo — rifu[. 



Inductively for i ~< n we now get some Wi+i with m,+i — >Wi+i< — w, due to Claim 2 and 
P{wi,Ui,Ui/ pi,UiJ^i/ Pi,{qpi\) which is smaller in the first position of the measure by Claim 2. 



Finally by Claim 2 we get M3 — >u[q 
Claim due to m[o <— s' | o e IT] = M2— 



5' I o e S] =M„. This completes the proof of 



-V. 
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Proof of Claim 1 : In case of p,p'Ell" with h/j'^lp s']=riiu[ and /i/i'Jp' 5'] = ri/ij 
we cannot have p\\p' because then by (#9) we would get the contradiction s=hiii[/p= 
lilj\[p' ^ s']/ p = riij[/ p = lip[[p ^ s']/ p = s'<s. Therefore, if Claim 1 does not hold, i.e. if 
\/p"en". liij[[p" ^ s']=rip[, by (#7) must have we have |n"| ^1. In case n" = 0, we 

have ut, = ui^-^wo. Otherwise, in case of Tl" = {p} and lip[[p ^ s']=riij[, we have 
lip[[p' ^ s' I p' eH"] =lijj[[p ^ s'] =riij[, and then U3 = uo-^wo. In both cases we have 
shown Claim due to u[o ^ / | o G IT] = M2— -^"3— -^i^o^~~v- Q.e.d. (Claim 1) 

Proof of Claim 2 : Let ^ e SU'B{W,W) be a bijection with ^['p'(/o=ro< — Cq)] n 
nh=n^C,) = 0. Le. p be given by (x 6 V): xp := f (l,^ oftelv^se'"'"^''}- 

By (#9) and (#5) for the p of Claim 1 we have /o^p = /o^^~Vo='S'=^ij"i/i^= (^i/p)P ^"^^ 
hlp^y. Thus, let Y:= 'J^((/o=ro^Co)^,/i=ri^Ci); o := mgu({(/o^,/i/;?)},Y); 
and cp e 5'U«(V,'r(X)) with y1 (ocp) = y1P- Let ?o := hXp^r^W and ?i := n. By 
Claim 1 we may assume t{)Q^t\<5 (since otherwise ^ =/i;Uj[p ^ royuo] = 

?oC7(p=?ia(p=ri//j). Thus ((?o,Co^, . . .), (?i,Ci,...), /i, a, p) is a critical peak. By 
Lemma 2.12, (Co^Ci)o(p is fulfilled w.r.t. — Since (/i//?)acp = 5 it makes 
sense to define A := { p' ^'SOS{l\)\{p} \ hjp'^y N p')<3fS} = s}. Then by (#5) and 
(#9) we get n" C {p}UA. Thus by pGll" we get n"uA = {p}UA and therefore 
h^^\p" ^s'\p"^X)!'\ = h<5^\p" ^s' \p" |y'GA\n"] 

/iacp[/'^/ I/'gH"] [/'^/ |y'GA\n"] 
= /ia(p[/7"^s' |p"e{p}UA] 

= /i[p^ro^] [/'^ro^ I p"gA] a(p 

= ?o i/'^^o/p ly'eA] o(p. 

Moreover, for w with w(< — U<)^ (/i//?)acp due to (/i/p)o(p = 5' we have w<5 and therefore 
— ^ is confluent below w due to P(?, w, w, ?, {0}) which is smaller in the first position of the mea- 
sure. Finally, by Claim we get V/7"efPC»5((/i/p)a(p)\{0}. (/i//7)a(p/p'Vdom( — Thus, 
by [>-quasi overlay joinability, there are some « G N; p : {0, . . . ,n— 1} — > N*; w : {0, ...,«}—> T ; 
with ro[jc" ^ ?o/p I /?"GA]a(p-^M/,; 

^. ( Ui^i=Ui[pi^Ui+l/pi] \ / „ f „ 

vj^n. / * , / N+ /, , X and Mo = ?ia(p=riUi. Fmally, for all 

V due to 5G>[T] we know that s{ — >Ul>)^v implies s>v. Q.e.d. (Claim 2) 

Proof of Claim 3: For (m=v) in C\ we have um[^vp\. In case of |3 = 0, due to (#01), (#02), 
and (#03), we have um [p' s' \ p' & @u\ — -h-^q.VjUi [p' ^ s' \ p' e&v] and then 

Ulil[ = U/ill [p' ^ S' \ p' e@u] -H-^©v-\0«- 

ufii[p' <^s' I p' e@u^®v]=vm[p' ^ s' I p' e@vU@a]^@a\®v^Mp' ^ ^' I p'e0v-]=v//i. 

Otherwise, in case of 0-<p, we have for the sort 5 G § of m: ±^^p(eqf(M, v))/ii. We get 
± I {eq^{U,v))ij\ byP(±, (eq^(M, v))/ji, 5, s' ,0eq-(ii,v)) which is smaller in the second position. 
Since there are no rules for ± and only one for eq^-r, this means uij\ [ vij[. For (Defw) in Ci we 
know the existence of some u G gT{com) with m^^^m/ji. We get some u with u-^u*-^un\ 
by P{u,uiJi,s,s' ,&a) which is smaller in the second position. By Lemma 2.10 we get u G 
g T (cons). Finally, for (uy^v) in Ci we have some m, v G gT (cons) with u/ui -^^u^^v^r^^vpi (by 
Lemma 2. 1 1 and to :< P). By applying the same procedure as before twice we get w, v G (cons) 
with M//'j— ^m<-^m|v— ^v<-^v//j, i.e. m//^— ^m|v<-^v/|j. Q.e.d. (Claim 3) 

Q.e.d. (Lemma B.8) 
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Proof of Lemma C.3 

Claim 0: — )■ and — >^ are commuting. 

Proof of Claim 0: By the assumed strong commutation assumption and Lemma 3.3 
and are commuting. Since by Corollary 2.14 we have — > C -h->o— C — ^, now — 
and — are commuting, too. Q.e.d. (Claim 0) 



Claim 1: If — 
Proof of Claim 1 : 
lary 2.14 we have 



C 



strongly commutes over — ^, then — > is confluent. 

and — > are commuting by Lemma 3.3. Since by Corol- 
^—^^ C — now — > and — > are commuting, too. 

Q.e.d. (Claim 1) 



We are going to show the following property: 



u 



Wq- 



0-H->0- 



= = a)+co,no 



wo 



CO 



o 



(o+co,ni 



o 



CO 



0) 



* 

o 



V 



Claim 2: The above property implies that — >^o-h-^o — ¥^ strongly commutes over — )• and that 
— > is confluent. 

Proof of Claim 2: First we show the strong commutation. By Lemma 3.3 it suffices to show that 
— ^j^o-H-i^o^-i^^ strongly commutes over — >. Assume u"< — u'^^^^u-»-^wi^^^^W2 (cf. di- 
agram below). By the strong commutation assumed for our lemma and Corollary 2.14, there 
are wq and Wq with u" ^^^^Wq^t^^^wq^-^-u. By the above property there are some w^, w[ with 
wq— ^a)^3~^°~~^co^i^~^i- By Claim we can close the peak w'i<^wi^^,^W2 accord- 
ing to w[ 
peak Wq-^ 



> Wt<- 

* * 
—a^WO — 



-W2 for some By the assumed confluence of — we can close the 



^W3 according to Wq- 



a 3 



^W3 for some W3. To close the whole di- 



agram, we only have to show that we can close the peak — ^w^-h-^o — ^^Wj according to 
Wg-H-^o — >^ o < — ^W2, which is possible due to the strong commutation assumed for our lemma. 



CO 



u 



wo 



V 
..// 



to 



W3 



o 



CO 



CO 



-> Wl 



V 
w'l 



CO 



W2 



V 



CO 



W2 



CO 



V 



CO 



CO 



Wo 



CO 



W3 



-> o 



CO 



V 
-> o 



Finally, confluence of — > follows from Claim 1. 



Q.e.d. (Claim 2) 



W.l.o.g. let the positions of Hf be maximal in the sense that for any p E IT, and S C 

'POS{u)r\{pN^) we do not have M-ti-^co+<B,(n,\{p})uE>^; anymore. Then for each i -< 2 and p G 11, 
there are ((/,-p,r,-p),C,-p) e R and p G 5 IZ® (V, T (X)) with u/ p = li^p^i^p, n^pmp^wi/p, 
Q,pl^i,p fulfilled w.r.t. — >. Finally, for each / -< 2: Wi = u[p -s- n^p/Ji,p \ peUi]. 
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Claim 5: We may assume V/ -<2.ype IT,. ^ T (cons, VsigWVc ) . 

Proof of Claim 5: Define := {pell, | li^p e T {cons,YsiG^^c) } and u^ := 
u[p ^ ri^pHi^p I j!?en,\S/]. If we have succeeded with our proof under the assumption of 

Claim 5, then we have shown Mq— — ^a^o-H-^o— ^a)^i^~"i for some vq, vi (cf. diagram below). 
By Lemma 13.2 (matching both its ia and v to our we get \/i ~<2.ypE S,. li,pi-ii,p — ^a^i,pi-ii,p 
and therefore \/i^2. u'-—^^^Wi. Thus from vi^^u',-^^^w\ we get vi^^^^V2^^wi for some 



V2 by Claim 0. Due to the assumed confluence of — we can close the peak wq< 



according to Oo- 
lemma, from Vq<- 



^vo for some v'q. By the strong commutation assumption of our 



.^0 



^V2 we can finally conclude Vq 



V 



a)+(o,ni\Si 



= = co+co,no\So 
V 

/ * 

"0 - 



CO 



CO 



> vo 

V 



CO 



v: 







-> o 



o 



CO 



V 



CO 



CO 



CO 



V 



* 

* 

o 



CO 



Q.e.d. (Claim 5) 

Define the set of inner overlapping positions by 

r2(no,ni) := U {peu,^, \ a^en,-. 3q'eN*.p^qq' }, 

and the length of a term by 'k{f{tQ, . . . , fm-i)) := 1 + Ly^m^(O')- 

Now we start an induction on ^ X{u/ p) in -< . 

p'en(no,ni) 



Define the set of top positions by 

0:={7?enouni | ^3^enouni. VeN+.;?=^^' }. 

Since the prefix ordering is wellfounded we have V/^2. Vpell;. 3^6 0. p = 

qq'. Then V/ ^ 2. Wi = Wi[q ^ Wi/q \qe@]=u[p^ ri,pl^i,p \p&^i][q^ Wi/q \qe@] = 
u[q-^ Wi/q I qe&]. Thus, it now suffices to show for all ^ e 



wo/q- 

because then we have 

WQ = u[q wo/q I qe&]- 



* * 
o > o < — 

to 



wi/q 



^o<r-^u[q ■^wi/q I ^e0]=wi. 



Therefore we are left with the following two cases for ^ e 0: 
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q^Hi: Then ^GlTo. Define Il[ := { p \ qpElli }. We have two cases: 



"The variable overlap (if any) case": Vp e U'^nTOS (/o,^)- k,q/p^ V: 



co+co, U[ 



wi/q 



co+co, 



wo/? 



V 



Define a function T on V by (xEY): r{x) := { {p',p") \ lo,q/p'^x A p'p" G n'^ }. 
Claim 7: There is some v e S U'B{'V,T (X)) with 



X/JO,q 



A V/7'edom(r(x)). J^=X/A),^[/7" ^ ri^qpipnjJi^qpipn \ {p' , p") eT{x)] 



Proof of Claim 7: 

In case of dom(r(;c)) =0 we define xv :— x/UQ q. If there is some p' such that dom(r(x)) = 
{p'} we define xv : = xpo,q[p" fi^qp'pf'Pi^gp'p" \ {p' ,p") Er{x)]. This is appropriate since due 
to y{p',p") e r{x) . x/uo^q/p" = lo,qm,q/p'p" = n/ip'p" = h,qp'p"Mi,qp'p" we have 

XlilO,q=Xm,q[p" ^ h,qp'p"Pl,qp'p" I ) G r(x) ] ^ 

XPO,q[p" ri^qp>p»Pl^qp>p» \ (p' , p") ETix)] = XV . 

Finally, in case of |dom(r(x))| >- 1, lo,q is not linear in x. By the conditions of our lemma and 
Claim 5 this implies xEYc- Since there is some {p' ,p") E r{x) with x^o,?/ p" — h,qp'p"Mi,qp'p" 
this implies /i,^pyjUi,^p'p" G (cons, V^) and then /i^^^y/ e "T (cons, VsigWVc) which contra- 
dicts Claim 5. Q.e.d. (Claim 7) 

Claim 8: lo,qV — wi/q. 
Proof of Claim 8: 

By Claim 7 we get wi/q = u/q[p' p" ^ ri^qp'pnm^qp^pi, \ 3xeV. {p\p")ET{x)]^ 

k,q[p' ^ X/jQ^q I lo,q/p'=Xey][p'p" ^ ri^qpfpnpiqpfp,, \ 3xeY. (p' , p") er{x)] = 
k,q[p' ^^PoAp" ^^l,qp'p"^lqp'p" I ip' ^ P") ^'^i^)] I h,q/p'=xey] = 

hq[p' ^xv \lQ^q/p' =xeW]=lQ,q\. Q.e.d. (Claim 8) 

Claim 9: wo/^-H-^ro^^V. 

Proof of Claim 9: Since wo/q = rQ^qiLio^q, this follows directly from Claim 7. Q.e.d. (Claim 9) 

By claims 8 and 9 it now suffices to show /o,^v — *^'"o,?v, which again follows from Lemma C.4 
since — > and — >^ are commuting by Claim and since VxG V. x/io,^— by Claim 7 and 
Corollary 2.14. 

Q.e.d. ("The variable overlap (if any) case") 
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"The critical peak case": There is some p e Yl'-^HTOS (lo^q) with /o,^/p^V: 



co+co,© 



V 



wo/q 




Claim 10: p^H). 

Proof of Claim 10: If = then OeOj, then ^elli, which contradicts our global case 
assumption. Q.e.d. (Claim 10) 

Let ^ e ^^^(V, V) be abijection with ^['U {{{h.qp,n_qp),Ci,qp))] n 'l^(((/o,5,ro,^),Co,^)) = 0. 
Define Y:= ^['l^(((/i,,p,ri,,p),Ci,,p))] U a^(((/o,^,ro,,),Co,,)). 

Letpe.^.(V,^(X))begivenby = {^^^ 

By h.qp^P = Vl,gp = "/^P = k,qm,q/P = k,qP / P = {k,q/p)p 

let o : = mgu({(/L5p^,/o,5/p)},Y) and cp G ^'y!B(V,T (X)) with y1 (o(p)=Ylp. 
Define a' := lo,qlJo,q[P ^ '"i,?pA'i,<?p]- We get 



(^ev). 



u' = u/q[p' ^ h^, 



qp'l^l,qp' 



p'e^'Mp}][p 
u/q[p' ^ n^qp'^ii,qp' I p'en[]=wi/q. 

If lo,q[p <— ri^^p^]o = ro,^a, then the proof is finished due to 

WQ/q = ro^qlJo,q = rQ^qa(p = lo,g[p ^ ri^qp^,]a(p = u'^^+,,u\\{p}Wi/q- 
Otherwise we have ( {lo,q[p ^ ri^qpt,]a,Ci^qpb,o, 1), (ro,^a,Co,^a, 1), lo,qO,p) G CP(R) (due to 
Claim 5); p^& (due to Claim 10); Ci^^p^ocp = Ci,^p^i,^p is fulfilled w.r.t. — >; Co,^0(p = 
Co,qPo,q is fulfilled w.r.t. — ^. Due to Claim and our assumed to-coarse level parallel closed- 
ness we have u' = lo^q[p ri,^p^]a(p-H-^vi -^^V2'^^ro^qC!(p= rc^/io,? = wo/q for some vi , V2. 
We then have vi'^^+^^u"u'-h-^e>+m,n[\{p}Wi/q for some IT". By ^ X{u' /p") ^ 

p"en(n",n;\{p}) 

l{u/p") = Ku/qp") -< 

p"en'i\{p} P"en'i\{p} 

I X(«/^/0 = £ X(«/pO = J: X{u/p') 
P"en; p'€?n; p'en({^},ni) 

induction hypothesis we get some Vj, V3 with v\^^^vj, 
of — we can close the peak at vi according to V2— ^„V4*-^j^V3 for some V4. Finally by 
the strong commutation assumption of our lemma, the peak at V3 can be closed according to 



-< £ X{u/p'), due to our 

p'en(no,ni) 

o— ^j^Vj-<-^wi/^. By confluence 



V4-H-^0 >^0- 



Q.e.d. ("The critical peak case") 



Q.e.d. Cq^n 
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^ e 111 : Define ITq := { p | qpEllo}. We have two cases: 

"The second variable overiap (if any) case": V/7enQnfP05(/i,^). h^q/peY: 



co+to,0 



wi/q 



CO+CO, U'q 



wo/q 



V 



Define a function T on V by (xG V): Y{x) := { (p',yO | hjp'^x A pV G n^, }. 
Claim 11: There is some v e SU'B{Y,T (X)) with 

\ A Vy e dom(r(x)). x//i,^[/7" ^ ro^gp'p"^io,qp', 
Proof of Claim 11: 



(/7',/7")er(x)]=;cv 



In case of dom(r(;c)) =0 we define xv := x/ui q. If there is some p' such that dom(r(x)) = 
{p'} we define xV : = xiJi^q[p" ^ qp/p//fXQqp/pii \ {p' ,p") er{x)]. This is appropriate since due 

to y{p',p") e r{x) . X/Jl^q/p" = h,qH\,q/p'p" = u/qp'p" = lo,qp'p"m,qp'p" WC haVe 
Xl^l,q=Xl^l,q[p" ^ kqp'p"^^0,qp'p" I (p', P") ^ r(x) ] ^ 

XIJl,q[p" ^ ro^qpip^POyp^ I {p',p")er{x)]=XV. 

Finally, in case of |dom(r(x))| >- 1, h^q is not linear in x. By the conditions of our lemma and 
Claim 5 this implies xEY^. Since there is some {p' ,p") E r{x) with x/ui^q/ p" — lo,qp'p"Mo,qp'p" 
this implies lo,qp'p"Mo,qp'p" ^'^ i^^^^i^c) and then /o^^py G "T (cons, VsigWVc) which contra- 
dicts Claim 5. Q.e.d. (Claim 11) 

Claim 12: wo/q = li^qV. 
Proof of Claim 12: 

By Claim 11 we get wo/q = u/q[p'p" ^ rQ^qp'p"liio,qp'p" \ 3xG V. {p' ,p") er{x)] = 

h,q[p' ^Xfil^q I h,q/ p' =XeY][p' p" ^ rQ^qp'p>>Po^qp'pff \ 3xGV. (/,/') G r(x) ] = 
h,q[p' ^ Xpi,q[p" ^ ro^qp>p»tJO^qpfp» \ {p' , p") er{x)] \ h^q/ p' ^ X EY] = 

h,q[p' ^xv\h,q/p'=xeY]=h,qV. Q.c.d. (Claim 12) 

-wi/q. 



Claim 13: n^qV< 

Proof of Claim 13: Since r\^qH\^q = w\/q^ this follows directly from Claim 11. Q.e.d. (Claim 13) 

By claims 12 and 13 using Corollary 2.14 it now suffices to show h^qV — ^r\^qV^ which again 
follows from Lemma C.4 since — > and — >^ are commuting by Claim and since VxGV. 
x^\.q—^xv by Claim 11 and Corollary 2.14. 
Q.e.d. ("The second variable overlap (if any) case") 
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"The second critical peak case": There is some p e IVqC^'POS {h,q) with li^q/ p ^ V: 




wo/q 



Let ^ e 5'y2J(V, V) be abijection with ^['U {{{lo,gp,ro,gp),CQ,qp))] n'y{{{h^q,n^q),Ci^q)) = 0. 
Define Y:= ^['l^(((/o,,p,ro,^p),Co,^p))] U 'J^(((/i,„ri,,),Ci,,)). 

Let p e 5 (V, T (X)) be given by xp = f^^^^^ 

By k,qp^P = h,qp^^~^IM),qp = u/qp = h,ql^l,q/ P = h,qp/p = (k^q/ p)p 

let o := mgu({(/o,^p^, hjp)}, Y) and cp e 5 -U® (V, T (X)) with y1 (a(p) = y1 p. 
Define u' := h,q/Ji,q[p ^ ro^qp/uo^qp]. We get 

Wo/q = u/q[p' ^ %qp'fJo,qp' I /en[)]^„+„_n(,\M 

u/q[p' ^ k,qp'HO,qp' I p' e n()\{p} ] [p ^ ro,qp/Uo,qp ] = m'. 

If -s— ro,^p^]a= ri^^a, then the proof is finished due to 

wo/q^^+^,n'^\{p}u' = h,q[p ^ ro^qp^]a<p=ri^qa(p=ri^qiJi^q = wi/q. 
Otherwise we have ( {h,q[p ^ ro,^p^]a,Co,^p^a, 1), (ri,^a,Ci,^a, 1), h,qC,p) e CP(R) (due 
to Claim 5); Co,^p^a(p = Co,gpA'0//p is fulfilled w.r.t. — Ch^ocp = Ci,qiAi,q is ful- 
filled w.r.t. — >. Due to Claim and our assumed co-coarse level parallel joinability we 
have M' = /i,5[i? ^ ro,^p^]o(p-H->vi^„V2^ri,^0(p = ri,g^i,^ = wi/^ for some vi, V2. We 
then have wo/?^a)+o),n^\{p}w'-n-^a,+<B,n"Vi for some n". Since X{u' /p") ^ 

p"en(n()\{p},n") 

£ X{u'/p") = £ x(M/^yo ^ £ ^(V^P'O = E ^(VpO = 

£ X{u/p) ^ £ X{u/p) due to our induction hypothesis we get some v'j with 
p'6n(no,{?}) p'€n(no,ni) 

wo/^ — — *'(o^i^ — ^1- Finally the peak at vi can be closed according to — >^ o < — V2 
by Claim 0. 

Q.e.d. ("The second critical peak case") Q.e.d. (Lemma C.3) 
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Proof of Lemma C.4 

By Lemma 2.7 it suffices to show for each literal L in C that Lv is fulfilled w.r.t. — Note that 
we already know that L/j is fulfilled w.r.t. — ^-j^^- Since I/' (C)CV(; , for all x in 1^ (C) we have 

x/ueT (cons, ) and then by Lemma 2. 10 x^u— ^ ^yf^- 

L= (50=51 ): We have soV'^^^^SQ/u^^^to^^^si/u^^^^siV for some to. By the in- 
clusion assumption of the lemma we get some v with 5oV^->rx^^~~rx^o and then (due to 

L= (Defs): We know the existence of ? e ^T(cons) with sv^^^^^s/j^^^^t. By the above 

inclusion property again, there is some t' with *V— ^rx^'^^^rx^- Lemma 2.10 we get 

t' e g T (cons) . 

L={soj^si): There exist some to.ti E gT (cons) with \/i^2.SiV< — Rxa^H^ — ^rx^' 
^oi^^^i- Just like above we get ?q, t[ G ^'T(cons) with Vi-<;2. i'^v— ^j^x^/^^Rx^i- Finally 
^O^R,x^oiRx^l-^R.x^l i"^Plies tl^i^/i- 



